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Kurzfassung

Bei der Entwicklung zukünftiger Fluggasturbinen steht zunehmend die Reduktion des Ver-
brennungslärms im Vordergrund. Daher kommt der Verbesserung und Weiterentwicklung
von numerischen Vorhersagemethoden von Verbrennungslärm eine entscheidende Rolle zu.
Beim Verbrennungslärm wird zwischen dem direkten und indirekten Entstehungsmechanis-
mus unterschieden. Während der direkte Anteil durch Schwankungen der Wärmefreiset-
zung in der Flamme entsteht, ist der indirekte Lärm an die Beschleunigung von konvektiv
transportierten Temperatur- und Wirbelstörungen in der Turbine gekoppelt.

Die vorliegende Arbeit leistet einen Beitrag zur numerischen Vorhersage von direktem
und indirektem Verbrennungslärm von turbulenten Flammen. Dazu wird ein bestehen-
der hybrider Ansatz um Quellterme für turbulenten Verbrennungslärm erweitert. Bei
dem hybriden Ansatz wird zunächst die stationäre Grundströmung in der Brennkam-
mer durch Reynolds-Averaged Navier-Stokes (RANS) Simulationen ermittelt. Dann wird
die Ausbreitung von akustischen Wellen und von Temperatur- und Wirbelstörungen in
der Grundströmung berechnet. Dazu werden die linearisierten Navier-Stokes Gleichun-
gen (LNSE) im Frequenzbereich gelöst. Die LNSE werden durch spektrale Quellterme
angeregt, deren Spektrum wiederum durch bestehende statistische Lärmmodelle erzeugt
wird. Bei statistischen Lärmmodellen wird ein Quellspektrum aus der stationären Grund-
strömung ermittelt, wodurch der Einsatz von zeitlich aufwändigen instationären RANS
Simulationen oder Large Eddy Simulationen (LES) vermieden wird. Auÿerdem wird ein
semi-analytisches Quellterm-Modell für die Unterscheidung von perfekt-vorgemischten und
nicht-vorgemischten Flammen vorgeschlagen, um die Entstehung von Temperaturstörun-
gen bei unterschiedlichen Flammentypen korrekt abzubilden.

Im Rahmen dieser Arbeit wird der Ansatz anhand von zwei Prüfstandsbrennkammern va-
lidiert. Bei der vorgemischten druckbeaufschlagten Propan�amme der CESAM-HP
Brennkammer ergeben sich gute Übereinstimmungen bezüglich Amplitude und Peakfre-
quenz für zwei von drei Betriebspunkten unter Verwendung des statistischen Lärmmodells
von Hirsch et al. [2006, 2007]. Das Lärmspektrum wird wesentlich durch das zugrun-
deliegende Wärmefreisetzungs-Quellspektrum bestimmt, während die räumliche Verteilung
und Phase des Quellterms nur geringen Ein�uss haben. Durch Verwendung des Quellterm-
ansatzes für perfekt-vorgemischte Flammen werden qualitativ korrekte Vorhersagen für
den indirekten Lärmanteil erzielt. Aufgrund der vorgemischten Flamme ist der indirekte
Lärm gering im Vergleich zum direkten Anteil. Beim zweiten Testfall wird das Lärm-
modell von Jörg [2015] für nicht-vorgemischte Flammen auf eine atmosphärisch-betriebene
Kerosin-Flamme angewendet. Für das Lärmspektrum ergibt sich eine gute Übereinstim-
mung zwischen Experiment und Simulation. Die von der Flamme erzeugten Tempe-
raturstörungen werden bereits vor Erreichen des Brennkammer-Austritts durch Scherun-
gen in der Strömung dissipiert. Damit ergibt sich auch hier ein vernachlässigbar kleiner
indirekter Lärmanteil.
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Abstract

The reduction of combustion noise is of increasing importance for the development of low-
emission aero-engines. Within this process the improvement and further development of
numerical tools for predicting combustion noise plays a key role. In the �eld of combus-
tion noise it is distinguished between the direct and indirect generation mechanism. While
direct noise is caused by heat release oscillations of the �ame, indirect noise generation
is associated with the acceleration of convectively transported temperature and vortical
inhomogeneities into the turbine.

