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Synopsis

Modern ideas about the behaviour of fluids near the critical point lead to a description of
the nonanalytic character of that point as an approximation in terms of an expansion around it.
In this paper an extension for the equation of the critical isotherm from the critical point to the
ideal gas and up to high densities is proposed. The exponent &, and the coefficient Do of the
critical isotherm are related to the second virial coefficient and to the real-gas factor. These
relations are compared with experimental values of several substances. Special calculations are
made in the pressure range from zero to 1000 bar for water and up to 1400 bar for CO:;

Recently there has been some interest in the equation of state describing not
only the nonanalytic asymptotic scaling behaviour very near the critical point but
also giving higher-order corrections important further away from the critical
point!+2). The scaled equation of state has been used successfully to describe the
critical region of several substances®). However, this description is valid only
within a range of 30 per cent of the reduced density (0 — o.)/o. and 1 to 3 per cent
of the reduced temperature (T — 7,)/T.. For theoretical and practical purposes it
would be desirable to have an equation of state valid in the whole fluid range
from the ideal gas to high densities and giving the nonanalytic scaling behaviour
near the critical point as a first approximation in terms of an expansion around it.
As a first step, in the present paper a simple formula is proposed for the pressure
as a function of density at the critical isotherm from zero density up to the critical
and higher densities. The asymptotic exponent d,* of the critical isotherm is
related to the second virial coefficient and to the real-gas factor o = g T R/P..

The critical isotherm in the neighbourhood of the critical point is given by:

Ap = D, |Ag’*™ ! Ag, (1)

* In this paper we use the index 0 for the critical exponent exactly at 7, and g..
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with the reduced pressure difference Ap = (P — P.)/P, and the reduced density
difference Ao = (p — 0.)/o.. In the usual way the critical exponent d, is defined as:

do = lim M) for “Ag— 0. )
d(InAp)

This exponent is only valid in a range very near the critical density and it should
not be expected that d, is constant over a larger density range. Therefore one can
define more generally a density-dependent exponent and propose this equation
for the critical isotherm:

_d(InAp) _ Ap dAp
d(InAg) Ap dAg’

0 (Ao) (3)

As is known®), a plot of In Ap versus In Ap yields approximately straight lines over
a large density range, therefore one should expect that 6 (Ap) is a simple function
of the density.

As a limiting value at zero density, Ap = — 1, from the ideal-gas law in reduced
form one finds:

Ap + 1 = (9. T,/P.) R(Ap + 1) (AT + 1), with = "AT = (T=T.)[L. (4
At the density Ap = —1, Ap = —1 and at the critical isotherm AT = 0 we get:

For most fluids the real-gas factor ¢ is between the value 3.3 for He and 4.28 for
H,0. Using, for low densities, the equation of state in virial expansion:

P =0RT(1 + By + C0® + -+°), (6)

we get for AT = 0 the first and second derivatives of 6 (Ag) at Ap = —1:

(—da—) Y PR @)
dAQ o
and
d?s
= 0 [3Ce0. + Bo. (30 — 2) + o (c — 1)], (8)
B00% / aopiy

with B, and C; as the second and third virial coefficients at the critical temperature.
To get more information about é (Ap), for CO, 6 was calculated from the data
of refs. 4 and 5 and the values obtained were plotted in fig. 1. Very near the critical
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point the values are uncertain because Ap goes to zero and the possible error in
Ap could be as large as its value. In the range —0.05 < Ap < 0.05 there are
values from optical measurements®) of density versus height at the critical temper-
ature. In this figure, for densities between Ap = —1 and the critical value, d (Ao)
is well approximated by a straight line fulfilling condition (5):

0 (Ag) = 0o + (9o — 0) Ag. ®

Assuming that eq. (9) is correct, with the help of egs. (9) and (3) an equation for
the critical isotherm is obtained which is valid from the ideal-gas state to the
critical density:

Ap = sign (Ag) Ag™ exp [(9 — 0) (Ag + D). (10)
So the asymptotic coefficient D, of the critical isotherm (1) is given by
Dy = exp (6, — o). (11)

In table I D, is determined from eq. (11) and compared with values obtained for
several fluids from various analyses of the experimental data. The agreement is
good for the simple fluids *He, “He, Xe, CO, and the polar fluid H,O. Any change
of d, will cause a corresponding change in D,.
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Fig. 1. “Exponent” d (Ag) = d (In p)/d (In Ag) versus Ag for CO, and H,O.

Assuming that 0 (Ap) is linear in the range —1 < Ap < 0 with the slope (0, — ),
the second virial coefficient at 7 follows from eq. (7):

B. = (1/2¢) [(do/0) — o]. (12)
Likewise, we find for the critical exponent:

3o = 6 (2B.p. + 9). (13)
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TABLE I

Comparison of the critical coefficient Dy ¢xp, With values calculated from

eq. (11).

