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INFLUENCE OF THE PRANDTL NUMBER ON LAMINAR NATURAL CONVECTION

IN A CYLINDER CAUSED BY g-JITTER

Stefan SCHNEIDER and Johannes STRAUB

Lehrstuhl A fir Thermodynamik, Technische Universitiit Miinchen, Arcisstrasse 21, D-8000 Miinchen 2, Fed. Rep. of Germany

A numerical code has been developed to calculate three-dimensional buoyancy-driven convection in a differéntially heated
cylinder with rigid walls. Using this code the influences of time-dependent residual accelerations in the microgravity environment on
board a spacecraft are studied. These accelerations called g-jitter might cause convective flow in cavities like the one mentioned
above. The ain of this work is to point out the influence of various parameters like the amplitude (expressed by the Rayleigh number
Ra*), pulse duration (Fourier number Fo*) or frequency (f), the fluid filling the cylinder (Prandtl number Pr) and the kind of
acceleration. The Rayleigh number is varied in the range from 200 to 20000, the Prandtl number in the range of 0.023-135.

1. Introduction

During the last years great efforts were made in
materials science on experiments in a microgravity
environment. Most of these experimental systems
consist of a differentially heated cavity filled with
liquid material. Even if the residual accelerations
on board a spacecraft on average are fairly small
there are many transient accelerations of various
amplitudes that might cause non-uniformities in
the crystal during a solidification experiment. An
experimental study of the influence of such “g-
jitter” perturbations cannot be carried out under
earth conditions and in space it requires much
effort. Therefore, numerical calculation of these
effects may help to interpret experiments per-
formed in space and to avoid inhomogeneities in
the solid or crystal structure when experiments are
designed in the future.

Elder [1] and Foster [2] investigated the flow
development in an infinite horizontal fluid layer
with a vertical temperature gradient due to a
sudden change of the bottom wall temperature.
Gresho and Sani [3] also studied an infinite hori-
zontal fluid layer with a vertical temperature
gradient when the gravitational field consists of a
constant part plus a sinusoidally varying part.

More recently Monti et al. [4] describe an order of
magnitude analysis to estimate the influence of a
sudden gravity step under major simplifications.
Griffin and Motakef [5] investigated the convec-
tion in a vertical cylindrical cavity filled with
liquid germanium. Kirchartz [6] and Kirchartz et
al. [7] studied the natural convection in a two-di-
mensional rectangular cavity. They found out that
the development time for convection is much
shorter in the case of an inclination angle of 90°
(horizontal temperature gradient) than for a box
with vertical temperature gradient (corresponding
to Rayleigh—Bénard or cellular convection). Also
the first increase of the flow amplitude is greater
by 2 orders of magnitude in the case of the
horizontal cavity. Hence, as the g-jitter perturba-
tions are typically of short duration, we con-
centrate on the case of a horizontal cylinder in this
study. g-Jitter perturbations mostly are of rela-
tively small amplitudes and buoyancy-driven flows
are in general three-dimensional in real applica-
tions. We have developed a numerical code to
calculate three-dimensional laminar natural con-
vection in a cylinder using the experience of many
years in developing numerical codes for calculat-
ing thermo-fluid-dynamic problems at our in-
stitute (e.g., refs. [8,9]). In a former study [10], we
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investigated the influences of single gravity pulses
of various amplitudes and durations on air-filled
cylinders with different aspect ratios.

2. Theoretical approach
2.1. Physical and mathematical model

The investigated problem is sketched in fig. 1.
The time-dependent three-dimensional buoyancy-
driven flow in a cylinder (filled with gas or liquid)
with constant properties except density is governed
by the following equations (compressive work and
viscous dissipation neglected):

Equation of continuity:

Dp/Dt = —p(V -v). (1)
Equation of motion:

pDv/Dt = —Up + uv *v + pg. (2)
Equation of energy:

pcp DT/Dt =k v *T. (3)
Equation of state of an ideal gas:

p=p/R,T. (4a)

Linear dependence of density on the temperature
(for a liquid):

Py

P ey(r-T1,)

(4b)
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Fig. 1. Schematic diagram of the cylinder and the boundary
conditions.
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where p denotes the fluid density, v the velocity
vector (v,, v,, v.), T the temperature, p the pres-
sure, g the vector of gravitational acceleration
(8, &> &) 1 the dynamic viscosity, k the ther-
mal conductivity, , the specific isobaric heat, R,
the gas law constant, y the coefficient of volumet-
ric thermal expansion and p, the density at a
reference temperature 7;,. We assume no-slip con-
ditions at all walls.