The present thesis provides a contribution to the numerical prediction of direct and
indirect combustion noise. For this purpose an existing hybrid approach is extended to
incorporate stochastic sound sources due to turbulent combustion. In the hybrid approach
�rst the combustor mean �ow �eld is computed using Reynolds-averaged Navier-Stokes
(RANS) simulations. Then the propagation of acoustic waves as well as temperature and
vortical disturbances in presence of the mean �ow is computed by solving linearized Navier-
Stokes equations (LNSE) in frequency domain. The LNSE are excited by spectral sound
sources, whose spectra are in turn determined from statistical noise models. When using
statistical models the source spectrum is deduced from the steady mean �ow, making the
application of time-consuming unsteady RANS simulations or even large eddy simulations
(LES) obsolete. A semi-analytical source model is proposed which discriminates between
perfectly-premixed and non-premixed �ames. Like this the generation of temperature dis-
turbances in di�erent �ame types can be correctly reproduced.

In this thesis the hybrid approach is validated with data from two di�erent combustion
chamber test rigs. Good agreement concerning amplitude and peak frequency is obtained
for two out of three operating points when applying the statistical noise model by Hirsch
et al. [2006, 2007] to the premixed pressurized propane �ame con�ned in the CESAM-
HP combustor. The noise spectrum is controlled by the underlying heat release source
spectrum, whereas the spatial distribution and phase of the source terms only marginally
in�uence the noise spectrum. Using the source term for perfectly-premixed �ames the
indirect noise is qualitatively correctly predicted. For the premixed �ame the indirect noise
contribution is small in comparison to the direct noise. In the second test case the noise
model by Jörg [2015] for non-premixed �ames is applied to an atmospheric kerosene �ame.
Good agreement between experiment and simulation is obtained for the resulting noise
spectrum. Temperature disturbances created by the �ame are dissipated before reaching
the combustor outlet due to �ow shearing e�ects. This results in a negligible indirect noise
contribution.
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Nomenclature

General de�nitions

Symbol Unit Meaning

a [m
2

s
] Thermal di�usivity

b [m] Lateral combustion chamber length
b

(e)
i , b(e) Element load vector (FEM)
c [-] Reaction progress variable
c [m

s
] Speed of sound

cd, cg, cs [-] Modeling constants of the statistical noise model
cl [-] Constant for turbulent length scale
cq [-] Scaling constant for mean heat release evaluation in non-premixed �ames
cp [ J

kgK
] Speci�c isobaric heat capacity

cp,k [ J
kgK

] Speci�c isobaric heat capacity of the k-th species
cv [ J

kgK
] Speci�c isochoric heat capacity

cw [-] Modeling constant for Damköhler number in Schmidt model
cε1, cε2 [-] Modeling constants of k − ε turbulence model
cµ [-] Modeling constant of eddy-viscosity-models
cτ [-] Constant for chemical time scale

c̃′′2 [-] Mean variance of the reaction progress variable
d [m] Diameter
d

(e)
i ,d(e) Vector of discrete nodal values (FEM)
f [Hz] Frequency
fp [Hz] Peak frequency
fi,f [m

s2 ] Speci�c body force vector
fi,f Momentum and energy source vector (FEM)
g

(e)
i , g(e) [-] Vector of constant multiplicators (FEM)
h [ J

kg
] Speci�c enthalpy

h(e) [m] Characteristic element length
h0
f,k [ J

kg
] Enthalpy of formation of the k-th species

hs [ J
kg
] Sensible enthalpy

ht [ J
kg
] Total speci�c enthalpy

k [ J
kg
] Turbulent kinetic energy

k [ 1
m
] Wave number

kp [ 1
m
] Plank absorption coe�cient

k
(e)
ij ,k

(e) [-] Element sti�ness matrix (FEM)

xi



l [m] Length
lc [m] Corrsin length scale
lg [m] Gibson length scale
lt [m] Turbulent length scale
ṁ [kg

