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Abstract

Thermoacoustic combustion instabilities (TCI) are a major concern in the development of gas
turbine combustion systems. These instabilities lead to a growth of acoustic and heat release
fluctuations, which eventually form a limit-cycle (LC) oscillation. Depending on the LC ampli-
tude, TCI may impair the operational range or even cause structural damage to the combustor.
Most modern gas turbines are equipped with annular or can-annular combustion systems, which
comprise multiple identical sectors arranged equidistantly around the engine circumference.
Due to their size and complexity, the numerical and experimental prediction of LC oscillations
in these multi-burner configurations is particularly challenging.

This thesis exploits the symmetry of (can-)annular configurations to develop two types of mod-
els, which allow efficient prediction of LC oscillations. Both model types are hybrid in nature,
resolving only one burner/flame zone using large-eddy simulation (LES). The remaining parts
of the combustion system are represented as a low-order model (LOM). The first model di-
rectly exploits the particular eigenmode structure of systems with discrete rotational symmetry
that follows from Bloch-wave theory. The computational domain is limited to one sector, and
a symmetry condition accounts for the remaining parts of the system. The model can predict
LC oscillations of an isolated mode order. To overcome the limitations of the assumed Bloch-
symmetry, the second model explicitly resolves the remaining sectors in the LOM. The required
LOMs of nonlinear flame dynamics are adapted during the simulation of the self-excited sys-
tem to match the dynamics observed in the LES. This avoids the costly a priori identification of
nonlinear flame models. Both model types are validated using a generic can-annular system and
an annular test-rig and can predict LC oscillations with reasonable accuracy and at significantly
reduced computational cost compared to established modeling frameworks.

The idea of limiting the computational domain to one single sector by employing symmetry
conditions is also transferred to experimental single-can test-rigs. Based on Bloch-wave theory,
this thesis proposes a strategy to tune the acoustic terminations of a single-can test-rig to experi-
mentally investigate thermoacoustic properties of individual azimuthal mode orders of an entire
can-annular combustion system. The developed strategy avoids the high experimental effort
associated with using pressurized full can-annular test-rigs for thermoacoustic investigations.

Lastly, this thesis extends an existing method for calibrating global chemical reaction mecha-
nisms based on the production rates of the major species in a detailed mechanism. The calibra-
tion focuses on correctly predicting flame dynamics. Calibrating global reaction mechanisms
becomes increasingly important due to the growing use of fuel blends, for which reduced or
global mechanisms are unavailable. This method lays the foundation for limiting the compu-
tational effort in predicting LC oscillations with the numerical tools developed by providing
computationally efficient reaction mechanisms.
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Kurzfassung

Thermoakustische Verbrennungsinstabilitäten (TCI) sind eine wesentliche Herausforderung bei
der Entwicklung von Gasturbinenbrennkammern. Diese Instabilitäten führen zu einem Anwach-
sen von akustischen Fluktuationen und Wärmefreisetzungsschwankungen, die schließlich eine
Grenzzyklusschwingung (LC) entwickeln. Abhängig von der LC-Amplitude können TCI den
Betriebsbereich beeinträchtigen oder sogar strukturelle Schäden an der Brennkammer verur-
sachen. Die meisten modernen Gasturbinen sind mit annularen oder Can-annularen Verbren-
nungssystemen ausgestattet, welche eine Zahl an identischen Sektoren umfassen, die gleichver-
teilt um den Umfang der Gasturbine angeordnet sind. Aufgrund ihrer Größe und Komplexität
ist die numerische und experimentelle Vorhersage von LC-Schwingungen in diesen Mehrbren-
nerkonfigurationen eine besondere Herausforderung.

In dieser Arbeit wird die Symmetrie dieser Systeme ausgenutzt, um zwei Arten von Model-
len zu entwickeln, die eine effiziente Vorhersage von LC-Schwingungen ermöglichen. Beide
Modelltypen lösen nur eine Brenner-/Flammenzone mittels Large-Eddy-Simulation (LES) auf
und sind damit hybrider Natur. Die übrigen Teile des Verbrennungssystems werden als Modell
niedriger Ordnung (LOM) dargestellt. Das erste Modell nutzt direkt die spezielle Eigenmo-
denstruktur von Systemen mit diskreter Rotationssymmetrie, die sich aus der Bloch-Wellen
Theorie ergibt. Der Rechenbereich ist auf einen einzigen Sektor beschränkt und eine Sym-
metriebedingung berücksichtigt die übrigen Teile des Systems. Das entwickelte Modell kann
LC-Schwingungen einer isolierten Modenordnung vorhersagen. Um die Einschränkungen der
angenommenen Bloch-Symmetrie zu überwinden, löst das zweite Modell die verbleibenden
Sektoren explizit im LOM auf. Die erforderlichen LOMs der nichtlinearen Flammendynamik
werden während der Simulation des selbsterregten Systems so angepasst, dass sie die in der
LES beobachtete Dynamik bestmöglich abbilden. Dies vermeidet die kostspielige a priori Iden-
tifikation von nichtlinearen Flammenmodellen. Beide Modelltypen werden anhand eines gene-
rischen Can-annularen Systems und eines annularen Prüfstands validiert und sind in der Lage,
LC-Schwingungen mit angemessener Genauigkeit und mit deutlich geringeren Rechenkosten
vorherzusagen, als dies bei etablierten Modellierungsansätzen der Fall ist.

Der Ansatz den Rechenbereich durch Symmetriebedingungen auf einen einzigen Sektor zu
beschränken, wird auch auf experimentelle Can-annulare Testrigs übertragen. Basierend auf
der Bloch-Wellen Theorie wird in dieser Arbeit eine Strategie zur Anpassung der akustischen
Randbedingungen eines Einzel-Can-Prüfstandes vorgeschlagen, um die thermoakustischen Ei-
genschaften einzelner azimutaler Modenordnungen eines kompletten Can-annularen Brenn-
kammersystems experimentell zu untersuchen. Die entwickelte Strategie vermeidet den hohen
experimentellen Aufwand, der mit der Verwendung eines druckbeaufschlagten, vollen Can-
annularen Prüfstandes für thermoakustische Untersuchungen verbunden ist.
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Kurzfassung

Schließlich erweitert diese Arbeit eine bestehende Methode zur Kalibrierung globaler chemi-
scher Reaktionsmechanismen basierend auf den Produktionsraten der wichtigsten Spezies in ei-
nem detaillierten Mechanismus. Ein wesentliches Ziel der Kalibrierung ist die korrekte Vorher-
sage der Flammendynamik. Die Kalibrierung globaler Reaktionsmechanismen wird aufgrund
der zunehmenden Verwendung von Brennstoffmischungen, für die keine reduzierten oder glo-
balen Mechanismen verfügbar sind, immer wichtiger. Durch die Bereitstellung recheneffizienter
Reaktionsmechanismen legt diese Methode den Grundstein für die Begrenzung des Rechenauf-
wands bei der Vorhersage von LC-Schwingungen mit den entwickelten numerischen Werkzeu-
gen.
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1 Introduction

According to the “Paris Agreement”, the members of the United Nations aim at “holding the
increase in the global average temperature to well below2±C above pre-industrial levels and
pursuing efforts to limit the temperature increase to1.5±C above pre-industrial levels” [1].
Achieving this goal requires a fundamental transformation of our lifestyle, the economy, and
especially how we satisfy our energy demands. Within subsequent decades, renewable sources
such as wind and solar energy must substitute essentially all fossil power plants. Due to their
�uctuating nature, these renewable sources must be supplemented with long-term and large-
scale energy storage systems, which, however, are not expected to be available in time with the
required capacities. Due to their quick-start ability, wide operational range, and their - relative
to other fossil power plants - low speci�cCO2 emissions, gas turbine power plants may serve as
an interim solution to compensate for the �uctuating supply from renewable sources [2]. In the
long run, energy storage by “Power-to-Gas” technologies necessitates gas turbine power plants
to convert chemically stored energy to electrical energy [3, 4].

Modern land-based gas turbines are typically equipped with lean premixed combustors [5–7].
These lean systems feature very low NOx emission levels, which comply with strict regulations
but are prone to thermoacoustic combustion instabilities (TCI) [8]. These instabilities emerge
from constructive feedback of unsteady heat release and the acoustics of the combustion system
and result in a growth of acoustic and heat release �uctuations. Eventually, nonlinear phenom-
ena of �ame dynamics saturate this growth and lead to the formation of a limit cycle (LC)
oscillation. Depending on the amplitudes, these LC oscillations may impair combustion per-
formance or even cause structural damage to the combustor. To assess the impact of TCI, it is
desirable to predict the stability and LC amplitude already in the design phase of a combustor.

Most combustion systems for land-based and aircraft gas turbines are of annular or can-annular
type. The high practical relevance of these combustor types leads to growing interest in the sci-
enti�c community, re�ected by an increasing number of multi-can [9–16] and annular [17–22]
test-rigs. The characteristic feature of these systems is that they comprise multiple individ-
ual burners, which are arranged equidistantly around the circumference of the engine and are
coupled acoustically [23–25]. Therefore, the individual burners can interact, and the complete
con�guration gives rise to azimuthal modes extending over all burners around the circumfer-
ence [10, 26, 27]. Due to the coupling of the individual sectors in (can-)annular con�gurations,
it is not possible to model TCI by considering only one sector without further means [28–30].

Modeling TCI in (can-)annular con�gurations is particularly challenging because of their com-
plexity and sheer size. Hitherto, several methods have been developed to predict stability prop-
erties and LC amplitudes of such systems. They range from simpli�ed (semi-)analytical treat-
ment [31–33] and acoustic network models [34–36] over linearized conservation equations
as the inhomogeneous Helmholtz equation [37] to high �delity LES simulations solving the
complete set of nonlinear governing equations [38–42]. The latter inherently include nonlin-
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Introduction

ear �ame-�ow interaction and nonlinear �ame dynamics, thus accounting for the formation of
LC oscillations. However, the computational cost to simulate a complete applied con�guration
using high �delity LES is tremendous [39], which inhibits its widespread use in the industrial
development process.

In contrast, (semi-)analytical and reduced-order methods are crucial to gain fundamental under-
standing but can often not represent the complexity of real systems. To predict LC oscillations,
these methods typically rely on data-driven models of the nonlinear �ame dynamics, which
are costly to determine or even not available at all [43]. A common approach to model non-
linear �ame dynamics is the�ame describing function(FDF) [44, 45], which is an amplitude-
dependent extension of the linear�ame transfer function(FTF). However, the FDF is costly to
determine for practical con�gurations [46], and its “weakly nonlinear” approach lacks essen-
tial nonlinear features, such as mode interaction and the generation of higher harmonics [47].
Arti�cial Neural Networks (ANN) recently showed promising results in reproducing nonlin-
ear �ame dynamics [43, 48–50]. However, training ANNs requires relatively long time series,
which are costly to produce. Additionally, these models suffer from poor predictive capability
if used outside the range of training data [50].

Hybrid models offer a powerful alternative to the above-mentioned modeling strategies. These
model types combine two or more sub-models, typically with differing levels of �delity. They
are particularly ef�cient for multi-scale and multi-physics problems such as TCI. The principal
idea is to employ high-�delity models only where necessary and represent the remaining system
by computationally ef�cient models of lower �delity. In the context of TCI, a high-�delity CFD
simulation may resolve the small turbulent and chemical scales relevant in the vicinity of the
�ame. The CFD may be coupled to a (low-order) acoustic model, solving for the large acoustic
scales in the entire combustion system. Numerous implementations of said strategy are found
in the literature [51–58].

Recent studies [59, 60] employ Bloch-wave theory [61] to exploit the symmetry properties of
the considered annular and can-annular multi-burner systems to ef�ciently model TCI by lim-
iting the computational domain to one single sector of the complete con�guration. However,
these models rely on (possibly nonlinear) data-driven �ame models with the drawbacks men-
tioned above. The present thesis brings together hybrid modeling and symmetry considerations
to combine the advantages of both approaches.

Three publications constitute the core of this cumulative thesis: In PAPER_BLOCH [29] (repro-
duced in App. .1), we combine the hybrid modeling framework developed by Jaenschet al.[58]
with the Bloch-wave approach to form hybrid nonlinear time domain models of (can-)annular
combustors. Based on the same symmetry considerations, in PAPER_TESTRIG [30] (repro-
duced in App. .3), we propose a strategy to utilize single-can test-rigs for representing thermoa-
coustics of a full can-annular combustor. Although very powerful, the Bloch-wave approach is
subject to severe restrictions, which are not always met in practice. The third publication PA-
PER_ROLEX [62] (reproduced in App. .2) proposes a more generally applicable hybrid model
for (can-)annular combustors: a CFD simulation (LES) of one burner segment or �ame zone is
coupled to a low-order model (LOM) of the remaining system. By exploiting the system's sym-
metry, the coupled low-order nonlinear �ame models are adaptedon the �y, based on the �ame
dynamics observed in the CFD simulation. Figure 1.1 illustrates the gist of the two numerical
modeling approaches developed within the thesis.
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Figure 1.1: Hybrid models developed within this thesis: a) CFD simulation (LES) of one
burner/�ame zone coupled to a LOM of the remaining system. Nonlinear �ame
models are adapted on the �y according to the dynamics observed in LES. b) LES
of one burner/�ame zone coupled to a LOM including symmetry conditions.