The boundary conditions for the temperature
are as follows:

isothermal top and bottom wall:

T(r, ¢,0) =T, (5)
T(r, ¢, H)=T,q; (6)
perfectly insulated lateral wall:

aT/or|,_p=0. (7)

Aspect ratio (height-to-diameter ratio), inclina-
tion angle a of the cylinder axis with the direction
of the gravity field, Prandtl number and Rayleigh
number can be optionally varied. The following
scales for non-dimensionalization are used:

Rayleigh number:
Ra=g BD* (T, — Toois) /7%
Rayleigh number of pulse amplitude:
Ra* =g* BD3(Th<)t = L) /K.
Prandtl number:

Pr=v/k.

Fourier number:

Fo = tk/D".

Fourier number of pulse duration:

Fo* = ix/D?,
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dimensionless velocity:
v* = oD /k,

dimensionless frequency:

f*=fD?%/x,

where D denotes the cylinder’s diameter, ¢ the
time, 7 the pulse duration or period, 8 the com-
pressibility, v the kinematic viscosity and k the
thermal diffusivity.

2.2. Method of solution

Transient laminar natural convection inside a
cylinder is studied by a three-dimensional calcula-
tion. The numerical code is based upon a finite-
volume method with explicit time steps and a
semi-iterative pressure and velocity correction [11].
The partial differential equations are discretized
by using an equidistant mesh (Ar = constant, A¢
= constant, Az = constant).

The algebraic finite-volume equations are for-
mulated in dimensional variables (v,, v,, v., p,
T). Temperature and pressure are defined in the
center of the finite volumes. The velocities are
calculated for points that lie on the faces of the
control volumes (“staggered grid”).

Fig. 2 shows the grid arrangement and the
locations of the velocity components in a radial
and an axial cross-section. All properties except
density, which is assumed to be temperature-de-
pendent, are assumed to be time-independent and
constant throughout the whole cylinder.

The whole flow field is calculated and then the
maximum velocity at each time step is determined
in order to describe the intensity of fluid motion.
Even if location and direction of the maximum
velocities vary, its magnitude is an upper limit for
all velocities in the fluid. The general flow mode in
a horizontal cylinder is one big roll with upstream
at the hot and downstream at the cold wall. In the
case of a cylinder with H/D =1 the velocities
adjacent to the hot and cold wall are of the same
magnitude as the ones adjacent to the lateral wall.

r-¢ plane

!
T °
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Fig. 2. Grid arrangement in the r—¢ plane and r-z plane.

So even if the maximum velocity is observed ad-
jacent to the lateral wall it describes the velocities
near to the hot and cold walls as well.

3. Calculation of g-jitter accelerations
3.1. Initial conditions

Because of the absence of gravity before ap-
plication of the perturbation a fluid state of no
motion (v, =v, =v,=0) and a constant pressure
throughout the whole cylinder is assumed as an
initial condition. A linear temperature gradient is
applied from the bottom to the top (9T/dz =
(T.o.a — Thor)/H) due to heat conduction. In this
study the aspect ratio of the cylinder is taken to be
H/D=1.

3.2. Single step pulses

A single gravity step of amplitude Ra* and
duration Fo* is applied to the fluid. In a former
study [10] we showed that in the case of an
air-filled cylinder of aspect ratio H/D =1 the
ratio maximum velocity/Ra* is constant for a
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fixed pulse duration Fo*. Furthermore the time
constant of the decay of motion after fading of the
gravity step is constant in the range of Rayleigh
numbers investigated (Ra* = 200-5000). The de-
cay constant is also independent of the pulse
duration. Equivalent results are obtained for aspect
ratios of 0.5, 2 and 5.