s
] Mass �ow

m
(e)
ij ,m

(e) [-] Element mass matrix (FEM)
n [-] Total number of species
n [-] Circumferential mode number
np [-] Number of nodes on each element (FEM)
ndof [-] Total number of degrees of freedom (FEM)
nel [-] Total number of elements (FEM)
nmon [-] Number of monitor planes for wave extraction
ni,n [-] Surface normal vector
p [ N

m2 ] Pressure
p(z) [-] Probability density function
p̂+, p̂− [ N

m2 ] Complex valued right (+) and left (-) traveling waves
q̇V [ W

m3 ] Heat release rate due to electrical sources
q̇i, q̇ [ W

m2 ] Speci�c heat �ux vector
r [m] Radius, cylindrical (polar) coordinate
s [ J

kgK
] Speci�c entropy

sl [m
s
] Laminar �ame speed

st [m
s
] Turbulent �ame speed

sV [1
s
] Volume source term

t [s] Time
tp [s] Pulse duration
ui,u [m

s
] Velocity vector

ut [m
s
] Velocity of integral turbulent length scales

wi,w [m
s
] Vector of weighting functions (FEM)

xi,x [m] Cartesian position vector in real space
x, y, z [m] Cartesian coordinates
z [m] Axial coordinate in cylindrical (polar) coordinates
z [-] Mixture fraction

z̃′′2 [-] Mean variance of the mixture fraction
A [m2] Area
Ax,Ay,Az Convection matrices (FEM)
B Global load vector
C Coupling matrix (FEM)
D [m

2

s
] Di�usion coe�cient

D [ W
m3 ] Energy source term

D Global vector of discrete nodal values (FEM)
Da [-] Damköhler number

xii



E [ J
m3 ] Energy density

Eq [ W
m2 ] Eulerian spectrum of the heat release (premixed �ame)

Eω [ W
m2 ] Eulerian spectrum of the heat release (non-premixed �ame)

F [-] Forcing function
Fi [ W

m2 ] Energy �ux vector
Hl [ J

kg
] Lower heating value

J [-] Jacobian matrix (FEM)
K [1

s
] Model constant of boundary condition

K Global sti�ness matrix (FEM)
Kij [-] Di�usion matrices (FEM)
Le [-] Lewis number
M [-] Mach number
Mk [ kg

mol
] Molar weight of the k-th species

M Global mass matrix (FEM)
N [-] Matrix of shape functions (FEM)
Pa [W] Acoustic power released by the turbulent �ame
Pk [ kg

ms3 ] Production term of turbulence
Pth [W] Thermal power released by the �ame
Pr [-] Prandtl number
P+, P− [ N

m2 ] Complex amplitudes of right (+) and left (-) traveling waves
Q̇c [W

Hz
] Integral heat release spectrum of a premixed �ame

Q̇z [W
Hz
] Integral heat release spectrum of a non-premixed �ame

R [ J
kgK

] Speci�c gas constant
R [-] Re�ection coe�cient
Rm [ J

molK
] Universal gas constant

R∗ρu [-] Correlation function between turbulent density and velocity �uctuations
S [ J

kgK
] Complex amplitude of entropy wave

S [−] Swirl number
Sp [ N

m2 ] Entropy source in pressure formulation
SV [ kg

sHz
] Integral volume source spectrum of a premixed �ame

Sa [-] Scattering matrix
T [K] Temperature
T [-] Transmission coe�cient
Tad [K] Adiabatic �ame temperature
T [K] Temperature spectrum

T̃ ′′2 [-] Mean variance of the temperature
T [-] Transfer matrix in p, u-notation
Tu [−] Turbulence intensity
V [m3] Volume
Vcoh [m3] Coherence volume
Vf [m3] Flame volume
Xk [-] Molar fraction of the k-th species
Yk [-] Mass fraction of the k-th species
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Z [-] Reduced impedance
Za [-] Acoustic impedance