The fourth publication PAPER_MECH [63] included in App. .4 extends a method for calibrating
global chemical reaction mechanisms with particular attention to a correct representation of
�ame dynamics. The method presented there provides a crucial ingredient for an accurate and
ef�cient reactive LES and thus lays the foundation for the application of the numerical models
developed in PAPER_BLOCH and PAPER_ROLEX.

The remainder of this thesis guides through these four publications and aims to link their de-
velopments to each other and to the existing literature (see Chpt. 6). After presenting the fun-
damental governing equations in Chpt. 2, the characteristics of (can)-annular systems and the
theory behind the hybrid modeling of these con�gurations is reviewed in Chpt. 3. This chap-
ter also introduces the basic concepts of the hybrid modeling strategies developed. Chapter 4
discusses the method employed for calibrating global reaction mechanisms. Chapter 5 presents
unpublished results of applying the hybrid models developed to a can-annular and an annular
test-rig.
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2 Governing Equations

2.1 Reactive Flow Equations

The compressible reactive �ow equations are the basic governing equations in thermoacoustics.
They comprise conservation of mass (2.1), momentum (2.2), energy (2.3), and species (2.4),
which describe the change of �uid composition due to chemical reactions [64]. The ideal gas
law (2.5) links pressurep with temperatureT and density½via the speci�c gas constantR Æ
R / M , whereR Æ8.314J/molK is the universal gas constant andM is the molar mass of the gas
mixture.

@½
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p Æ½RT, (2.5)

Equations (2.1)-(2.4) assume Fick's and Fourier's law for mass and heat diffusion and Newton's
law of viscosity. Species transport due to temperature gradients (Soret effect) is neglected. The
energy equation (2.3) neglects contributions from mechanical work and the heat �ux resulting
from diffusion of species with different enthalpy.! q is the only volumetric heat source consid-
ered and results from chemical reactions.u is the velocity vector,h the speci�c enthalpy,t is
time, ¹ is the dynamic viscosity,® is the thermal diffusivity,I is the identity tensor.Yi is the
mass fraction andD i the diffusion coef�cient of speciesi in the mixture. The production rate! i

of speciesi is obtained from solving a chemical reaction mechanism. Details about the reaction
mechanisms employed are found in Chpt. 4, in Sec. 5.1, and the PAPER_MECH reproduced in
App. .4.

Equations (2.1)-(2.5) inherently include the generation and propagation of acoustic waves. This
complicates their numerical solution. In case acoustic waves are not of interest and the Mach
number is suf�ciently small (Ma Ç 0.3, which is typically ful�lled in gas turbine combustors),
the set of equations (2.1)-(2.3) can be simpli�ed. In the low-Mach number formulation [65], the
pressurep is split into a dynamicpd and a thermodynamicp t part. The spatial variation ofp t

is negligible for small Mach numbers. Assuming constant ambient pressurep t ,1 Æconst., the
thermodynamic part of the pressure is uniform in spacer p t ¼0 and constant in time@p t / @t Æ0
in the entire domain. Only the thermodynamic part is relevant in the energy equation and the
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Governing Equations

ideal gas law. The governing equations in low-Mach formulation write
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@(½u )

@t
År¢ (½uu ) Æ ¡r pd År¢

µ
¹

·
r u Å (r u )T ¡

2

3
(r¢ u )I

¸¶
(2.7)

@
¡
½h

¢

@t
År¢

¡
½u h

¢
Æ r¢(®r h) Å ! q (2.8)

@
¡
½Yi

¢

@t
År¢

¡
½u Yi

¢
Æ r¢(D i r Yi ) Å ! i (2.9)

p t Æ½RT. (2.10)

Note that equations (2.6)-(2.10) do not describe an incompressible �uid. The density still de-
pends on the non-constant temperature, and thus, the material derivative of density is generally
D½
Dt 6Æ0.

The low-Mach formulation generally permits a much larger time step¢ t for the numerical
solution. The Courant numberCo Æ ju j¢ t / ¢ x, which governs the time step, is related to the �ow
velocity. In the compressibe formulation (2.1)-(2.5) the Courant numberCo Æ(cÅju j)¢ t / ¢ x is
related to the speed of soundc, which is usually one order of magnitude larger thanju j [65].
Additionally, the low-Mach formulation avoids the use of sophisticated boundary conditions,
which are necessary for the correct treatment of acoustic waves [66] (see Sec. 3.3.2). However,
the low-Mach formulation alone can not represent TCI, as it misses the acoustic feedback.

2.2 Linear Acoustics

The considerations below follow the representation in [67] and are intended to give a brief
overview. A detailed introduction into acoustics is found, e.g., in [68]. The acoustic governing
equations are derived starting from the compressible conservation equations of mass (2.1), mo-
mentum (2.2), and energy (2.3) of a �uid with �xed composition (no species equations,! q Æ0).
Linear acoustics describe small perturbationsq0of �ow quantitiesq Æq̄ Å q0around a reference
value q̄. Acoustic perturbations are assumed to be isentropic, which eliminates the diffusive
terms in the energy and momentum equation. Inserting the ansatzq Æq̄ Å q0 into the governing
equations and neglecting higher order terms as well as gradients in the mean �ow yields for
mass and inviscid momentum conservation:

@½0

@t
Å ū ¢ r½0Å ½̄r¢ u 0Æ0 (2.11)

½̄
µ
@u 0

@t
Å ū ¢

¡
r¢ u 0¢

¶
År p0Æ0. (2.12)

With the assumption of isentropic �uctuations, the pressure and density �uctuation are linked

p0Æ
@p

@½

¯
¯
¯
¯
s
½0Æc2½0 (2.13)
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via the speed of soundc Æ
q

° RT̄ , where° Æcp / cv denotes the ratio of isobaric and isochoric
heat capacity.

Combining Eqs. (2.11),(2.12), and (2.13) yields the acoustic wave equation

µ
@

@t
Å ū ¢ r

¶2

p0¡ c2r 2p0Æ0. (2.14)

Assuming planar one-dimensional wave propagation, the acoustic Riemann invariants

f Æ
1

2

µ
p0

½̄c
Å u0

¶
(2.15)

g Æ
1

2

µ
p0

½̄c
¡ u0

¶
(2.16)

are a solution of the wave equation (2.14). They describe characteristic waves traveling upstream
and downstream with a propagation speedc§ u , respectively. The acoustic pressure and velocity
�uctuations are retrieved from reverting Eqs. (2.15),(2.16):

p0

½̄c
Æf Å g (2.17)

u0Æf ¡ g. (2.18)

Acoustic boundary conditions can be characterized by a complex-valued, frequency-dependent
re�ection coef�cient R(s). It relates the amplitude and phase of the re�ected wave to the incident
wave. The re�ection coef�cient at the upstreamRu and downstreamRd side is de�ned as

Ru (s) Æ
f̂

ĝ
(2.19)

Rd (s) Æ
ĝ

f̂
, (2.20)

where(¢̂) denotes the Laplace transform andsÆ¾Å i! is the Laplace variable with the growth-
rate¾and the angular frequency! .
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3 Hybrid CFD/LOM Modeling of
(Can-)Annular Con�gurations

3.1 On the Need for a Symmetry-Enhanced Hybrid Model

The prohibitive computational cost of compressible reactive LES simulations of typical ther-
moacoustic systems promotes the use of reduced-order (ROM) or low-order models (LOM)1.
A wide variety of LOMs are commonly employed: On one side of the spectrum are network
models, which combine and interconnect analytical [31, 32, 69, 70] or numerical [71, 72] solu-
tions of simple elements to represent the actual system in idealized form. On the other side are
3D acoustic solvers, based on the acoustic Helmholtz-Equation [37, 73] or the linearized Euler
(LEE) [74] or Navier-Stokes Equations (LNSE) [75–77]. All these models are based on sim-
pli�cations of the governing equations Eqs. (2.1)-(2.5) and thus contain unclosed terms. These
terms arise, most importantly, from the heat release �uctuation resulting from �ow-�ame-�ow
feedback (“�ame dynamics”), but possibly also from other phenomena such as the generation
and dissipation of acoustic energy from acoustic-hydrodynamic interaction. The closure models
employed range from simple analytical or empirical relations (common for acoustic losses [78])
to separate more or less complex sub-models.

As �ame dynamics are decisive for the thermoacoustic characteristics of a system, the �ame re-
quires a more sophisticated treatment by a separate sub-model to achieve quantitative accuracy.
Coupling a sub-model of �ame dynamics with an acoustic LOM constitutes a hybrid thermoa-
coustic model. A wide variety of �ame models are used, depending on the objective of the
speci�c study (see Sec. 6.1.1 for an overview).

The most sophisticated nonlinear �ame model is a reactive LES simulation because it relies
on the least model assumptions. If well set up, the LES simulation of the �ame region is ex-
pected to closely resemble the “true” �ame dynamics. No other �ame model available shows the
same level of accuracy, generality, and robustness (see Sec. 6.1.1). From this perspective, it is
straightforward to directly couple an LES simulation of the �ame region with a LOM represent-
ing the acoustics of the system considered. This thesis implements the two coupling strategies
developed by Jaenschet al. [58]. Details about the two methods are found in Sec. 3.3. Both
strategies proved to predict thermoacoustic limit-cycle (LC) oscillations at comparable accu-
racy to a compressible reactive LES of the entire combustion system. As the LES domain of
the hybrid approaches is limited to the immediate vicinity of the �ame, this accuracy can be
achieved at drastically reduced computational cost compared to the full LES.

Even when applying the hybrid approach of Jaenschet al. [58], the computational cost of sim-

1A LOM is built based on �rst principals, but with fewer degrees of freedom compared to a high �delity model,
whereas a ROM is generated by model order reduction of a high �delity model
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Hybrid CFD/LOM Modeling of (Can-)Annular Con�gurations

Figure 3.1: Dimensions of an applied can-annular combustor. The image on the left shows the
assembly of the individual cans (adopted from [10]. The image on the right shows a
cut-plane through one can, illustrating the relevant �ame and acoustic length scales
(adopted from [79]).

ulating LC oscillations of an entire annular or can-annular combustion system of applied rele-
vance is tremendous. Firstly, this is because of the large volume of one burner/�ame zone. In a
large-size can-annular combustion system [6], the volume of one can is in the order of0.1 m3.
At the same time, the computational grid of the LES has to be suf�ciently �ne to resolve the thin
reaction layer and the main turbulent structures. Depending on the operating condition, a cell
edge length of less than1mm may be required in the �ame region, resulting in up to100 million
computational cells for one single burner/�ame. Secondly, a (can)-annular combustion system
comprises multiple burners, typically between 12 and 30. Figure 3.1 illustrates the dimensions
and the relevant thermoacoustic length scales for an applied can-annular system. Directly using
the approach of Jaenschet al. [58] would mean resolving all cans by reactive LES and coupling
them to an acoustic LOM of the remaining parts of the combustion system. Even though only
the immediate burner/�ame region has to be resolved in LES, the cell count would be in the
order of billions. Such a simulation would be feasible (at least in the near future) but is consid-
ered not practicable in the design phase of a new combustor, which is characterized by small
evolutionary changes in geometry and boundary conditions and thus requires frequent adaption
of the simulation setup.

Can-annular and annular combustors comprise several nominally identical sectors. Due to the
interactions between these sectors (see Sec. 3.2), it is impossible to model thermoacoustics
of the entire con�guration by considering only one sector/can without further means. Never-
theless, nominally identical sectors imply nominally identical �ames and identical (nonlinear)
dynamics. Although this doesnot alwaysimply identical in-output behavior of each �ame (see
Sec. 3.2 for a detailed discussion), this symmetry property can be exploited to create more ef�-
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Figure 3.2: Sketch of a can-annular (left) and annular con�guration (right). The blue box indi-
cates one sector of the respective con�guration.

cient hybrid models of (can)-annular combustors, where the LES domain is limited to one single
burner/�ame zone.

The following sections illustrate the speci�c thermoacoustic characteristics of annular and can-
annular combustors and their implications on the hybrid, symmetry-enhanced modeling strate-
gies developed within this thesis. The employed coupling strategies between LES and LOM are
discussed, and all variants of the hybrid modeling framework for (can-)annular con�gurations
developed within this thesis are presented. Finally, the individual steps necessary to simulate
LC oscillations following the proposed strategies are summarized.

3.2 Thermoacoustics of (Can-)Annular Combustors

3.2.1 General Characteristics

Can-annular combustors are widely used in large-scale land-based gas turbines for power pro-
duction. Almost any recent aero-engine gas turbine is equipped with an annular combustor.
Both annular and can-annular combustors are multi-burner con�gurations, which comprise sev-
eral nominally identical sectors - each containing one burner/�ame zone - arranged around the
circumference of an engine. Figure 3.2 schematically illustrates those two setups.

In annular con�gurations (see Fig. 3.2b)), the compressor outlet plenum feeds the individual
injector tubes. The individual �ames are located in one single chamber of annular shape termi-
nated by the vanes of the �rst turbine stage. In real gas turbines, the �ow through the vanes of
the �rst turbine stage is choked or close to choked, depending on the operating point. Acous-
tically, this termination can be reasonably well approximated by a real-valued re�ection co-
ef�cient R . 1 close to one [80]. In the scope of this thesis, any acoustic losses through the
turbine are neglected, and an ideal closed-end acoustic boundary condition at the turbine inlet
is assumed [81]. Due to the common chamber, the individual �ames experience strong acoustic
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Figure 3.3: Acoustic pressure �eld for the �rst order azimuthal chamber mode of the annular
test-rig considered within this thesis. Right side: cut-plane through center of the
con�guration (A. Ghani, personal communication, January 17th, 2019).

coupling. Additionally, coupling through the plenum may also be relevant. The difference in
speed of sound in plenum (“cold” fresh gases) and chamber (hot burnt products) and possibly
different radii leads to a separation in “plenum modes” and “chamber modes”, where most of
the acoustic activity is found in the plenum or chamber, respectively, as well as “mixed modes”,
where both participate equivalently [32].