In this study we want to examine the influence
of the Prandtl number. A horizontal cylinder (a =
90°) filled with various fluids is exposed to grav-
ity step pulses of amplitude Ra* = 5000 and in-
finite duration Fo*. The results are given in fig. 3,
where the first dash-dotted line (1 dash + 1 dot)
corresponds to liquid silicon (Pr = 0.023), the rigid
one to air (Pr=0.71), the dashed one to water
(Pr = 7.0) and the second dash-dotted one (dash +
2 dots) to glycerin (Pr=134.9). Fig. 3 also in-
cludes the case of single gravity pulses of finite
durations Fo*, if only these parts of the graphs
are considered that correspond to the specific
pulse duration.

The glycerin flow reacts most to the gravity
change. The overshoot is the largest in that case.
But the development time of the steady state
seems to be nearly the same as in the cases of air
and water. Also the steady-state velocity is nearly
constant for these three fluids. Only the flow in
liquid silicon behaves quite different from that:
There is no overshoot and the steady-state velocity
reaches only 60% of the magnitude of the other
fluids. Also the non-dimensional time (Fo) to
reach the steady state is much larger.
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Fig. 3. Maximum velocity caused by a single gravity step of
infinite duration (Ra* = 5000, H/D =1, Fo* — o0).
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Fig. 4. Maximum velocity caused by a single gravity step of
infinite duration (Ra* = 5000, H/D =1, Fo* — o).

In fig. 4 the horizontal axis is changed to
Fo - Pr. This means a dimensionless time based
upon the kinematic viscosity » instead of the
thermal diffusivity k. By this the initial velocity
increases are combined in one graph, but the
maximum transient velocity is dependent on Pr.

Our results are summarized as follows:

— The transient maximum velocity depends ini-
tially only on Fo - Pr (see fig. 4). This means that
the flow development is dominated by the viscos-
ity of the fluid.

— For Pr>1 the time to reach the steady-state
velocity is constant if it is expressed as a Fourier
number (fig. 3). So the time to reach the steady-
state velocity is depending on the thermal diffusiv-
ity.

— The velocity overshoots increase with increasing
Pr (fig. 3) (and increasing Ra* (fig. 7)). For liquid
silicon no overshoot is observed.

— The steady-state velocity is nearly independent
of Pr for Pr > 1. For the boundary conditions used
here it i1s only a function of Ra*, for a given
cylinder geometry. For Pr<1 the steady-state
velocity decreases with decreasing Pr.

3.3. Single sinusoidal pulse

Starting from a state of rest (see section 3.1) a
sinusoidal gravity pulse of one period is applied to
a fluid-filled horizontal cylinder (g(z) = g*
sin(wt), with w = f/27). The gravity pulse is de-
scribed by its amplitude Ra* and its period Fo*
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Fig. 5. Maximum velocity caused by single sinusoidal gravity
pulses of various frequencies (Ra* = 5000 and 20000, H/D =
1, air, Pr = 0.71).

respectively the frequency f* which is the re-
ciprocal of Fo*.

Fig. 5 shows the dependence of the non-dimen-
sional maximum velocity on the frequency for
different Rayleigh numbers in the case of an air-
filled cylinder (Pr = 0.71) and fig. 6 the same for a
water-filled cylinder (Pr=7.0). In both cases the
maximum velocity is constant for small values of
the frequency and decreases rapidly after a certain
value of the frequency is exceeded. The rate of the
decrease is independent of the Rayleigh number in
the range investigated. The most striking dif-
ference between the two figures is the significant
velocity maximum at frequencies just below the
cut-off frequency in the case of water. This could
be explained with the help of fig. 7 which shows
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Fig. 6. Maximum velocity caused by single sinusoidal gravity
pulses of various frequencies (Ra* = 2000, 5000 and 20000,
H/D =1, water, Pr = 7.0).
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Fig. 7. Transient maximum velocity as response to a gravity
step of infinite duration (Ra* =20000, H/D =1, air and
water).

the fluid’s reaction to a sudden change from zero-
gravity to a constant gravity level of Ra* = 20000
(similar to section 3.2). While in air the transient
velocity exceeds the steady-state value by about
14% the velocity in the water-filled cylinder over-
shoots by more than 100%. In the beginning the
maximum velocity is observed near to the isother-
mal wall, then it appears in the vicinity of the
lateral wall and moves towards the cylinder axis as
the fluid motion develops (comparable to a devel-
oping boundary layer). In the steady state there is
an S-shaped velocity profile in the midplane per-
pendicular to the cylinder axis (z = H/2).