Greek letters

Symbol Unit Meaning
α [ 1

K
] Volumetric expansion coe�cient

α [-] Constant of velocity spectrum
ατ [-] Constant for stabilization parameter
β [-] Constant of velocity spectrum
δf [m] Flame thickness
δt [m] Turbulent �ame thickness
ε [W

kg
] Turbulent dissipation rate

ζ [-] Noise ratio
η [ kg

ms
] Dynamic viscosity

ηc [m] Spectral cut-o� length scale
ηk [m] Characteristic length of Kolmogorov sub-scales
ηt [ kg

ms
] Turbulent dynamic viscosity

θ [rad] Cylindrical (polar) coordinate
θ [-] Non-dimensional temperature

θ̃′′2 [-] Non-dimensional temperature variance
κ [-] Isentropic exponent
κ [ 1

m
] Wave number in spectral models

λ [-] Air ratio
λ [ W

mK
] Heat conductivity

λ [m] Wave length
µk [ J

mol
] Chemical potential of the k-th species

ν [m
2

s
] Kinematic viscosity

νt [m
2

s
] Turbulent kinematic viscosity (eddy viscosity)

ξi, ξ [m] Cartesian position vector in parameter space (FEM)
π [-] Circle number pi
ρ [ kg

m3 ] Density
ρe [ kg

m3 ] Excess density
σ [-] Standard deviation
σ [ W

m2K4 ] Stefan-Boltzmann constant
σ [-] Scaling coe�cient in boundary condition
σk, σε [-] Modeling constants of k − ε turbulence model
τ [-] Heat release parameter of Bray Moss Libby (BML) model
τ [s] Time delay
τc [s] Characteristic chemical time scale
τs [s] Retarded time

xiv



τt [s] Characteristic turbulent time of integral scales
τ [1

s
] Stabilization matrix

τij, τ [ N
m2 ] Shear stress tensor

τij,L, τL [ N
m2 ] Lighthill stress tensor

φ Arbitrary quantity
φ [-] Equivalence ratio
φ̂ Vector of unknowns (FEM)
χ [1

s
] Scalar dissipation rate

χq [ W
m3Hz

] Lagrangian frequency spectrum of the heat release rate
χ
c̃′′2

[ 1
Hz

] Auto-spectrum (Power spectral density) of the reaction progress variable
χ
T̃ ′′2

[K
2

Hz
] Auto-spectrum (Power spectral density) of the temperature

χ
z̃′′2

[ 1
Hz

] Auto-spectrum (Power spectral density) of the mixture fraction
χρu [ kg

m2sHz
] Cross-spectrum of the velocity density covariance

ω [1
s
] Circular frequency

ω̇c [ kg
m3s

] Source term of the reaction progress variable
ω̇k [ kg

m3s
] Reaction term of k-th species

ω̇z [ W
m3 ] Source term of non-premixed �ame

ω̇T [ W
m3 ] Heat of combustion (energy eq. in enthalpy formulation)

Γ [m2] Boundary
∆hR [ J

kg
] Enthalpy of reaction

Φ [ W
m3 ] Dissipation function

Ω [m3] Domain
Ωi,Ω [1

s
] Vorticity vector

Sub- and Superscripts

Index Meaning
¯. . . Stationary/ Time-averaged quantity
. . .′ Coherent linear �uctuating quantity
. . .′′ Stochastic turbulent quantity
ˆ. . . Complex amplitude
〈. . . 〉 Ensemble / phase-averaged quantity
.̃ . . Favre-averaged quantity
. . .∗ Conjugate complex quantity
0 Initial conditions / Reference state
1 Combustion chamber inlet plane
2 Combustion chamber outlet plane
3 Exhaust nozzle exit plane

xv



i, j, k, l Einstein's summation indices
a Fluctuating quantity related to acoustic wave
c Quantity related to premixed �ame
conv Convergent nozzle part
d Downstream
d Direct noise
div Divergent nozzle part
(e) Element
exp Experimental quantity
i Indirect noise
k Species index
min Nozzle throat
ref Reference value
rms rms value
s Fluctuating quantity related to entropy wave
st Value at stoichiometric conditions
t Turbulent quantity
u Upstream
v Fluctuating quantity related to vorticity wave
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1 Introduction