The relatively large axial and radial dimension of the chamber results in a generally three-
dimensional acoustic �eld. Formally, this is expressed by the acoustic Helmholtz number

He Æ
! L

c
, (3.1)

whereL is a characteristic length. IfHe ¿ 1, a distanceL is consideredacoustically compactfor
the frequency! , i.e., any gradient of the acoustic variables can be neglected across the distance
L and the acoustic travel time is negligible. The axial and radial extent of a typical annular com-
bustion chamber isin general notacoustically compact for all frequencies of interest2, meaning
that the radial and axial component of the acoustic �eld cangenerallynot be neglected by the
acoustic model employed. However, given the characteristic dimensions of annular combustors,
the most relevant low-frequency modes can be well approximated by pure axial or azimuthal
modes, reducing the complexity of the required acoustic model [32, 34, 37]. Figure 3.3 exempli-
�es such an approximately one-dimensional acoustic pressure �eld of the �rst-order azimuthal
mode in the chamber of the annular test-rig considered in Sec. 5.3.

As the �ames are not separated from each other by a solid structure, �ame-�ame interaction is
possible [19, 82]. Moreover, the �ames may react not only to axial velocity �uctuationsu0 in the
injector tube but also to the transverse velocity �uctuationv0of the azimuthal component of the
acoustic �eld in the chamber. Several studies (e.g., see [83, 84]) suggest that the contribution of
transverse excitation to the overall heat release rate �uctuation is negligibly small. The leading
term of the response of an axis-symmetric �ame tov0 is of second order, causing frequency

2The focus is on low to medium frequency TCI
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3.2 Thermoacoustics of (Can-)Annular Combustors

Figure 3.4: Acoustic pressure �eld for the �rst order azimuthal mode of the can-annular con�g-
uration considered in PAPER_TESTRIG. Left side: Mid cut-plane through can and
plenum. Right side: Cut-plane through can in the vicinity of the annular gap (note
the different limits of the color map).

doubling. However, unfavorable resonance conditions can lead to coupling with higher order
modes and may result in signi�cant amplitudes despite the overall weak �ame response to
v0 [85]. In the scope of this thesis, transverse forcing is neglected but can be integrated into the
modeling framework developed without essential dif�culties.

In contrast to annular combustors, the individual �ames in can-annular con�gurations are well
separated, making any direct �ame-�ame interaction or transverse forcing impossible, at least
for the considered low to intermediate frequency range. Nevertheless, the individual �ames are
coupled acoustically via the common compressor exit plenum feeding all cans and via a small
cross-talk area in front of the turbine inlet, called annular gap. Typically, the vast area ratio be-
tween plenum and can inlet essentially decouples plenum and cans [6], resulting in secondary
importance of can-can coupling via the plenum [30]. Though stronger than the coupling via
the plenum, can-can coupling via the small annular gap is much weaker than the acoustic cou-
pling of the individual �ames in an annular combustor. This weak coupling, however, gives rise
to azimuthal modes extending over the entire circumference and involving all cans simultane-
ously [26].

The cans are typically relatively long and narrow compared to the acoustic wavelengths in the
frequency range considered. Formally, the acoustic Helmholtz number is very smallHe ¿ 1 if
the can diameter is considered as characteristic lengthL. This is typically not the case if the
length of the can is considered as characteristic length. As seen in Fig. 3.4, the acoustic �eld
within the cans is essentially one-dimensional and planar and similar to that of an isolated single
can. In the vicinity of the annular gap, however, can-can coupling manifests itself by a generally
3-dimensional acoustic �eld with a dominant azimuthal component. These 2D/3D effects at the
annular gap are commonly lumped into a Rayleigh conductivity [86] or a characteristic length
of the annular gap [87] to represent them in a 1D acoustic model.

The relatively weak can-can coupling leads to a phenomenon called “mode-clustering” [28, 88]:
From the perspective of a single can, the coupling with the neighboring cans via plenum and
annular gap slightly affects the acoustic boundary conditions compared to an isolated single
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can. The modes of various azimuthal orders introduced by this weak coupling have closely
spaced frequencies and growth rates. They are generally close to the respective axial mode
of an isolated single can. Mode clustering increases the likelihood of nonlinear interactions,
such as synchronization between the modes of one cluster. Another result of the weak cou-
pling is the phenomenon ofmode localization, which means that a slight perturbation of the
symmetry of the con�guration may drastically affect the symmetry of the thermoacoustic mode
shapes [89–91]. Both must be accounted for when developing a hybrid model for can-annular
con�gurations.

Despite their differences, both annular and can-annular systems share the same topology and
symmetry. In both systems, several individual burners/�ames are coupled by a ring-shaped com-
mon connection at the upstream and downstream sides. Disregarding small geometrical features
such as igniters or diagnostic systems, which are usually mounted only in speci�c sectors/cans,
both systems feature a discrete rotational and possibly also re�ectional symmetry. The latter
may be broken in annular con�gurations in the presence of a signi�cant mean �ow in azimuthal
direction [92, 93]. Effects of nonlinear �ame dynamics may break both re�ectional and ro-
tational symmetry at high oscillation amplitudes [94–96]. The implications of symmetry and
symmetry breaking on the modeling strategy proposed are discussed in detail in Sec. 3.2.2
and 3.5.

3.2.2 Consequences of Symmetry on Thermoacoustic Mode Structure

3.2.2.1 Bloch-Wave Theory

The discrete rotational symmetry of (can)-annular systems emerges from the numberN of iden-
tical sectors - in the following denotedunit cell - which are arranged equidistantly around the
circumference of the engine. In an annular combustor, the unit cell comprises one burner/�ame
and the respective sector of the chamber and plenum (see Fig. 3.2b)). In a can-annular combus-
tor, the unit cell comprises one can and the respective sector of the compressor exit plenum and
the annular gap (see Fig. 3.2a)).

The (thermo-)acoustic eigenmodes of systems exhibiting such symmetry have a special struc-
ture. Applying the Bloch-wave theorem [61], the acoustic pressure associated to the eigenmodes
can be written as [59]

p̂ (x) Æª (x)eim Á, with m Æ

8
><

>:

¡ N
2 Å 1,. . . ,0, . . . ,N2 N even

¡ (N ¡ 1)
2 , . . . ,0, . . . ,N ¡ 1

2 , N odd.
(3.2)

Herep̂ is the acoustic pressure in frequency domain, andx Æ
¡
r,Á,z

¢
is the position vector com-

prised of the radial, circumferential, and axial coordinate.ª is a function that is identical in all
N unit cells,m is called theBloch-wave number. Up to mode orderN /2 , the absolute valuejm j
of the Bloch-wave number is identical to the azimuthal mode order. All higher azimuthal mode
ordersjm j È N /2 can be readily expressed with the given setm Æ ¡(N /2 ¡ 1), . . . ,¡ 1,0,1, . . . ,N /2
of Bloch-wave numbers and are thus included in Eq. (3.2). For example, the azimuthal mode
order N /2 Å 1 is represented by the Bloch-wave numberm ÆN /2 ¡ 1, mode orderN /2 Å 2
by m ÆN /2 ¡ 2, and mode orderN by m Æ0. Equation (3.2) thus includesall eigenmodes.
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Depending onm , the modes can be classi�ed intoaxial modes(m Æ0), so-calledpush-pull
modes(m ÆN /2 )3, which feature a pressure �eld of alternating sign in adjacent unit cells, and
modes of Bloch-wave numberm Æ §1,. . . ,§ (N /2 ¡ 1), which designate modes spinning in the
(anti-)clockwise direction [28].

Equation (3.2) has important implications on modeling: once the functionª (x) is known in the
unit cell, the eigenmodes can be directly computed from Eq. (3.2) by inserting the respective
m . Thus, the eigenmodes of the respectivem can be computed based on only one unit cell by
imposing pseudo-periodic “Bloch boundary conditions” (BBC) [29, 59]

p̂
³
r ,Á ÆÁ0 Å

¼

N
,z

´
Æp̂

³
r ,Á ÆÁ0 ¡

¼

N
,z

´
eim 2¼

N (3.3)

for the acoustic variables at the azimuthal interfaces. The solution in the entire con�guration can
be extrapolated from the computed solution in the unit cell according to Eq. (3.2). The Bloch-
wave approach is originally employed in frequency domain to ef�ciently compute eigenmodes
and the associated eigenfrequencies [59] or - combined with an FDF modeling nonlinear �ame
dynamics - LC amplitudes [60] of systems featuring discrete rotational symmetry.

If the azimuthal mean �ow is negligible, the discrete rotational symmetry also induces re�ec-
tional symmetry. This assumption is often justi�ed, in particular for can-annular con�gurations.
As a result, modes of Bloch-wave number§ m of spinning modesm 6Æ0 ^ m 6ÆN /2 merely
differ by their direction of rotation. They describe two linearly independent eigenmodes, which
share a common eigenvalue of algebraic multiplicity2 and are thus degenerate. In this case,
it is suf�cient to consider only positivem Æ0,. . . ,N /2 for linear stability analysis. If such a
degenerate mode pair is linearly unstable, linear theory alone cannot predict the acoustic wave
structure emerging [33]. The time domain pressure �eld resulting for a degenerated mode pair
with Bloch-wave numberm writes

p (x, t ) ÆRe
n
ª (x)ei ! t

³
a1eim Á Å a2e¡ im Á

´o
, (3.4)

where the coef�cientsa1 anda2 are the respective amplitudes of the anticlockwise and clock-
wise spinning waves. If the counter-rotating modes have identical amplitudesa1 Æa2, they
result in an azimuthally standing wave with a nodal line at a �xed azimuthal position. In case
the growth of either of the modes suppresses its counterpart (a1 Æ0 or a2 Æ0) the result is a
rotating wave whose nodal line is azimuthally spinning with the speed of soundc. Everything
in between is also possible and observed in practice: from a mixed wave pattern, where both
modes have non-zero but different amplitudes at the same time, to periodic switching of the
rotation direction [22, 94, 95]. In contrast, axial (m Æ0) and push-pull modes (m ÆN /2 ) do
not come in pairs and thus feature a unique characteristic wave structure, even in the nonlinear
regime.

If the considered system comprises only elements with linear dynamics, it does not matter
whether the degenerate mode pair results in a standing, spinning, or mixed wave pattern. All
patterns have the same frequency and growth rate, and the dynamics of linear elements do not
depend on amplitude. Flames, however, feature nonlinear dynamics in the relevant amplitude
range. If an azimuthally standing wave (a1 Æa2) emerges from a degenerate mode pair, some

3Only existing in con�gurations with an odd numberN of unit cells
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Figure 3.5: Equivalent re�ection coef�cient of the can-annular system considered in [30]. Left
side shows the downstream part of a can, including the respective section of the
annular gap, as well as the reference location ofR m,d . Right side shows the phase
of R m,d .

�ames are subjected to higher oscillation amplitudes than others. This leads to different nonlin-
ear saturation of the �ame response around the circumference and ultimately breaks the symme-
try of the system. The type of symmetry break, in turn, decides together with stochastic forcing
from turbulent combustion noise the standing or spinning wave pattern emerging [94, 95, 97].
Therefore, at �nite amplitudes, the Bloch-wave approach in Eq. (3.2) can only describe az-
imuthally spinning waves (a1 Æ0 or a2 Æ0) or axial m Æ0 and push-pull modes (m ÆN /2 ),
which maintain symmetry.

3.2.2.2 Equivalent Re�ection Coef�cient

Equation (3.3) describes the acoustic boundary conditions on the cutting interfaces of the unit
cell. They may be imposed not only for computing eigenmodes but also for derivingequiva-
lent re�ection coef�cientsR m for annular and especially can-annular systems [28, 87, 88]. The
re�ection coef�cient de�ned at the in- or outlet of a can represents the cumulative acoustic re-
sponse of all remaining cans of the system. The equivalent re�ection coef�cientR m depends
on the acoustics of the coupling interfaces and the Bloch-wave numberm . By that, it assumes
a synchronization pattern of orderm according to Eq. (3.2) throughout the system. Although
R m lumps the response of all remaining cans, it does not depend on the can acoustics and the
generally unknown �ame response, making it very attractive for hybrid modeling. Figure 3.5
exempli�es the equivalent re�ection coef�cient of theN Æ16 can-annular system considered
in PAPER_TESTRIG. The phase ofR m,d is plotted overHe Æ! d / c, whered is the azimuthal
distance of neighboring cans. It shows a characteristic pattern, similarly found in different con-
�gurations [28, 87, 88]. The gain is trivially given as1 for the consideredRtur b Æ1.