Refs. for o

Subst 0 Dy ex D o

ubstance o 0 0 exp. 0 eq.(11) and Do exp.
3He 3.297 4,23 277 2.54 7
4.16 2.42 2.37 2
“He 3.306 445 9:2 3515 8
4.44 3.14 3.12 3

Xe 3.452 4.6 33 3.16 8,3

CO, 3.636 4.6 2.60 2.61 8
4.47 2:30 2.30 3
H,O 4.28 4.324 1.046 1.046 9

If the last assumption is correct, with the help of eq. (8) the third virial coefficient
for T, can be expressed by:

Ce = (1/3¢2) [Bege (2 — 30) — 0 (6 — 1)]. (14)

Egs. (12) and (13) are tested with virial coefficients for a number of fluids at 7,
as reported by Straub'®>''). The critical exponent d, calculated by eq. (13) is
between 4 and 4.3 for most fluids (table IT). Only for H,, N, and H,O are the
deviations greater. The real-gas factor ¢ depends on the critical values 7., P, and
o0.. The uncertainty in the density is up to 5% in some cases. The second virial
coefficient is uncertain within a few per cent. Table IT shows also the comparison
of the second virial coefficient B, of several fluids with coefficients calculated with
eq. (12) by assuming a “‘universal” critical exponent 6, = 4.2. The deviations are
within a range of 2% except for H,, N,, C;H,, and H,0. For some fluids the
third virial coefficient C, is available’®) and the deviations from eq. (14) are for
most fluids within a 109/ limit. The accuracy of C, from theoretical calculations
or from measurements is in most cases not better than the values obtained by
eq. (14).

For H,O a special calculation was made with the experimental data'?:'3), The
exponent 6 (Ap) is also plotted versus Ag in fig. 1 and one obtains a straight line
between the ideal-gas state and high densities. With d, = 4.324 and ¢ = 4.28 the
critical isotherm can be represented with eq. (10) from the ideal-gas state up to
1000 bar?). This result is in good agreement with the skeleton tables for water'#).
The coefficient Dy is in this case 1.046. For the exponent of the coexistence curve
we found f, = 0.35 and for the exponent of the compressibility along the critical
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isochore y, = 1.16. These values fulfil the scaling relation:
Yo = Po (do — 1). (15)

For fluids with a smaller value of o the slope of & (Ag) changes at the critical
density to a smaller but seemingly constant value. Actually one might assume
0 (Ap) to be a hyperbolic function which can be approached by two straight lines
with different slopes. Indeed, we get the best least-squares fit of the CO, data with
separate exponents and coefficients for the low- and high-density range. This
must not be in conflict with scaling. For the range —1 < Ap < 0 we use eq. (10)
with , = 4.2 and ¢ = 3.6362 and for the range 0 < Ap < 1.52 we use

Ap = |Ag|™ exp (8, + 6, Ag), (16)

with 6, = 4.425, 6, = 0.9705 and 6, = 0.05. The standard error in this: case is
1.5%0. If one uses one equation for the whole density range, —1 < Ap < 1.52,
in which 0 (Ap) is expanded in a series, one gets the following expression for the
critical isotherm:

Ap = sign (Ag) | Ao}’ exp (Z d; Agi) : a7
i=0

In this case n must be 8 to get the same standard error as with egs. (10) and (16).

It seems that for CO, the real value for the critical exponent &, is between 4.2
and 4.4. If we choose 0, = 4.3 and f, = 0.348 from ref. 15, we get, with the
scaling relation (15) the compressibility exponent y, = 1.15. This value is in
agreement with the experimental value of White and Maccabee'®) who found
vo = 1.17, but lower than most published values. From the scaling relation

fo (o + 1) =2 — &, (18)

one gets the exponent of the isochoric specific heat &, = 0.155. Buckingham
et al.'”) found x, = 0.125 and our own measurements'®) of the specific heat of
CO, vyield a value of «y = 0.14. So a value of d, near 4.3 is consistent with other
measurements and the scaling law.

If the exponential function of eq. (17) is expanded in a series we find the higher-
order terms of the critical isotherm to be d, + 1, d, + 2 and so on. Green,
Cooper and Sengers') found for the first term d, + 1.6 to d, + 2.4, Wallace and
Meyer?) 6, + (2 + 0.5). Assuming that the critical exponent &, is for many
substances between 4.0 and 4.4 we found that in the pressure—density plane the
symmetry of the critical isotherm at the low- and high-density side depends on
the critical real factor o. So the symmetry for H,O with a higher ¢ value is better
than for CO, or *He with a lower value of o. Eq. (10) appears to be a law of
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corresponding states for the critical isotherm in the range from zero density to
the critical density.
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