In the near future the air tra�c is expected to increase signi�cantly, which makes a further
reduction of aircraft noise indispensable. This must address all aircraft components, but
particularly the engine, in order to meet strict political requirements such as the ACARE1

goal prescribing a noise reduction of 50% by 2020. The earlier development of reduction
technologies has been mainly focused on the aero engine fan, compressor and jet noise lead-
ing to the invention of forced mixers, chevrons and acoustic linings in the intake, among
others, cf. �g. 1.1. Beyond this the successive increase of the aero engine bypass-ratio
results in low jet noise emissions and high propulsion e�ciencies. Altogether this high-
lights the increasing relevance of core noise in modern aero engines, representing an addi-
tional contribution to jet noise. This additional noise component was initially reported by
Cumpsty and Marble [1977a] and termed excess noise. It is closely related to the unsteady
turbulent combustion process, which represents a natural source of combustion noise. The
operation of modern premixing low-NOx combustors even intensi�es combustion noise as
compared to conventional Rich-burn quick-quench lean-burn (RQL) combustors [Dowling
and Mahmoudi, 2015, Dowling and Stow, 2003, Lieuwen, 2003]. Additionally, lean burning
technologies such as the lean premixed prevaporized (LPP) combustion are more likely
to promote combustion instabilities [Dowling, 1995]. These resonance phenomena evolve
from the feedback of acoustics on the combustion process: Under certain circumstances
the unsteady combustion is enhanced by the acoustics, which in turn leads to an ampli�-
cation of the acoustics and so forth. As a result combustion instabilities appear as tonal
peaks at distinct frequencies in the noise spectrum which constitutes a major di�erence to
broadband combustion noise, which is the central topic of this thesis.

1.1 Motivation

In general combustion noise of turbulent �ames originates from two di�erent mechanisms
[Crighton et al., 1992, Howe, 2010], which are illustrated in �g. 1.2: The �rst mechanism
is called direct combustion noise. It is caused by unsteady combustion due to interactions
between the turbulent �ow and the �ame. These interactions create locally coherent �uc-
tuations of heat release and combustion gas expansion on the scales of turbulence. These
act as monopole sound sources and in sum produce acoustic waves, which are termed direct
combustion noise. The second relevant mechanism is the indirect combustion noise. It orig-
inates from the acceleration of convected temperature inhomogeneities (hot and cold-spots)

1Advisory Council for Aviation Research and Innovation in Europe, www.acare4europe.com
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Figure 1.1: Noise characteristics of a modern high bypass-ratio aero engine at departure
and approach operating conditions. Adapted from Bräunling [2009].

and vortical �uctuations into the turbine, which are created by the unsteady combustion
process of the �ame, [Cumpsty, 1979, Cumpsty and Marble, 1977a,b]. Both mechanisms
are treated in more detail in the following paragraphs.

Direct combustion noise shows broadband characteristics as it is created by �ame-
turbulence interactions involving a wide range of length and time scales [Dowling and
Mahmoudi, 2015]. A representative combustion noise spectrum of a turbulent premixed
�ame without enclosure as measured by Rajaram and Lieuwen [2009] is sketched in �g. 1.3.
The spectrum is characterized by a distinct maximum amplitude, which occurs around the
so called peak frequency fp. It separates the spectrum into a low frequency region where
amplitudes grow towards the peak frequency with fβ and the high frequency region where
amplitudes fall with f−α. In general the shape of the combustion noise spectrum depends
on various parameters such as the thermal power, the burner geometry, the incoming tur-
bulence intensity, the swirl number and the equivalence ratio [Kotake and Takamoto, 1987,
1990, Winkler et al., 2005]. Several scaling laws were developed to estimate the di�erent
in�uencing parameters, some of which were collected by Crighton et al. [1992] and Candel
et al. [2009]. Recent overviews about the topic of combustion noise are given by Candel
et al. [2009] or Dowling and Mahmoudi [2015].

Indirect combustion noise is associated with the acceleration of temperature and vorti-
cal inhomogeneities downstream of the combustor [Cumpsty, 1979, Cumpsty and Marble,
1977a,b]. These temperature and vortical disturbances are also known as entropy and
vorticity waves. They are created in the mixing regions of the combustion chamber and
are convected with the mean �ow into the turbine. There the turbine nozzle guide vane
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Figure 1.2: Sketch of a conventional RQL aero engine combustor and its two main com-
bustion noise sources. Adapted from Bräunling [2009].