This thesis introduces a direct coupling between CFD simulation and equivalent re�ection co-
ef�cient, thereby developing a time domain formulation of BBC [29]. This modeling strategy
is further discussed in Sec. 3.4.1 and in PAPER_BLOCH reproduced in App. .1 Additionally, a
framework to employ Bloch-wave theory, and in particular the equivalent re�ection coef�cient
R m , to single-can testing was developed. Details about the developed strategy and results of a
numerical validation case are found in PAPER_TESTRIGreproduced in App. .3.
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Figure 3.6: Strategies employed in this study to couple CFD and LOM. CBSBC illustrated at
the top, low-Machv0¡ Q0coupling at the bottom. The inputsfex,gex anduex allow
external forcing of the system.

3.3 Strategies to Couple CFD and LOM

The coupling between LES and LOM is a crucial ingredient of the hybrid models developed.
Within this thesis, the two approaches used in [58] - “Characteristic-Based State-Space Bound-
ary Conditions” (CBSBC) [98] and low-Machv0¡ Q0coupling [53] - are employed and imple-
mented in the open-source software package OpenFOAM [99]. The two approaches are illus-
trated in Fig. 3.6. In both frameworks, the acoustic LOM is represented as a state-space model
(see Sec. 3.3.1). CBSBC, described in Sec. 3.3.2, couple a fully compressible CFD simulation
with an acoustic LOM of theremainingsystem. The low-Machv0¡ Q0 framework described in
Sec. 3.3.3 couples a low-Mach CFD simulation with an acoustic LOM of theentiresystem. Both
approaches have their advantages and limits of applicability, which are discussed in Sec. 3.3.4.

3.3.1 State-Space Modeling of Acoustic Systems

Any linear time-invariant system can be represented as a state-space model of the following
form:

�x (t ) ÆAx (t ) Å Bu (t ) (3.5)

y (t ) ÆCx(t ) Å Du (t ) (3.6)

Here,x is the state vector, describing the system's state at timet , u are the inputs of the system,
andy are its outputs. The system matrixA governs the system's internal dynamics. Its eigen-
values determine the free/unforced evolution of the system state and, in particular, the stability
of the system.B represents the impact of external inputs on the system state. The system output
is linked to the state vector with the output (or measurement) matrixC. D accounts for possible
direct feed-through from in- to output.

The state-vectorx of a given system may represent physical quantities (such as the acoustic
wave amplitude at a given location), but it does not necessarily have to. The state-space formu-
lation of a system is not unique. In fact, there are in�nitely many representations, which can be
transformed into each other byx ÆTz, whereT is a non-singular square matrix andz is the new
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state vector. The system dynamics are solely governed by the eigenvalues of the system matrix
A and are invariant to state transformations [100].

Various in- and outputs can be de�ned for the same system, measuring different quantities
of interest without changing the system dynamics. Let the state-space matrixA describe the
dynamics of a given acoustic system: By properly choosing the in- and output matricesB and
C, the model may represent the re�ection coef�cient of the acoustic system considered at a given
location. By adjusting the in- and output matricesB andC, the state-space model with the same
system matrixA may, for example, represent the re�ection coef�cient of the same system at a
different location or model the system's response to an external input. The following sections
describe three popular ways to obtain a state-space representation of an acoustic system.

3.3.1.1 Relation to Linear ODE

A linear time-invariant system can be represented by the general ordinary differential equation
(ODE)

dn y (t )

dt n Å .. .Å a1
dy (t )

dt
Å a0y (t ) Æ

dqu (t )

dt q Å .. .Å b1
du (t )

dt
Å b0u (t ) (3.7)

with a given set of initial conditions fory and its time derivatives. For simplicity, we only
consider systems with a single inputu and outputy, but the considerations can be readily
extended to multiple in- and outputs. After de�ning a state vectorx with componentsxn Æ
dn¡ 1y(t )

dt n¡ 1 we can re-write Eq. (3.7) and arrive at the state-space representation Eq. (3.5) and (3.6),
where the system matrices are given by [100]

A Æ

2

6
6
6
6
6
4

0 1 0 . . . 0
0 0 1 . . . 0
...

...
...

...
0 0 0 . . . 1

¡ a0 ¡ a1 ¡ a2 . . . ¡ an¡ 1

3

7
7
7
7
7
5

, B Æ

2

6
6
6
6
6
4

0
0
...
0
1

3

7
7
7
7
7
5

C Æ
£
b0 ¡ bn a0, b1 ¡ bn a1, . . . , bn¡ 1 ¡ bn an¡ 1

¤
, D Æbn

(3.8)

if q Æn . In caseq Ç n , C andD simplify to

C Æ
£
b0 b1 . . . bq 0 . . . 0

¤
, D Æ0. (3.9)

Note that the above system can be transformed into a new state representation of arbitrary form.
In turn, every state-space representation can be brought to the above form and equivalently be
represented as ann -th order ODE, wheren is the dimension of the state-vectorx. To summarize,
any acoustic system described by a general linear ODE in Eq. (3.7) can easily be converted into
a state-space system.

3.3.1.2 Relation to Transfer Function

A given state-space system can be represented as a transfer function in frequency domain [100].
Equivalently, a measured (or modeled) transfer function or a rational �t of a system's frequency
response can be represented as a state-space model in the form of Eqs. (3.5),(3.6).
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Assume a system described by a transfer function (or frequency response model) of the follow-
ing form

G(s) Æ
bq sq Å bq¡ 1sq¡ 1 Å .. .Å b1sÅ b0

an sn Å an¡ 1sn¡ 1 Å .. .Å a1sÅ a0
, (3.10)

wheres is the Laplace variablesÆ¾Åi! . This transfer function follows from the Laplace trans-
formation of Eq. (3.7) and is thus the frequency domain representation of the system governed
by this ODE. Therefore, the state-space representation in Eqs. (3.8) still holds.

In turn, given a state-space model in the form of Eq. (3.5) and (3.6), the corresponding transfer
function writes

G(s) ÆC (sI ¡ A)¡ 1 B Å D. (3.11)

Note that the denominator of the transfer functionG(s) is the characteristic polynomial of the
system matrixA, i.e., the eigenvalues of theA-matrix show up as poles of the transfer func-
tion. Regarding in-output behavior, the transfer function and state-space representation of a
linear time-invariant system are completely equivalent. In a transfer function formulation, an
unfortunate choice of the in- and outputs may cause pole-zero cancellations, which hide inter-
nal dynamics, while the eigenvalues are always visible in the state-space formulation. In the
state-space representation, various in-output relations (and thus transfer functions) of the same
system can be easily obtained by modifying the matricesB andC. In that sense, the state-space
representation is a more complete description of the system dynamics, while a transfer function
only shows a particular in-/output behavior of a system.

To summarize, every transfer function or frequency domain model given in the rational form
Eq. (3.10) can be easily written as a state-space model. In case the considered transfer function
has a different form or if, for example, only measured frequency response data are available, a
rational function of the form Eq. (3.10) can be �tted to the data and converted to a state-space
model.

3.3.1.3 Relation to Discretized PDE

The spatial discretization of linearized partial differential equations (PDE) can be translated to
a state-space representation similar to Eq. (3.5) and Eq. (3.6). Depending on the discretization
scheme, the time derivative of the state vector�x may have to be multiplied by a so-calledmass
matrix E [101]. This, however, does not affect the above-mentioned general framework.

The acoustics of complex geometries may be modeled using 1D, 2D, or 3D codes implementing
linearized governing equations (Helmholtz, LEE, LNSE). Spatial discretization of the PDE, for
example, through the �nite volume or the �nite element method, yields a system of linear ODEs,
which can be re-arranged into state-space form as shown in Sec. 3.3.1.1.

Commercial and Open Source tools, which are frequently used to implement linearized acous-
tic equations, either directly support the export of the state-space matricesA,B,C,D,E (e.g.,
Comsol Multiphysics) [101] or allow the implementation of this feature (e.g., FEniCS). The
(thermo-) acoustic network model taX [72]4, which is used in this thesis, is based on the inter-

4code available athttps://gitlab.lrz.de/tfd/tax
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Figure 3.7: Subsonic in- and outlet boundary with characteristic waves traveling normal to
boundaries. Reproduced from [66].

connection of individual elements represented as state-space models and supports their direct
export [72, 101].

3.3.2 Theory of Characteristic-Based State-Space Boundary Conditions

Characteristic-Based State-Space Boundary Conditions(CBSBC) are based on theNavier-
Stokes Characteristic Boundary Conditions(NSCBC) proposed by Poinsotet al. [66], and in
particular on the fully non-re�ective version of theLocally One-Dimensional Inviscid(LODI)
boundary conditions proposed by Polifkeet al. [102]. In this section, the theory behind CBSBC
is brie�y reviewed.

3.3.2.1 Navier-Stokes Characteristic Boundary Conditions

In incompressible �ows, mass, momentum, energy, and species are transported only by mean
�ow and dissipative processes. Fully compressible �ows, however, additionally feature transport
by acoustic waves. Thus, numerical boundary conditions (BC) for compressible �ows have
to account not only for the mean �ow but also for the acoustic characteristics of the domain
boundaries. In particular, the numerical BC must represent the re�ection and transmission of
acoustic waves at the boundaries of the con�guration considered.

To address this, Poinsotet al. [66] proposed the NSCBC, which relies on a characteristic de-
composition of the governing equations Eqs (2.1)-(2.3) at the domain boundaries. Figure 3.7
shows an exemplary computational domain with an in- and outlet normal tox1 located atx1 Æ0
andx1 ÆL, respectively. The characteristic decomposition of the Navier-Stokes equations leads
to �ve characteristic wavesL1, . . . ,L5 traveling normal to (and through) the boundaries.
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3.3 Strategies to Couple CFD and LOM

The characteristic wavesL1, . . . ,L5 are related to the primitive �ow variables like

L1 Æ(u1 ¡ c)

µ
@p

@x1
¡ ½c

@u1

@x1

¶
Æ ¡2½c

@g

@t
(3.12)

L2 Æu1

µ
c2 @½

@x1
¡

@p

@x1

¶
(3.13)

L3 Æu1
@u2

@x1
(3.14)

L4 Æu1
@u3

@x1
(3.15)

L5 Æ(u1 Å c)

µ
@p

@x1
Å ½c

@u1

@x1

¶
Æ ¡2½c

@f

@t
. (3.16)

L1 andL5 are related to the upstream and downstream traveling acoustic waves and linked with
the acoustic Riemann invariantsf andg as shown in Eq. (3.12) and (3.16).L2 is the entropy
wave convected with the mean �ow velocityu1. L3 andL4 represent transversal velocity �uc-
tuations transported with the mean �ow, i.e., these waves account for the transport of vorticity.
For subsonic �ow speedsu1 Ç c, as assumed in Fig. 3.7, four waves are entering the domain at
the inlet, while one wave (the upstream traveling acoustic waveL1) is leaving the domain. Four
waves are leaving the domain at the outlet, whileL1 is entering the domain.

A well-posed BC has to prescribe all waves entering the domain at the boundary considered,
while all waves leaving the domain are solely governed by the �ow inside the domain. The
general strategy to set a physical BC (such as an arbitrary condition for pressure, velocity, etc.)
in the NSCBC framework is to determine the incoming wavesL i that lead to the physical
condition prescribed. The outwards traveling waves are computed from the solution inside the
domain. Afterward, the full set of characteristic waves can be used to determine conditions for
all remaining primitive physical variables. This strategy leads to consistent conditions for all
�ow variables and, most importantly, makes acoustic (and entropy and vorticity) waves directly
accessible.

3.3.2.2 Locally One-Dimensional Inviscid Relations

Using the full Navier-Stokes Equations, it is generally impossible to determine the characteristic
wavesL i that correspond to arbitrary physical conditions. Assuming the �ow at the boundary
to be locally one-dimensional and inviscid leads to the LODI-relations. Now, the characteristic
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waves are directly connected to the temporal variations of the primitive variables:

@½

@t
Å

1

c2

·
L2 Å

1

2
(L5 Å L1)

¸
Æ0 (3.17)

@p

@t
Å

1

2
(L5 Å L1) Æ0 (3.18)

@u1

@t
Å

1

2½c
(L5 ¡ L1) Æ0 (3.19)

@u2

@t
Å L3 Æ0 (3.20)

@u3

@t
Å L3 Æ0. (3.21)

These relations can be used to determine the incoming waves from physical conditions, while
the outgoing wave is calculated from the �ow inside. After determining the characteristic waves,
they are substituted into the NSCBC relations (see [66]) to determine all remaining primitive
variables, which are not directly set by the physical condition.

Assuming that viscous and multi-dimensional effects are negligible directly at the boundary
(this assumption is valid if the boundary is suf�ciently far away from regions with strong vor-
ticity [66]), the LODI-relations (3.17)- (3.21) can be used directly to evaluate primitive variables
at the boundary from given characteristic waves. This is particularly useful for setting speci�c
acoustic BCs, i.e., for prescribing certainL1 or L5. Note, however, that the LODI framework
can also be used to prescribe entropy or vorticity conditions.

Acoustically non-re�ecting boundary conditions are of particular interest, e.g., for system iden-
ti�cation purposes [103]. Theoretically, a non-re�ective condition enforces an incoming wave
of L1 Æ0 (outlet) orL5 Æ0 (inlet). This, however, leads to an under-determined system because
the outlet pressure in Eq. (3.18) or the inlet velocity in Eq. (3.19) is solely governed by the out-
going wave, i.e., only dependent on the �ow inside the domain with no value prescribed from
outside. This results in a drift of the mean value caused by turbulent �uctuations or even by
numerical inaccuracies.