When the sinusoidal excitation is considered to
be composed of small amplitude steps, at low
frequencies the velocity reaches the steady state
after each step. At moderate frequencies the veloc-
ity might only reach a state near to the velocity
maximum. At high frequencies the pulses succeed
one another so quickly that the fluid cannot fol-
low the excitation. Consequently, the overshoot
could be interpreted as some kind of resonance
behaviour between excitation and fluid motion.

Fig. 8 shows the fluid’s reactions to sinusoidal
pulses of Ra* = 5000 in the case of cylinders filled
with liquid silicon (Pr = 0.023), air (Pr=0.71) or
water (Pr = 7.0).

It could be clearly seen that the rate of the
velocity decrease with increasing frequency is in-
dependent of the kind of fluid respectively the
Prandtl number. Also the magnitude of the veloci-
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Fig. 8. Maximum velocity caused by single sinusoidal gravity
pulses of various frequencies (Ra* = 5000, H/D =1, liquid
silicon, air, water).

ties at very low frequencies seems to be indepen-
dent of the kind of fluid for Pr > 1. For liquid
silicon these velocities are significantly smaller
than for air or water. This agrees with the results
in section 3.2. The value of the cut-off frequency
is linearly dependent on Pr as it is shown in fig. 9.
Here the frequency is divided by Pr and this leads
to one graph for all the fluids investigated. Only in
the frequency range below the cut-off frequency
does the magnitude of the overshoot depend on Pr
(Pr > 1) or in the case of Pr < 1 the velocities vary
with Pr. As Kirchartz et al. [7] have calculated, the
amplitude of the overshoot for the case of a rect-
angular cavity increases with increasing Pr while
the rate of the overshoot’s increase decreases with
increasing Pr. With increasing Ra* the magnitude
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Fig. 9. Maximum velocity caused by single sinusoidal gravity
pulses versus frequency/Pr (Ra* =5000, H/D =1, liquid
silicon, air, water).

of the overshoot increases and also the frequency
of its occurrence slightly increases.

3.4. Series of step pulses of alternating direction

A horizontal cylinder 1s subjected to an infinite
series of step pulses of alternating direction as
sketched in fig. 10. When the velocities have re-
ached the steady-state of oscillation the maximum
velocity is recorded. The graphs of fig. 10 show
these velocities caused by gravity steps of ampli-
tude Ra* = 5000 in cylinders filled with air, water
or glycerin. The frequency is defined the same way
as in the case of the sinusoidal pulsés: 1 period
consists of a positive and negative step.

For low frequencies after each change in grav-
ity the steady state is reached. For such frequen-
cies the velocities observed are approximately the
same as for a single step (see section 3.2). For
higher frequencies the velocities at the steady state
of oscillation are up to 50% less than in the case of
the single step pulse of equivalent pulse duration
as the “initial condition” after each step is a flow
of opposite direction than the one excited by the
new gravity direction. So the time for developing
the new flow is reduced by the initial damping of
the old flow. The cut-off frequencies of the vari-
ous fluids are approximately the same as the ones
mentioned in the latter sections. (They are slightly
higher than in the case of a single pulse.)

If the frequency is divided by Pr, the parts of
the graphs of fig. 10 that describe the velocities at
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Fig. 10. Steady-state of oscillation maximum velocity caused
by gravity steps of alternating direction (Ra* = 5000, H/D =1,
air, water, glycerin).
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higher frequencies can be summarized in one graph
in the same way as in fig. 9. At small frequencies
there are differences between the velocities of the
various fluids due to the different sensitivities to
gravity pulses as mentioned in section 3.2 (fig. 3).