(NGV) provides strong �ow acceleration up to transsonic conditions which results in the
release of indirect combustion noise, cf. �g. 1.2. Entropy waves are created as a conse-
quence of mixture fraction �uctuations caused by incomplete premixing of fuel and air or
through secondary air mixing from dilution jets and liner cooling. They are less intense in
premixed systems and even vanish in the limiting case of perfectly premixed systems. For
this reason the indirect noise generation is expected to be more relevant in conventional
RQL combustors. Another important aspect to be considered in the context of indirect
noise generation is the shear dispersion e�ect of entropy waves. Entropy waves are exposed
to strong �ow shearing e�ects in the combustion chamber which causes their attenuation
before reaching the turbine NGV [Sattelmayer, 2003]. The damping e�ect due to shear dis-
persion depends on the mean �ow characteristics and signi�cantly increases with frequency.

Contradictory �ndings are reported in numerous studies about the magnitude of the
contributions of direct and indirect noise to the overall combustion noise. Possibly this is
because the separation of both noise contributions on full scale engine level is a challenging
task. Cross-correlation techniques based on measurements of interior and exterior pressure
signals were applied. Early studies of a single can-type combustor by Muthukrishnan et al.
[1977] revealed a dominating in�uence of the indirect noise in the low frequency regime
for a choked exhaust nozzle. Direct noise contributions were found to dominate the noise
signature in case of low exit Mach numbers. The experimental studies by Miles [2010, 2011]
of a full-scale turbofan engine provided further support of the importance of indirect noise
in the low frequency range below 100 Hz. In recent experimental studies by Kings et al.
[2016] and Mazur [2017] of a generic premixed and pressurized combustor the indirect noise
was found to play a minor role as compared to direct noise emissions. These studies give
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Figure 1.3: Typical combustion noise spectrum. Adapted from Rajaram and Lieuwen
[2009].

strong support for the dependence of the indirect noise on the �ame type. The in�uence
of the entropy shear dispersion on the acoustic stability of a generic combustion chamber
was investigated by Sattelmayer [2003] and Goh and Morgans [2011]. Even at low frequen-
cies only weak coupling between the combustor acoustics and the indirect noise release
was encountered. The study by Sattelmayer [2003] was con�rmed by the experimental
studies by Eckstein et al. [2006] and Eckstein and Sattelmayer [2006] who found a minor
contribution of the feedback mechanism from indirect noise on the low-frequency stability
of a liquid fueled RQL combustor. The generation of indirect noise was also investigated
by Leyko et al. [2009] and Duran and Moreau [2013] using analytical and semi-analytical
modeling tools, which were applied on simpli�ed model combustors connected to a quasi
one-dimensional nozzle. The major outcome of these studies is the dominance of indirect
noise in case of high nozzle Mach numbers and low frequencies. In conclusion none of these
studies ultimately settle the question of the contribution of indirect noise to the overall
noise. They rather reveal some common qualitative tendencies such as the predominating
low-frequency content of indirect noise whereas the quantitative result always depends on
the particular case.

The �ndings above highlight the complexity of combustion generated noise, where inter-
actions between �uid dynamics, thermodynamics and acoustics need to be taken into ac-
count. Important questions such as the contribution of indirect noise to the overall emitted
noise have not been answered yet. The development of e�ective methods for the reduction
of combustion noise emissions requires the further development of accurate predictive tools
for combustion noise generation and propagation. Reliable predictions in terms of ampli-
tudes and frequency content are of vital importance for the combustor development in all
design stages in order to avoid additional development iterations. In particular subsequent
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changes of the �nal design are extremely expensive and time-consuming. For this reason
accurate predictions should be available as early as possible within the design process.

The Research on Core Noise Reduction (RECORD)2 project, funded by the European
Commission within the Seventh Framework Program FP73, aims to provide deeper un-
derstanding of the noise source mechanisms mentioned above. In this project state-of-the
art methods covering the broad range from analytical models and experiments to high
�delity simulations were assessed and validated with respect to their ability for predicting
core noise. The present thesis was developed in the frame of the RECORD project. Its
main purpose is to make a contribution to the development of numerical methods for the
prediction of combustion noise. The most important approaches towards this goal are in
the next section.