A solution to that problem is to add a relaxation term to the incoming wave [66]

L1 Æ¾
¡
p ¡ pT

¢
(3.22)

L5 Æ¾(u ¡ uT ) , (3.23)

which ensures that the inlet velocity and/or the outlet pressure exponentially approaches the tar-
get valueuT andpT . This formulation is no longer fully non-re�ective. As shown by Polifkeet
al. [102], the BC is even fully re�ective for frequencies approaching zero. This issue can be
resolved by subtracting the pressure or velocity �uctuation caused by (plane) acoustic waves
from the relaxation term (“plane-wave-masking”). An acoustically non-re�ective formulation
is thus [102]

L1 Æ¾
¡
p ¡ ½c

¡
f Å g

¢
¡ pT

¢
(3.24)

L5 Æ¾
¡
u ¡

¡
f ¡ g

¢
¡ uT

¢
. (3.25)

To apply relations (3.24) and (3.25), the (plane) acoustic wavesf andg traveling outwards the
domain have to be measured. This is achieved with a characteristic based �lter [102], illustrated
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Figure 3.8: Characteristic-based �ltering to obtain the acoustic waves leaving the domain.

in Fig. 3.8. The acoustic pressurepa and velocityua �uctuations are computed by averaging
pressure and velocity �uctuations over cut-planes parallel to the boundary plane. As the travel-
ing speed of the acoustic waves is known and is different from the convection speed of turbulent
�uctuations, multiple parallel planes can be considered for the averaging (see Fig. 3.8), which
effectively cancels out the in�uence of turbulent �uctuations.

Finally, the LODI-relations with plane-wave masking can impose arbitrary acoustic excitation
from outside the domain on a fully non-re�ective BC. Following Eq. (3.12) and (3.16), adding
external acoustic forcingfbc andgbc at a non-re�ective boundary condition results in incoming
waves given by

L1 Æ¾
¡
p ¡ ½c

¡
f Å gbc

¢
¡ pT

¢
¡ 2½c

@gbc

@t
(3.26)

L5 Æ¾
¡
u ¡

¡
fbc ¡ g

¢
¡ uT

¢
¡ 2½c

@fbc

@t
. (3.27)

Note that at this stage, the boundary is still fully non-re�ective. The incoming acoustic wave is
not linked to the outgoing wave but is given by (independent) external forcing.

3.3.2.3 Characteristic-Based State-Space Boundary Conditions

Based on the non-re�ective LODI relations with external excitation Eq. (3.26) and (3.27), arbi-
trary re�ection coef�cientsRi n andRout (or equivalently impedancesZi n andZout ) are imposed
at the inlet and outlet by linking the yet external acoustic wavesfbc andgbc with the outwards
traveling waves

f̂bc ÆĝRi n Æĝ
Zi n Å 1

Zi n ¡ 1
(3.28)

ĝbc Æf̂ Rout Æf̂
Zout ¡ 1

Zout Å 1
. (3.29)

Assuming that the prescribed re�ection coef�cientsR(s) are a linear time-invariant system, they
can be represented as a state-space model (see Sec. 3.3.1). This leads to the BSBC proposed by
Jaenschet al. [98].

In summary, the CBSBC is a fully non-re�ective LODI-BC (using plane-wave-masking), for
which the incoming acoustic wave (or external forcing in the LODI framework) is linked to the
outwards traveling wave by a state-space model. This is illustrated in Fig. 3.9 for an exemplary
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Figure 3.9: CBSBC for an outlet boundary. The state-space model in the green box represents
the imposed re�ection coef�cient.

outlet BC. Thef wave leaving the CFD domain servers as input for the state-space model,
together with a possible additional external forcinggex. Consequently, for a CBSBC outlet the
in- and outputs of the state-space system in Eqs. (3.5),(3.6) are

u Æ
£
fout ,gex

¤

y Æ
£
gout

¤
.

(3.30)

The in- and outputs of a CBSBC inlet are de�ned accordingly. Note that further external inputs
can easily be appended to the input vector of the state-space model. Solving the state-space
system yields the inwards traveling wavegout at the outlet, which is imposed on the CFD
simulation by the LODI relation (3.26).

In some con�gurations, the acoustic systems coupled at the in- and outlet may not be separated
but may be one monolithic system. This is, for example, the case in can-annular combustors,
when can-can coupling via both annular gap and plenum is considered. In this case, the in- and
output equations of the coupled state-space system contain the characteristic waves from both
the inlet and outlet:

u Æ
£
fout ,gex,gi n , fex

¤

y Æ
£
gout , f i n

¤
.

(3.31)

3.3.3 Low-Machv' -Q' Coupling

The coupling of a low-Mach CFD simulation solving Eqs. (2.6)-(2.10) to an acoustic LOM is
conceptually much simpler than the compressible coupling described in Sec. 3.3.2. There are
no acoustic waves in the low-Mach CFD, which have to be treated consistently by the boundary
conditions, and the coupling relies on primitive physical variables only. At �rst glance, it seems
counter-intuitive that a low-Mach simulation, which lacks the description of acoustic waves,
can simulate the �ame response to acoustic excitation. However, �ames of gaseous fuels are
insensitive to pressure �uctuations, and acoustic waves only interact via the velocity �uctuations
they induce [104]. Such types of �ames are denoted as “velocity-sensitive” in the following.
If the velocity-sensitive �ame considered is acoustically compact withHe ¿ 1 (characteristic
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length being the �ame length), the �ame response to acoustic waves can be well approximated
by the response to inlet velocity �uctuations in a low-Mach simulation. The imposed velocity
�uctuations are equivalent to the velocity �uctuations that the acoustic waves would induce in
a fully compressible medium [105].

As illustrated in Fig. 3.6 bottom, the coupled state-space model is fed with the recorded heat-
release rate �uctuation�Q0. The LOM incorporates Rankine-Hugonoit jump conditions for
pressure and velocity across the �ame to convert the heat release rate �uctuation to sound
waves [106]. The output of the state-space model is the velocity �uctuationv0 and is imposed
at the inlet of the CFD:

u Æ
£

�Q0,uex
¤

y Æ
£
v0¤.

(3.32)

Again, further external inputsuex can easily be appended to the input vector of the state-space
model. Unlike in the CBSBC coupling, the coupled LOM has to account for the acoustics of the
entiresystem, including the CFD domain.

3.3.4 Selection of the Coupling Framework

CBSBC, and particularly the underlying LODI framework, are generally limited to plane acous-
tic waves traveling perpendicular to the coupling interfaces. Note, however, that this restriction
does not applywithin the domain of the LOM, as the coupled state-space model Eqs. (3.5),(3.6)
may as well represent a 3D acoustic �eld. The low-Machv0¡ Q0coupling is limited to acousti-
cally compact CFD domains withHe ¿ 1 because acoustic waves are not resolved in the CFD.
In turn, it is not restricted to plane waves at the interface of CFD and LOM, as the imposed
velocity �uctuations can have an arbitrary non-uniform spatial distribution.

For annular con�gurations, which typically do not feature plane waves at the domain interfaces
(see Fig. 3.2 b), the low-Mach approach is thus better suited, also because the burner/�ame
zone is comparatively short and thus acoustically compact even for high frequencies. In turn,
the cans in typical can-annular setups are relatively long and, thus, not acoustically compact in
the relevant frequency range. Coupling via CBSBC is thus preferred because the restriction on
plane waves at the coupling interface is not a severe limitation in can-annular setups. If both
approaches are applicable, the low-Mach coupling is preferred because the numerical setup of
a low-Mach number CFD simulation is less demanding.

3.4 Hybrid Model Architectures

3.4.1 time domain Bloch-Wave Approach

Section 3.2.2 introduced the equivalence re�ection coef�cientR m , which is a direct conse-
quence of the Bloch-wave structure of thermoacoustic modes in (can-)annular con�gurations
with discrete rotational symmetry. In PAPER_BLOCH, we propose a straightforward way to ex-
ploit this symmetry in hybrid models of (can-)annular combustors. A LOM including BBC is
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Figure 3.10:Developed time domain BBC model setups. a) coupling via CBSBC, b) low-Mach
v0¡ Q0 coupling. Though illustrated for a can-annular con�guration, those setups
are, in principle, also applicable to annular con�gurations.

lumped into an equivalent re�ection coef�cientR m and coupled to a CFD simulation of one
single burner/�ame zone using the coupling frameworks described in Sec. 3.3. Figure 3.10 dis-
plays the model architecture for both compressible (a) and low-Mach CFD simulation (b). This
yields a nonlinear time domain model of an isolated azimuthal mode orderm of a (can-)annular
con�guration. If the inherent assumptions of the Bloch-wave theorem are ful�lled, this strategy
is a direct approach to exploit the symmetry of the systems studied. It allows computing LC
oscillations by resolving only one single burner/�ame zone or one can. Further details about the
derivation and the implementation of the method, as well as a validation case study, are found
in PAPER_BLOCH reproduced in App. .1.

While the developed time domain Bloch-wave approach yields very accurate results if its inher-
ent assumptions are ful�lled [29, 62], the limits of applicability are quite strict:

• discrete rotational symmetry of the con�guration considered, which is maintained even
during large amplitude LC oscillations

• no interaction of modes of different azimuthal orders, as solely the azimuthal mode order
jm j considered is present in the simulation

• multiple simulations/experiments are necessary to assess the stability and to model the
LC of all mode orders
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Figure 3.11:Developed ROLEX model setup. a) coupling via CBSBC, b) low-Machv0¡ Q0

coupling. Though illustrated for a can-annular con�guration, those setups are also
applicable to annular con�gurations.

However, these assumptions are not always justi�ed. Even if the geometry and the mean �ow
of the con�guration studied feature a discrete rotational symmetry, this symmetry may break
during large amplitude LC oscillations as explained in Sec. 3.2.2. In this case, the time domain
Bloch-wave approach still yields an estimation of the LC oscillation of the con�guration stud-
ied. However, the Bloch-wave approach fails to predict the occurrence of symmetry breaking. It
cannot capture the effect of symmetry breaking and possible nonlinear interactions of individual
azimuthal mode orders. Instead, the result will be that of an isolated azimuthal mode order in a
perfectly symmetrical con�guration.

3.4.2 ROLEX Model

To overcome the limitations of the time domain Bloch-wave approach, in PAPER_ROLEX we
developed a more general hybrid model, which does not rely on the Bloch symmetry. The model
explicitly resolves all burners/�ames or cans. This comes with the advantage that all azimuthal
mode orders are present in one model, but at the cost that nonlinear �ame models are required
to represent the dynamics of the �ames, which the CFD does not resolve. Details of the hybrid
model developed and a numerical validation case are discussed in depth in PAPER_ROLEX re-
produced in App. .2. In the following, the gist of the method is outlined.

Figure 3.11 illustrates two versions of the hybrid modeling strategy developed, which differ in
their coupling strategy. In Fig. 3.11a), CFD and LOM are coupled via CBSBC, in Fig. 3.11b)
via the low-Machv0¡ Q0 framework. In both versions, only one burner/�ame zone or one can
is resolved by CFD. The remaining parts of the combustion system, including all remaining
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�ames, are represented as LOM. This type of model is in the following denoted as ROLEX5.
As detailed in Sec. 3.3, the acoustics are represented as a linear state-space model. The nonlin-
ear �ame models are coupled to the linear acoustic LOM similarly to the CFD simulation. A
costly a priori identi�cation of a generally valid, quantitatively accurate nonlinear �ame model
would shatter the ef�ciency of the entire approach. Instead, by exploiting the symmetry of the
con�guration, the �ame models are adaptedon the �y, based on the �ame dynamics observed
in the CFD simulation. The resulting �ame models will, in general, only be valid in the vicin-
ity of the simulated trajectory of the self-excited system, and the proposed approach will not
yield a general nonlinear �ame model, which is valid for all frequencies, amplitudes, and oper-
ating conditions. However, this is not the goal of the proposed strategy, as the focus here is on
predicting the stable LC of the system considered.

The online adaption routine of the �ame models employed is described in Sec. 3.5 and in greater
detail in PAPER_ROLEX. Up to now, the only restriction on the type of nonlinear �ame model
is that it must represent the correctlinear �ame dynamics in the limit of zero amplitude. This
ensures that the complete con�guration features the correct linear stability properties. The linear
�ame model must thus be identi�ed prior to the simulation of the self-excited system. Note that
the computational resources needed for identifying a linear �ame model are orders of magnitude
smaller than for a generally valid nonlinear �ame model.

Without loss of generality, the nonlinear �ame models are assumed to be parameterized by a
set of coef�cients stored in the vectors. The online identi�cation of the parameterss is based
on a “clone model”. It has the same structure as the other �ame models and is solved with the
input being the reference velocityv0

1 recorded in the CFD simulation. This indirect route via the
“clone model” is necessary because, in general, the acoustic state in the individual burners or
cans differ from each other. Even in the case of perfect Bloch-symmetry, the individual sectors
are phase-shifted byeim Á, according to Eq. (3.2). If symmetry is broken (for example due to
azimuthally standing waves), even the amplitude levels at the individual �ames differ, leading
to different nonlinear saturation. This prevents a direct identi�cation of the individual �ame
models based on the CFD observation. By comparing the heat release output of “clone model”
and CFD, the nonlinear model parameterss are identi�ed and subsequently applied to all �ame
models.