3.5. Gravity vector rotating in the r-z-plane

This interference means a continuous change of
the inclination angle « (see fig. 1). The cylinder is
supposed to be fixed with respect to the spacecraft.
Only the gravity vector is rotating, there are no
centrifugal forces acting on the cylinder and the
fluid. The flow inside the cylinder changes its
direction twice every period. Fig. 11 shows the
dependence of the maximum velocity in the steady
state of oscillation on the frequency for an air-filled
cylinder at Ra* = 2000 and 5000 and for a water-
filled cylinder at Ra* = 5000. The general be-
haviour is the same as in the cases described yet.
At low frequencies the fluid can follow the gravity
vector so that the steady state is nearly reached at
every inclination angle. At high frequencies the
fluid motion cannot follow the gravity vector. At
the cut-off frequency, however, the overshoots are
much smaller than in the case of the sinusoidal
pulse. For water the velocity overshoots by about
10%. In the case of air the overshoot is very small
(2%) at Ra* = 5000 and in the case of Ra* = 2000
no overshoot is observed. (This small overshoot
could also be caused by the discretization as the
place where the maximum velocity is observed
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Fig. 11. Steady-state of oscillation maximum velocity caused

by a gravity vector rotating in the r—z plane (Ra* = 2000, air,

Ra* = 5000, air and water, H/D =1).
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Fig. 12. Steady-state of oscillation maximum velocity caused
by a.gravity vector rotating in the r—¢ plane (Ra* = 2000,
H/D =1, air).

moves during flow development.) Again the rate
of the velocity decrease for increasing frequencies
above the cut-off frequency is independent of Ra*
and Pr. And the cut-off frequency of water is
about ten times the one of air at the same Ra*,

3.6. Gravity vector rotating in the r-¢-plane

A horizontal air-filled cylinder is subjected to a
gravity vector rotating in the r—¢ plane. That
means the gravity vector is always perpendicular
to the cylinder axis and is rotating around it. The
cylinder itself does not rotate. So there are no
rotations applied to the fluid by the walls.

The general shape of the graph (fig. 12) seems
to be the same as the last one (fig. 11) even if the
kind of excitation is very different. Here the flow
1s forced to rotate perpendicular to the main flow
direction that is parallel to the lateral wall. There
is no gravity force acting in or against the main
flow direction. The cut-off frequency is found
with a value of f* = 10. No resonance frequency
is found.

4. Conclusion

By using a numerical code the laminar three-di-
mensional buoyancy-driven flow in a differentially
heated cylinder is studied. Various kinds of g-jitter
perturbations causing this convection are investi-
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gated. In terms of the Fourier number (a dimen-
sionless time) a fluid is more sensitive to a gravity
pulse for high Prandtl numbers. Also, for the
higher Pr and Ra* (Rayleigh number of pulse
amplitude) there is more tendency for the tran-
sient velocity to overshoot the steady-state veloc-
ity. The latter is nearly constant for fluids with
Pr>1, but decreases with decreasing Pr when
Pr<1.

In general, high-frequency g-jitter perturbations
can be ignored when they occur together with
low-frequency perturbations. The influence of g-
jitter is difficult to estimate in general. But espe-
cially in the case of quite large dimensions of a
cavity, g-jitter perturbations should be taken into
account as Ra* increases with the third power of
the diameter. With the given sensitivity criterion,
1.e. velocities should be kept to a minimum, it
appears that the cylinder should be positioned in
such a direction that the largest transient g-jitter
perturbations act parallel to the cylinder axis and
so in the direction of the temperature gradient.
The fluid flow is much more insensitive to gravity
pulses in this case (see section 1). An isolation
from the transient pulses might be also consid-
ered.

In this study we wanted to show the influence
of some parameters that describe thermal convec-
tion caused by g-jitter perturbations. Our mathe-
matical model could be extended to several other
effects dependent on the requirements of specific
applications. For instance, it is possible to take
into account effects like concentration distri-

butions and diffusion, different boundary condi-
tions (e.g. surface-tension-driven convection on
free surfaces) or geometries and many effects re-
lated to the solid-liquid interface and solidifica-
tion.
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