1.2 Combustion Noise Prediction

In order to determine combustion noise emitted from turbulent �ames, analytical methods,
hybrid CFD/CAA-methods (computational �uid dynamics/ computational aeroacoustics)
and compressible large eddy simulations (LES) were applied [Nicoud and Wieczorek, 2009].
Analytical methods are very inexpensive with respect to time and cost, but their appli-
cability is usually limited to the speci�c combustors for which they were calibrated. The
next more general stage of modeling are network models, which may approximate more
complex geometries by a series of analytical elements. An example for such a network tool
is the Low-Order Thermo-Acoustic Network Model (LOTAN) solver, developed by Stow
and Dowling [2001] and Dowling and Mahmoudi [2015]. Network tools represent the indus-
trial standard due to their broad applicability, robustness and low computational e�ort.
However their validity and accuracy for complex combustor geometries and �ows is ques-
tionable unless the network model was calibrated for the application. Compressible LES
are computationally extremely expensive but have shown to deliver very accurate combus-
tion noise predictions on laboratory scale [Huet et al., 2016, Kings et al., 2016] as well as
on full scale engine level [Livebardon et al., 2015, 2016]. Hybrid CFD/CAA-methods were
developed to signi�cantly reduce the computational e�ort as compared with compressible
LES while maintaining good prediction quality in complex geometries and �ows. Hybrid
models separate the involved phenomena into the mean reacting turbulent �ow �eld de-
scribed by reactive RANS and the acoustic �eld. CAA methods are most commonly based
on a linearization procedure where small amplitude �uctuations are solved around a sta-
tionary mean �ow �eld. Di�erent levels of complexity are established by solving either the
linear wave equation, the linearized Euler equations (LEE), the linearized Navier-Stokes
equations (LNSE) or acoustic perturbation equations (APE) [Bui et al., 2007b, Ewert and
Schröder, 2003]. These equations are excited by combustion noise source terms, which are
either directly obtained from incompressible LES [Bui et al., 2006, 2007a] or calculated

2http://cordis.europa.eu/project/rcn/104865_en.html
3https://ec.europa.eu/research/fp7/index_en.cfm
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using statistical models. There are two promising statistical combustion noise models,
namely the Fast Random Particle-Mesh Methods for combustion noise (FRPM-CN) and
the statistical spectral noise model developed by Hirsch et al. [2006, 2007]. The FRPM was
initially invented by Ewert [2008] for aerodynamic and airframe noise predictions. Later it
was extended to combustion noise by Mühlbauer et al. [2010] and Grimm et al. [2014]. The
statistical noise model by Hirsch et al. [2007] derived for premixed �ames was successfully
applied on uncon�ned swirling �ames [Wäsle, 2007, Winkler, 2007] and on a heater system
[Weyermann, 2010]. The model was recently extended and validated for the prediction of
non-premixed swirl �ames by Jörg [2015]. Liu et al. [2014] applied a modi�ed version of
the model by Hirsch et al. [2007] to a network model of a demonstrator combustor and
obtained good agreement with experimental data.

A di�culty of the hybrid CFD/CAA methods is the consistent derivation of the com-
bustion noise source terms in the governing linearized equations. Based on the classical
Lighthill equation [Lighthill and Newman, 1952], Dowling derived an extended wave equa-
tion for reacting �ows, where combustion noise sources are expressed in terms of the excess
density [Crighton et al., 1992]. This approach is followed by several authors: In the APE
for reacting �ows for instance the source term is determined by the total time derivative
of the density [Bui et al., 2007a]. The FRPM-CN methods introduce sound sources by the
evaluation of the total time derivative of the temperature [Mühlbauer et al., 2010]. Little
attention has been payed to the di�erent physics of entropy wave generation in perfectly
premixed and non-premixed �ames. While in perfectly premixed �ames no propagating en-
tropy waves are generated, the unmixedness of non-premixed �ames leads to the formation
of propagating entropy waves. This issue needs further clari�cation in particular because
the combustion noise source model crucially impacts the indirect noise contribution. In
recently published theoretical studies by Strobio Chen et al. [2014, 2016] the consideration
of the �ame surface movement is shown to be essential to correctly predict entropy wave
generation. However the implementation of her �ndings in linearized equations such as
LEE or LNSE remains unclear. Therefore hybrid approaches could not yet take advan-
tage of them. In the present thesis a semi-analytical model of stochastic combustion noise
source terms for hybrid approaches is proposed, which accounts for the di�erent physics of
the entropy wave generation in di�erent �ames. In this way a contribution to the further
development of these predictive tools is made.