The model structures shown in Fig. 3.11 suffer from one �aw: they introduce (arti�cial) asym-
metry into the modeled system. As the �ame models will not perfectly represent the actual �ame
dynamics, the one can or burner/�ame resolved by CFD will differ from the modeled burners
or cans. In unfortunate circumstances, this symmetry break may strongly impact the predicted
LC oscillations. As stated in Sec. 3.2.1, can-annular con�gurations are susceptible to pertur-
bations of their symmetry. For example, the arti�cial asymmetry introduced may lead to mode
localization, which may not be present in the actual con�guration.

An alternative, symmetry-preserving setup illustrated in Fig. 3.12 was developed to address this
issue. Here, the “clone model” and CFD switch places, and the CFD is fed with the input(s)
recorded at the respective position(s) in the LOM. The CFD simulation now solely serves the
purpose of providing reference data for the parameter identi�cation. The output of the CFD is
not coupled back into the LOM. Instead, the self-excited system is now solely represented by

5acronym of “Reduced-OrderLES model of self-EXcited combustion instabilities in (can-)annular systems”
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Figure 3.12:Developed symmetry preserving ROLEX model setup. a) coupling via
CBSBC, b) low-Machv0¡ Q0 coupling. Compared to the setup published in
PAPER_ROLEX and shown in Fig. 3.11, “Clone model” and CFD switch places.

the LOM, which ensures the correct symmetry properties of the modeled system.

Generally, the model structure shown in Fig. 3.12 is superior because it maintains the correct
symmetry properties. If applicable (see Sec. 3.3), the low-Mach, symmetry preserving setup
in Fig. 3.12b) is recommended. The compressible symmetry-preserving setup suffers from the
fact that the CFD domain on its own exhibits internal thermoacoustic dynamics. For example,
the uncoupled CFD domain may be thermoacoustically unstable due to an unstable intrinsic
thermoacoustic (ITA) mode [107, 108]. In this case, the compressible symmetry-preserving
setup can not be used because the system trajectory simulated in the CFD quickly deviates from
that of the remaining burners or cans represented by the LOM. If the compressible setup must
be used (in case of a non-compact �ame), the original setup in Fig. 3.11a) is recommended
unless it has been ensured that the CFD domain itself is thermoacoustically stable.

3.5 Flame Modeling

All models developed that do not rely on Bloch-symmetry (see Fig. 3.11 and Fig. 3.12) require
a nonlinear �ame model to represent the dynamics of the �ames not resolved by the CFD. The
�ame models are intended to be updated on the �y during the simulation of the self-excited
system. This poses speci�c requirements on the models and their integration in the LOM cou-
pled to the CFD, which will be reviewed in the following. Further details are found in PA-
PER_ROLEX reproduced in App. .2. A broader overview of common nonlinear �ame models
and their identi�cation and a comparison with the model employed here follows in Sec. 6.1.1.
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3.5.1 Coupling Nonlinear Flame Models and Acoustic LOM

The approaches presented in Sec. 3.3 couple a linear (thermo-)acoustic state-space model to a
compressible or low-Mach CFD simulation. Such a linear state-space model could seamlessly
incorporate a linear �ame model. There are various common state-space representations of a
(linear) FTF [109], which can be interconnected with the remaining system like any other linear
building block. In the present context, however, the coupled LOM needs to benonlinearbecause
it has to include the nonlinear dynamics of the �ames that the LES does not resolve.

Without modifying the gist of the coupling strategies, nonlinear �ame models can be included
in the LOM by appending the in- and outputs of the coupled state-space models in Eq. (3.30)
or in Eq. (3.32), similar to the treatment of external inputs. In the case of a CBSBC inlet, for
example, the in- and outputs not only contain the acoustic waves crossing the interface and
possibly some external forcingfex but are appended by the in- and outputs of the individual
�ame models:

u Æ
£
gi n , fex, �Q0

1, . . . , �Q0
n

¤

y Æ
£
f i n ,v0

1, . . . ,v0
n

¤
.

(3.33)

Here, the outputs of �ame model “1” to “ n ”, the modeled heat release rates�Q0
1, . . . , �Q0

n , are
appended to the inputs of the acoustic state-space model. The inputs of the �ame models, the
velocity �uctuations at the respective �ame reference positionsv0

1, . . . ,v0
n , are appended to the

outputs of the acoustic model. In this way, the nonlinear �ame models are connected to the
linear acoustic model, but their in- and outputs are directly accessible.

3.5.2 Model Structure and Online Parameter Identi�cation

Up to this point, the structure of the employed �ame models has not yet been determined. In
fact, by appending the in- and outputs of the linear acoustic model as shown in Eq. (3.33), it can
be combined with any conceivable �ame model that yields the integrated heat release rate and
is formulated in time domain. However, the speci�c requirements of the present purpose limit
the models that can be considered. They must

• feature nonlinear dynamics, particularly saturation of gain (and possibly change in phase)
for high input amplitudes. Other nonlinear effects, such as the generation of higher har-
monics and cross-frequency coupling, are desired but less important.

• accurately represent linear dynamics (in the limit of zero input amplitude) for a wide
frequency range. This ensures the correct stability properties of the system considered.

• depend only on a few free parameters because the amount of training data available during
online identi�cation is limited.

• allow training of the free model parameters without heavy computations, as this would
slow down the entire simulation.
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3.5 Flame Modeling

Figure 3.13:Wiener-type �ame model comprising a linear time-invariant dynamic part (FTF)
and a static nonlinear function correcting the linear model outputQ̃0.

Out of the wide variety of possible �ame models (see Sec. 6.1.1 and Fig. 6.1 for an overview),
a Wiener-type block structured model [110–112] best �ts the requirements above. The Wiener
model structure adapted to the present context is illustrated in Fig. 3.13. It comprises a linear
dynamic model, here a FTF represented as a linear state-space model, followed by a static
(algebraic) nonlinear function, which corrects the linear model output.

The FTFF (! ) Æ ˆ̃Q/ v̂ , constitutes the linear dynamic model part and describes the linearized
�ame responseQ̃ over the relevant frequency range. It is provided in advance and not modi�ed
during the simulation of the self-excited system. This ensures that the linear stability properties
of the con�guration considered are correctly represented. The FTF can either be computed
in advance by employing the CFD/SI technique [103], measured in an experimental test-rig,
or modeled [65]. The coef�cients of the nonlinear algebraic functionh

³
Q̃0, �̃Q0,s

´
are stored

in the parameter vectors. They are repeatedly updated based on comparing the deterministic
model outputQ0and the CFD observation during the simulation of the self-excited system. This
continuously improves the prediction quality of the nonlinear �ame models.

The nonlinear algebraic functionh
³
Q̃0, �̃Q0,s

´
may take various forms. As it is the only nonlinear

part of the �ame model, it determines its nonlinear features such as saturation at high ampli-
tudes, interaction of different frequencies, and scattering to higher harmonics. For the cases
considered in the scope of this thesis, the function

Q0Æh
³
Q̃0, �̃Q0,s

´
Æ

2

s1¼
arctan

³ s1¼

2
Q̃0

´
Å s2Q̃0 �̃Q0 (3.34)

performed well. It converts the linear model outputQ̃0 and its time derivative�̃Q0 :ÆdQ̃0/d t
into the non-linear �ame model outputQ0. The time derivative of the linear model output�̃Q0

is directly accessible from the state-space model representation of the FTF. The �rst term in
Eq. (3.34) accounts for nonlinear saturation and generation of odd harmonics. The second term
creates second harmonics and creates a sawtooth-shaped signal (see Fig. 3.14), like it is often
observed in high-amplitude LC oscillations (see e.g. [113]). This term was �rst proposed by
Purwaret al. [85] in the context of nonlinear �ame response to transverse excitation.

The deterministic nonlinear model outputQ0 is superposed with a stochasticQ0
noi se, which

models turbulent combustion noise.Q0
noi se is computed by solving a noise model with uniform

white noise as input [114]. If no noise model is provided,Q0
noi se Æ0.

In its current form in Eq. (3.34), the static nonlinear function can not modify the phase of the
linear model output. This may cause problems for certain con�gurations where the phase of
the �ame response is strongly amplitude-dependent. A variant of Eq. (3.34), which introduces
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Figure 3.14:
and sinusoidal input signal (black).]Output of static non-linear function Eq. (3.34) (red) with
exemplarysÆ[1,¡ 0.4] and sinusoidal input signal (black). Blue curve shows the saturation

term only.

a constant phase-shift depending ons3, writes

Q0Æh
³
Q̃0, �̃Q0,s

´
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2
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@
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³
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´

2
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³
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´ ³

�̃Q0¡ s3Q̃0
´

1Å s2
3

(3.35)

Different ways of introducing a phase shift are conceivable. If necessary, higher-order terms can
introduce further higher harmonics.

The output of the static nonlinear function is controlled by the tuning parameterss1 ands2 (and
possibly additional parameters). These parameters are identi�ed by solving the nonlinear least
squares problem

sÆargmin
³
h

³
Q̃ 0̄̄

0 ! t , �̃Q0
¯
¯
¯
0 ! t

,s
´
¡ QCFDj0 ! t

´2
. (3.36)

Here,Q̃ 0̄̄
0 ! t ,

�̃Q0
¯
¯
¯
0 ! t

andQCFDj0 ! t denote the time-series of linear “clone model” output,
its time derivative, and the observation from CFD recorded from initial time zero to current
time t (c.f. Figs. 3.11,3.12). Note that no dynamic model has to be solved during the optimiza-
tion step. The cost function solely involves evaluating an algebraic function with stored inputs.
The least-squares problem in Eq. (3.36) is solved repeatedly after a prescribed update period¿.
This constantly improves the estimation of the model parameterss1 ands2 as the amplitude in
the CFD changes and affects the dynamics of the �ame. After identifying the “clone model”
parameters,s1 ands2 are applied to all �ame models.

The performance of the �ame model employed is assessed by comparing the outputs of the
(tuned) “clone model” and the CFD for all inputs encountered in the simulation of the self-
excited system. A good model must accurately predict nonlinear saturation of the fundamental
frequency component, as this governs the LC amplitude. Depending on the focus of the par-
ticular study, another quality criterion may be the correct representation of the �rst few higher
harmonics. For all cases considered within this thesis, a �ame model employing the static non-
linear function in Eq. (3.34) was suf�cient for the present purpose.
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3.6 Application of the Proposed Hybrid Models

Figure 3.15: Individual steps necessary to set up and simulate LC of (can-)annular con�gura-
tions with the proposed ROLEX model.

3.6 Application of the Proposed Hybrid Models

Two types of symmetry-enhanced hybrid models have been presented in this chapter: The
time domain Bloch-wave approach (see Fig. 3.10) and the ROLEX model (see Fig. 3.11
and Fig. 3.12). Both model types are, in principle, capable of predicting LC oscillations of
(can-)annular con�gurations but are subject to different restrictions and have a different focus.
The present section summarizes the steps necessary to apply the hybrid models to predict LC
oscillations of a real (can-)annular con�guration. Afterward, the limitations of each model are
discussed.

Figure 3.15 visualizes the steps necessary to apply the ROLEX model proposed. The steps
include pre-processing to provide all required model ingredients and the actual simulation of
the self-excited hybrid model. They are:

1. Cut the full (can-)annular con�guration considered at appropriate locations to obtain the
CFD domain of the hybrid model. Generally, the CFD domain has to include one �ame
in its entirety, even when exposed to high pulsation amplitudes. If compressible coupling
is used, the acoustic �eld must be plane at the cutting interfaces. In the case of the low-
Mach setup, the cut-free domain has to be acoustically compact. Set up the CFD (LES)
and validate the predicted mean �ow (if possible).

2. Construct a linear acoustic state-space representation of the con�guration considered (see
Sec. 3.3). The �ames are considered as passive temperature jumps. The heat release rates
and the velocity at the reference positions of the individual �ames are selected as in- and
outputs to couple the nonlinear �ame models. Additional in- and outputs are the variables
that couple the CFD domain (f and g waves in the compressible andv0 andQ0 in the
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Figure 3.16: Individual steps necessary to set up and simulate LC of (can-)annular con�gura-
tions with the proposed time domain Bloch-wave approach.

low-Mach case).

3. Identify the FTF, which serves as the linear part of the �ame model employed (see
Fig. 3.13). The FTF can be computed using the CFD/SI technique by broadband forc-
ing of the CFD domain cut free in step 1. Alternatively, an experimentally measured or
modeled FTF can be used.

4. Combine all model ingredients and simulate the hybrid model of the self-excited system.

Figure 3.16 visualizes the steps necessary to apply the time domain Bloch-wave approach. They
are:

1. Set up the single-�ame CFD simulation. Same as for the ROLEX approach.

2. Construct a linear acoustic state-space representation of one sector of the con�guration
considered (see Sec. 3.3). Depending on the type of coupling (CBSBC or low-Machv0¡
Q0), the acoustic model represents the parts of the sector that are not resolved by CFD
or the entire sector with the �ame considered as passive temperature jump. Select the
azimuthal mode orderm and apply the corresponding BBC from Eq. (3.3). The in- and
outputs of the LOM are the variables that couple the CFD domain (f andg waves in the
compressible andv0andQ0 in the low-Mach case).

3. Combine LOM and CFD and simulate the hybrid model of the self-excited system.

4. Repeat from 2. for all azimuthal mode orders of interest
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3.6 Application of the Proposed Hybrid Models

The ROLEX model includes all modes of the system considered in one simulation and does
not assume a certain symmetry of the modes. It can, in principle, account for nonlinear phe-
nomena such as mode interaction, symmetry breaking, and mode localization, and it can predict
the wave structure emerging from degenerate modes (standing/spinning). However, preparing
the hybrid model involves multiple steps, most notably identifying a linear �ame model, which
requires some computational resources prior to the actual simulation. Additionally, the model
heavily relies on the nonlinear �ame model employed. Although the �ame LOMs are continu-
ously adapted to match the real �ame dynamics, they are restricted by their pre-de�ned model
structure. For example, the block-structured models employed here rely on the separability of
a linear dynamic and a nonlinear static part, which is not always justi�ed. Using more sophis-
ticated models is possible but may come at the cost of a more complex or less robust online
adaption. In general, whether the model employed can correctly represent all important nonlin-
ear features of the investigated system cannot be assessed in advance. Only a thorough posterior
comparison of CFD and �ame model output will hint at whether the �ame model employed is
appropriate.

In contrast, the time domain Bloch approach requires less preparation, as it does not need the
knowledge of linear �ame dynamics. A high-�delity CFD simulation directly resolves the only
�ame present in the hybrid model. Flame dynamics are thus represented in the best possible
way. However, a single simulation run only covers one azimuthal mode orderm . If the stability
and the LC amplitudes of each mode order shall be investigated, multiple simulation runs are
necessary. Nonlinear phenomena involving multiple mode orders cannot be captured. Symmetry
breaks, as well as their effects, are not predictable using this approach.
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4 Calibrating Global Reaction
Mechanisms

A chemical reaction mechanism is required to close the energy and species source terms in
Eqs. (2.3),(2.4). Detailed chemical reaction mechanisms (DM) are very accurate but involve
dozens to hundreds of species and hundreds to thousands of reactions. Additionally, the produc-
tion rates of individual species differ by several orders of magnitude, which makes the resulting
system of equations very stiff. The use of DM in LES is thus considered impractical. One way
of reducing the computational effort is to use global chemical reaction mechanisms (GM). A
GM is an empirical reaction scheme that represents only the formation and consumption of ma-
jor species based on only a few reactions. The reactions involved are calibrated to best represent
the production rate of the considered major species and to match global �ame properties such as
the laminar �ame speedsL and �ame thickness±L. This calibration, however, is typically only
valid for one speci�c fuel composition and a narrow range of operating conditions.

The turbulent validation case considered in Sec. 5.3 is operated with aCH4-H2- mixture, for
which, to the author's knowledge, no GM is available. This section outlines the basic principles
of the calibration method used to obtain a GM for a given operating condition. A more detailed
description, including a thorough analysis of the performance of the resulting GM, is found in
PAPER_MECH reproduced in App. .4.

The proposed approach improves a method developed by Polifkeet al.[115]. A chemical mech-
anism is a set of reactions with reaction ratesr l , with l Æ1, . . . ,L, whereL is the number of
reactions of the mechanism. These reactions generate or consume speciesCi , with i Æ1, . . . ,N ,
whereN is the number of species of the mechanism. The sum of reactions that convert individ-
ual species into each other and constitute the chemical mechanism write

NX

i Æ1
º 0

i l Ci $
NX

i Æ1
º 00

i l Ci ; l Æ1, . . . ,L, (4.1)

whereº 0
i l and º 00

i l are the forward and backward stoichiometric coef�cients of speciesCi in
reactionl .

With the above de�nitions, the net rate of production of speciesCi , denoted! i , is the sum of
the production rate of speciesCi in each reaction

! i Æ
LX

l Æ1
º i l r l , (4.2)

whereº i l Æº 00
i l ¡ º 0

i l follows from the stoichiometric coef�cients in the reaction scheme. The
volumetric heat release rate! q of the chemical reactions writes

! q Æ ¡
LX

l Æ1
h l r l , (4.3)
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whereh l is the standard enthalpy of reaction. Note that for an exothermic reactionh l Ç 0 and
the corresponding! q È 0.

Equations (4.2) and 4.3 can be written in matrix form

p ÆMr , (4.4)

where the species production rates and the heat release rate are collected to form the production
rate vector

p Æ
£
! 1, . . . ;! N , ! q

¤
. (4.5)

The matrixM is of size(N Å 1)£ L and its coef�cients are given byº i l andh l .

The goal of the following considerations is to reduce a detailed mechanism, which comprises
a large number of species and reactions, to a global mechanism, comprising only a few reac-
tions Lg and speciesNg , with Lg ¿ L andNg ¿ N . This involves �nding a (reduced) set of
reaction rates̃r l with l Æ1, . . . ,Lg , which yields production ratesp i with i Æ1, . . . ,Ng Å 1 of the
species in the global mechanism that match the production rates of these species in the detailed
mechanism.

Directly obtaining reaction rates̃r l from a given set of production ratesp i would require the
inversion of the reaction scheme in Eq. (4.4). This is generally impossible because the matrix
M is not quadratic. A DM usually has more reactions than species, while for a GM, it is the
opposite. The system of Eqs. (4.4) is thus overdetermined for a GM. Polifkeet al.[115] address
this issue by selecting only a sub-set ofLg so-called principal species, from which the reaction
ratesr̃ l are obtained.

In PAPER_MECH, we generalize this approach by solving Eq. (4.4) for the unknown target
reaction rates̃r l of the global mechanism by employing the weighted least squares method

r̃ Æ
¡
MT WM

¢¡ 1
MT Wp, (4.6)

whereW is a diagonal matrix containing user-de�ned weights. In case a numberLg of selected
production rates are weighted withw i Æ1, while the weighting of all other production rates is
w i Æ0, the method reduces to the original approach by Polifkeet al. [115]. The weighting is
especially useful for normalizing the production rate vectorp, which is otherwise dominated by
the comparably large value of the heat release rate! q . Additionally, species of special interest
for the case considered can be weighted higher to improve the accuracy of their prediction.
Lastly, carefully choosing the weighting helps smoothing the resulting target reaction ratesr̃ l

such that they can be easily �tted with the chosen ansatz.

Now that the target reaction ratesr̃ l are de�ned, the last step is to match these rates by tuning
the coef�cients of a presumed functional form of the reaction ratesr̂ l of the GM. A usual ansatz
for this functional form is the rate law

r̂ l Æk f l

NY

i Æ1
[Ci ]

º̃ 0
i l ¡ k r l

NY

i Æ1
[Ci ]

º̃ 00
i l , (4.7)

where the reaction rate depends on the molar species concentrations[Ci ]. An Arrhenius tem-
perature dependence is used for the forward rate coef�cientsk f l

k f l ÆAl T
bl exp

µ
¡

EA,l

RT

¶
, (4.8)
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whereAl is the pre-exponential factor,bl is the temperature exponent, andEA,l is the activation
energy of reactionl . If the reaction considered is reversible, the thermodynamic equilibrium
constantKeq,l links the forward and backward rate coef�cient

Keq,l Æ
k f l

k r l
. (4.9)

Otherwise, the backward rate coef�cient in (4.7) isk f l Æ0. In a DM, the species concentration
exponents̃º nl in Eq. (4.7) are the stoichiometric coef�cientsº i l of the elementary reactions.
For the GM, these exponents are additional tuning parameters. To summarize,º̃ i l , Al ,bl ,EA,l

are the free parameters that have to be calibrated to match the target reaction ratesr̃ l obtained
from Eq. (4.6). To �nd the free coef�cients, the cost functionf l

f l Æ
¿¯

¯
¯
¯ln

µ̄̄
¯
¯
r̂ l (n )

r̃ l (n )

¯
¯
¯
¯

¶̄̄
¯
¯

¯
¯
¯
¯

r̃ l (n )

max (r̃ l )

¯
¯
¯
¯

´ À
, (4.10)

which represents the deviation of the Arrhenius-based reaction rater̂ l from the target reaction
rate r̃ l on a logarithmic scale, is minimized.n represents the grid point on which the target
reaction rates̃r l are computed andh. . .i is the average carried out over all grid pointsn .

According to Polifkeet al. [115], the production rate vectorp in Eq. (4.6) used to compute the
target reaction rates̃r l (n ) for Eq. (4.10) is obtained by solving a freely propagating laminar 1D
�ame with a DM at a speci�c operating condition (pressure, temperature of educts, equivalence
ratio). This yields the target reaction ratesr̃ l (n ) over all grid points of the 1D �ame solution.
This approach is also used in the present work. However, the production rates can, in principle,
also be obtained from different �ame-type solutions with the DM or for multiple operating
conditions. These production rates may be appended to the production ratesp1D obtained from
the freely propagating �ame

p Æ
£
p1D,ps,ph , . . .

¤
, (4.11)

to get a more general result for the reaction rates. The grid pointsn now also involve other
operating conditions and/or other �ame solutions such as, for example, �ames with strainps

and/or heat lossph .
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5 Investigated Validation Cases

The hybrid models presented in Sec. 3 were developed and validated based on a generic laminar
4-can burner called “Rohrbrennkammer 4” (RBK4). The models developed were also applied
to an experimental annular combustion test-rig operated at NTNU (the “Intermediate Pressure
Annular Combustor” [116]), for which experimental measurements of LC oscillations are avail-
able [113]. The results of the time domain Bloch-wave approach applied to the RBK4 combus-
tor are published in PAPER_BLOCH. The application of the compressible ROLEX model from
Fig. 3.11a) to the RBK4 combustor is presented in PAPER_ROLEX.

This section presents the unpublished results of applying the hybrid models developed to ad-
ditional cases. First, the solver and the numerical setups of the considered cases are outlined.
Afterward, the results of the low-Mach, symmetry-preserving ROLEX model (see Fig. 3.12b))
applied to the RBK4 combustor are presented. The section concludes with applying the low-
Mach, symmetry-preserving ROLEX model and the time domain Bloch-wave approach to the
NTNU annular rig.

5.1 Numerical Setup

5.1.1 Solver and Setup for Laminar Cases

The CFD simulations of the laminar RBK4 cases employ a modi�ed version of the solver
rhoReactingFoam from the open-source �nite-volume toolbox OpenFoam1 [99]. Depend-
ing on the version, the solver implements either the compressible governing equations (2.1)-
(2.5) or the low-Mach formulation (2.6)-(2.10). The solver was developed and validated by
Stefan Jaensch within a previous research project [117]. The main difference to the standard
rhoReactingFoamsolver is the modeling of the species diffusion coef�cientsD i , which is here
based on species-speci�c Schmidt numbersD i Æº /Sc i , whereas the standard solver assumes
equalSc-Numbers for all species.

The dynamic viscosity¹ and the heat diffusivity® are computed from Sutherland's law. The
chemical source terms! i and ! q are obtained by solving the global two-step BFER reaction
mechanism for methane-air combustion [118].

The PIMPLE algorithm is employed to solve the pressure-velocity coupling for the compress-
ible cases, and the PISO [119] algorithm is used for low-Mach cases. A second-order implicit
time integration scheme is used. The time step is �xed at¢ t Æ5¢10¡ 7 s, which yields a hydro-
dynamic CFL number of less than0.1. Spatial discretization is done by blending a second-order

1Version 4.x, available athttps://github.com/OpenFOAM/OpenFOAM-4.x
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central difference and an upwind scheme using a Sweby limiter [119].

5.1.2 LES solver and numerical setup

The turbulent reactive �ow solver employed is a modi�ed version ofreactingFoam from Open-
Foam [99]. The solver and the turbulence-chemistry interaction model were mainly developed
and implemented by Alp Albayrak within a previous research project [65]. The LES solver
implements the �ltered low-Mach governing equations
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p t Æ½̃RT̃ , (5.5)

where(̃¢) is the �ltering operator.¹ T and®T denote the turbulent viscosity and thermal diffusiv-
ity resulting from sub-grid scale �uctuations. The WALE turbulence model [120] is employed
to compute¹ T based on the resolved �elds (see [65] for further details on the turbulence mod-
eling). Turbulent thermal and mass diffusivity®T andDT are modeled by assuming a constant
turbulent PrandtlPrT Æ ¹ T

½®T
Æ0.6 and Schmidt numberScT Æ ¹ T

½DT
Æ0.6 for each species. As

in the laminar solver, individual but constant laminar Schmidt numbersSci are provided for
each speciesi . The same solution algorithm and numerical schemes as in the laminar case are
employed. The time step is �xed at¢ t Æ2.5¢10¡ 7 s, ensuring a hydrodynamic CFL number
below0.3. Reactions are modeled using the 3-step global mechanism from PAPER_MECH cal-
ibrated to the present operating point. Table 5.1 shows the resulting mechanism parameters
(c.f. Eq. (4.8) and Eq. (4.1)).

Table 5.1:Parameters of the global 3-step mechanism calibrated for the operating point of the
NTNU annular rig. SI units.

A b Ta º 0
C H4

º 0
H2

º 0
O2

R1 1.56¢108 0.003 10861 0.63 ¡ 0.52

R2 5.26¢108 0.006 11618 ¡ ¡ 0.5

R3 1.14¢109 0.005 9088 ¡ 1.0 0.5

An extended version of the dynamic thickened �ame model [121, 122] models turbulent com-
bustion. The laminar �ame thickness±L is arti�cially thickened by the factorF introduced in
Eqs. (5.4)and (5.3). The thickened �ame cannot account for the effects of turbulent �ame wrin-
kling caused by eddies smaller than the thickened �ame width. This is corrected by introducing
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5.2 Generic Laminar 4-Burner System

the ef�ciency functionE. The dynamic thickened �ame model aims to modify the governing
equations only in the immediate vicinity of the reaction zone. This is achieved by introducing a
sensor functionS . The thickening factor and ef�ciency function read

F Æ1Å
µ
n

¢ x

±L
¡ 1

¶
tanh

µ
¯ 1

­

­ 0

¶

| {z }
S

, (5.6)

E Æ
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µ
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u0
¢

sL

¶¸ ¯ 3

, (5.7)

where¡ is a function depending on the resolved velocity �eld,u0
¢ represents the �ame �ltered

sub-grid scale rms velocity (see [122]) and¢ x is the LES �lter width. A prescribed number of
n Æ7 cells resolve the thickened �ame front. An Arrhenius-like function­ is used to track the
�ame region and is de�ned as

­ ÆY nF
F Y nO

O exp
µ
¡ ¯ 2

Ta

T

¶
(5.8)

whereTa is the activation temperature and­ 0 denotes the maximum of the Arrhenius-like
function across the laminar �ame front. The model constants¯ 2 and¯ 1 control the activation
threshold and the width around the reaction zone, where the sensorS is active.¯ 3 controls
the ef�ciency functionE and thus directly acts on the propagation speed of the thickened �ame
front. As ¯ 3 is in the exponential of Eq. (5.7), it weakly in�uencesE for reasonably small val-
ues ofF . However, ifF is large (if the �ame is resolved on a coarse grid), the in�uence of
¯ 3 also becomes large. Charletteet al. [123] proposes a dynamic adjustment of¯ 3, depending
on resolved �elds. This dynamic formulation is not implemented, but the information provided
in [123] is used to set a constant (but case dependent)¯ 3. In the present case, the model coef�-
cients arē 1 Æ200, ¯ 2 Æ0.6, and¯ 3 Æ0.5.

5.2 Generic Laminar 4-Burner System

5.2.1 Case Setup

The generic laminar can-combustor RBK4 depicted in Fig. 3.2 comprises four cans coupled via
an upstream plenum. The burner/�ame zone in the individual cans was investigated in numerous
previous studies, although in a different context, e.g., see [47, 58, 124]. A �xed pressure is
imposed at the downstream termination of the cans, which yields a fully re�ectingRd Æ ¡1
boundary condition. A �xed velocity is imposed at the plenum's upstream termination, which
yields a fully re�ecting R Æ1 boundary condition. The computational domain is pseudo-2D.
The plenum is “closed” using periodic boundary conditions.

The can-can coupling and the acoustic characteristics of the downstream termination of the cans
are quite different compared to applied can-annular combustors (see Sec. 3.2.1). This speci�c
choice is because the CFD setup of the entire con�guration is relatively simple for this partic-
ular setup, allowing standard Dirichlet boundary conditions at the in- and outlet. However, the
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Figure 5.1: Sketch of the RBK4 con�guration used to develop and validate the proposed hybrid
strategies. The dashed box indicates the CFD domain of the hybrid model.

Table 5.2:Geometrical measures of RBK4.

l i (m) l o (m) l p (m) d (m)

0.05 0.1 0.1 0.005

RBK4 system still yields the same symmetry properties and Bloch-symmetric thermoacous-
tic modes as a real can-annular combustor, which quali�es it as a �rst validation case for the
hybrid models developed. The dimensions of the RBK4 con�guration are tuned to yield a ther-
moacoustically unstable system with realistic modal growth rates and non-trivial mode shapes.
Table 5.2 summarizes the geometrical measures of the RBK4 con�guration.

The entire RBK4 con�guration is resolved in a fully compressible CFD simulation to generate
reference data to validate the proposed hybrid approaches. The structured grid contains596K
hex-cells. In the region of burner-plate and �ame, the mesh is uniform with a cell size of25¹ m,
corresponding to an average of18 cells within the reaction zone (similar to the mesh used
by [58] and [125]). The mesh is signi�cantly coarser in the remaining parts of the domain, where
mainly acoustic wave propagation has to be modeled. A �xed velocity boundary condition at
the inlet and �xed pressure boundary condition of1 atm at the outlet are used. Adiabatic slip
conditions are imposed at the walls, except at the burner plate, for which a no-slip condition
with a �xed temperature of373K is set.
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5.2 Generic Laminar 4-Burner System

Figure 5.2: Normalized heat release rate �uctuation in the individual cans. Left: compressible
CFD of full con�guration. Right: low-Mach symmetry preserving ROLEX model.
Black line shows the heat release rate �uctuation recorded in the CFD domain,
serving as “clone model”.

5.2.2 Hybrid Model Results

The RBK4 con�guration is investigated using four different model setups:

1. Compressible CFD of entire con�guration as reference (see PAPER_BLOCH and
PAPER_ROLEX)

2. Compressible time domain Bloch-wave approach (see PAPER_BLOCH)

3. Compressible ROLEX model (see PAPER_ROLEX)

4. Low-Mach, symmetry preserving ROLEX model (see present section)

Using the compressible, symmetry-preserving setup in the present con�guration is impossible,
as the burner/�ame studied exhibits an unstable ITA mode [126]. Therefore, the original com-
pressible setup of Fig. 3.11a) was used in PAPER_ROLEX.

The low-Mach, symmetry-preserving setup results are compared with the monolithic CFD re-
sults in the following. The RBK4 con�guration exhibits an unstable “push-pull” mode of ITA
origin. Such a mode is characterized by �uctuations of opposite sign in adjacent cans (see
Sec. 3.2.2). Figure 5.2 shows the normalized heat release �uctuations in the individual cans
for the monolithic CFD (left) and the low-Mach, symmetry-preserving ROLEX model on the
right. The amplitude and signal shape of the heat release rates, as well as the “push-pull” mode
structure predicted by the LOM, agree reasonably well with the results of the full CFD. The
CFD part of the hybrid model plotted in black shows a slightly different signal shape, which the
Wiener-type �ame models can not entirely reproduce. Note that in this model setup, the CFD
domain is not part of the self-excited system but only serves as a “clone model” for identifying
the �ame model parameters.

Figure 5.3 analyses the results in frequency domain. Here, the frequencyF is normalized by
the �rst “pure” plenum eigenfrequency de�ned asf Æc/U , wherec denotes the speed of sound
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Figure 5.3: LC spectrum of heat release rate (top) and reference velocity (middle). Hybrid ap-
proach in red, monolithic CFD in blue. Result of linear stability analysis (bottom)
shows eigenmodes of azimuthal orderm Æ0 (blue circles),m Æ1 (red triangles),
andm Æ2 (orange squares).

in the fresh gas, andU is the circumference of the plenum. The top plot and the middle plot
of 5.3 show the amplitude spectrum of heat release rate and velocity �uctuation at the �ame
reference position exemplary for one can. Due to the symmetry of the present “push-pull” mode,
the amplitude spectra of the other cans are identical and thus not shown. The results from
the monolithic CFD are plotted in blue. Those from the hybrid model are plotted in red. For
reference, the bottom plot shows the eigenfrequencies of the con�guration obtained from linear
stability analysis (see PAPER_BLOCH).

The hybrid model captures the amplitude and frequency of the fundamental unstable mode
very well. Also, the acoustic resonance of a higher harmonic with the axial mode atF ¼0.7 is
captured, although with lower amplitude. Due to the limitations of the nonlinear �ame model
employed, further higher harmonics are not resolved properly, which is not considered relevant
for applied con�gurations. Overall, the hybrid model and the monolithic CFD agree well, val-
idating the proposed approach. At the same time, the computational cost of the hybrid model
is about ten times smaller than that of full CFD. In realistic setups, which typically have much
more than four cans, the reduction of computational cost will be signi�cantly higher.
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Figure 5.4: Intermediate pressure annular combustor operated at NTNU. Reproduced
from [113].

5.3 NTNU Annular Rig

5.3.1 Case Setup

The intermediate pressure annular test-rig [113, 116] operated at NTNU was selected as an
annular validation case for the hybrid models developed. Figure 5.4 gives an overview of the
design of the test-rig.

The test-rig comprises 12 swirl-stabilized �ames in a common annular chamber. The chamber is
terminated with a choked nozzle at the downstream side, allowing the rig to operate at pressures
up to3.5 bar. The chamber is fed by 12 injector tubes, each containing the swirler and a bluff
body to avoid �ame �ashback. The injector tubes are fed by a large plenum, which is acousti-
cally separated by a sinter plate. AH2 ¡ CH4 fuel/air mixture is supplied at the plenum inlet.
Due to the long residence time in the plenum, perfectly premixed conditions can be assumed
at the �ame. The metal walls of the chamber are water-cooled, and their steady-state tempera-
ture was determined experimentally. The �ames are optically accessible through a quartz-glass
window in the lower part of the outer chamber wall. Five injector tubes contain two pressure
conductors each, which can be used to reconstruct the acoustic �eld within the injector tubes
and the chamber.

For the present purpose, an operating point that exhibits an intermediate amplitude LC of a
strongly spinning �rst-order azimuthal mode in the experiment was chosen. For this operating
point, the chamber pressure isp Æ2.16bar, and the rig is fueled with a volume ratio of57%CH4

and 43% H2 at an equivalence ratio ofÁ Æ0.8. The total mass �ow rate through the rig is
�m Æ97g/s. For further details on this operating point, in particular the measured LC oscillations,
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Figure 5.5: Cut through the single-sector CFD domain of the NTNU annular rig (right). Mesh
in the swirler and �ame anchoring region is shown on the left.

the reader is referred to [113]2.

According to Fig. 3.15 and Fig. 3.16, the �rst step in the proposed modeling strategies is to
set up the single-�ame LES. Here, the LES domain comprises one injector tube, cut shortly
upstream of the swirler and a sector of the chamber, cut at approximately twice the steady �ame
height. The domain and the mesh are visualized in Fig. 5.5. The domain is discretized with a
hex-dominant mesh of approx.10M cells.

The mesh cells have an edge length of0.15 mm in the swirler region and at the walls and a
uniform edge length of0.3mm in the �ame region. Resolving the �ame withn Æ7 grid points
leads to a maximum thickening factorF Ç 10. As the con�guration is perfectly premixed, the
laminar �ame propertiessL Æ0.2882 m/s, ±L Æ0.244 mm and­ 0 Æ9.07¢10¡ 6 needed as input
for the thickened �ame model, have to be provided for one single equivalence ratioÁ Æ0.8
only. The velocity is �xed at the inlet and the pressure at the outlet. No-slip conditions with the
experimentally obtained temperatures are imposed on the walls. A periodic condition is set at
the azimuthal cutting interfaces of the chamber.

5.3.2 Results

5.3.2.1 Single-Sector LES

The test-rig is thermoacoustically unstable for the operating point considered. Therefore, no
mean �ame images or other mean-�eld measurements, which could be used to validate the
single-sector LES results, are available for this operating point. Instead, phase-averaged �ame
images recorded during the LC oscillation serve as reference data. In order to compare the LES
results with the experimental LC measurements, the LES is externally forced by imposing the
LC velocity �uctuation at the inlet. The velocity �uctuation is reconstructed from the pressure
measurements in one of the injector tubes using the two-microphone method.

The resulting heat release �eld in the LES is phase-averaged at the same phase angles as in
the experiment and line-of-sight integrated to reproduce the images obtained experimentally.

2In [113], the considered operating point is denoted “�m a Æ91.87gs¡ 1, PH Æ0.2, © Æ0.8”
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Figure 5.6: Phase-averaged line-of-sight integrated heat release distribution during LC oscilla-
tion. LES results in respective left plots, experimental measurements in right plots.

Unfortunately, the resulting �ame shapes show some deviation w.r.t. the experiment, and �ame
anchoring is mispredicted. Instead of the V-�ame shape observed in the experiment, the �ame
in the LES simulation also burns in the outer shear layer, forming an M-like �ame shape.

Discrepancies of measured and actual wall temperatures in the experiment were identi�ed as a
possible reason for this mismatch. The temperatures of the diabatic walls were reduced to300K
to test this hypothesis. The resulting phase averaged, and line-of-sight integrated heat release
rates are compared to the experimentalOH¤ chemiluminescence measurements in Fig. 5.6. De-
spite the reduced wall temperatures, the LES shows noticeable deviations from the experiment.
While the �ame height and the �ame center of gravity are approximately correct for all phase
instants, the reaction rate in the outer shear layer is still over-predicted in the LES.

The most probable reason for the discrepancies is a misprediction of wall heat �uxes. Fully
resolving the turbulent boundary layer is not feasible. The employed WALE turbulence
model [120] is designed to adopt the turbulent viscosity - and by assuming a constantPrT Æ0.6
also the thermal diffusivity - in the wall region. Wall functions thus should not be used [65].
However, it is yet unclear how well the WALE model with the present grid resolution at the
wall represents the turbulent thermal boundary layer. Additionally, the thickened �ame model
alters the diffusion coef�cients in the vicinity of the �ame. According to Eq. (5.3), in the region
where the sensor is activeS Æ1, turbulent heat diffusion is disabled, and the laminar heat dif-
fusion is augmented by the factorF . This may increase or decrease the overall wall heat �ux
in this region. The effects on burner-anchored �ames such as the considered ones, where the
anchoring strongly depends on the wall heat �uxes, need further investigation. However, this is
not the focus of this thesis and will be continued in a follow-up study. Here, the setup of the
hybrid models was continued according to Figs. 3.16 and 3.15, though the single-sector LES
leaves room for improvement. Due to the better agreement with the experimental �ame shape,
the cold-wall LES was employed in the following steps.
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