1.3 Goals and Structure

In this thesis a uni�ed and comprehensive methodology for the numerical prediction of
direct and indirect combustion noise of con�ned premixed and non-premixed �ames is es-
tablished. The core of the approach are frequency domain simulations of linear acoustic,
entropy and vortical �uctuations described by the LNSE, which are solved around a station-
ary mean �ow �eld obtained from reactive RANS simulations. The hybrid RANS/LNSE
approach is based on the work by Gikadi et al. [2014]. It was successfully validated for
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acoustic scattering problems with increasing complexity [Gikadi et al., 2012b, 2013] as well
as for stability analyses in context of annular aero engine combustors [Gikadi et al., 2012a,
2014]. In the frame of the present thesis stochastic sound sources were incorporated in
the LNSE using a triple-decomposition approach. A semi-analytical source model is pro-
posed to account for the characteristics of entropy wave generation in perfectly-premixed
and non-premixed �ames. The stochastic sound and entropy sources are derived from heat
release source spectra, which are obtained from a statistical noise model postprocessor. De-
pending on the �ame type, the mean �ow, turbulence and reaction rate �elds from RANS
are postprocessed using either the model for premixed �ames by Hirsch et al. [2007] or the
extension to non-premixed �ames by Jörg [2015]. Finally, the LNSE combustor simulations
are coupled to one-dimensional network models representing the components downstream
of the combustor to compute the ratio between the indirect and direct noise at the nozzle
exit. A validation strategy is presented to quantify the accuracy of the predictions of each
separate step within the entire simulation chain above.

• Chapter 2 introduces the fundamental equations regarding reactive �ows in the lam-
inar and turbulent case. This includes a brief review of the RANS equations and
related closure-models for premixed and non-premixed �ames.

• The governing equations of non-reacting linear acoustics along with the most impor-
tant analytical solutions and supplementing boundary conditions are presented in
chapter 3. Scattering and transfer matrices are shortly introduced in the context of
acoustic network models.

• After brie�y reviewing the relevant literature on the general physics of combustion
noise in chapter 4, a model for stochastic sound sources arising from turbulent re-
active �ows is embedded in the LNSE using a triple-decomposition approach. Semi-
analytical submodels for perfectly-premixed and non-premixed �ames are deduced
based on physical reasoning in order to account for the di�erent e�ects of entropy
wave generation. This is followed by the review of the statistical noise models for
premixed �ames by Hirsch et al. [2007] and Liu et al. [2014], and the extension to
non-premixed �ames by Jörg [2015].

• Chapter 5 gives an overview about the entire methodology for the prediction of
direct and indirect combustion noise, which includes the presentation of the entire
simulation strategy and the di�erent submodels.

• In chapter 6 the basic mechanisms of direct noise propagation and transmission in
a convergent-divergent nozzle are investigated in the frame of the Entropy Wave
Generator (EWG) and Hot Acoustic Testrig (HAT) test cases.

• Chapter 7 is focused on the examination of indirect noise generation by entropy waves
and vorticity waves by applying the hybrid RANS/LNSE approach to the EWG and
Vorticity Wave Generator (VWG) test cases.
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• Three di�erent combustors with successively increasing complexity are investigated
in chapter 8. This includes the validation of the LNSE simulations applied in con-
junction with di�erent spectral noise models and the stochastic source term model
proposed in this thesis.

• Finally in chapter 9 the main �ndings of this thesis are summarized and recommen-
dations for further investigations on combustion noise are given.
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2 Reacting Flows

Combustion noise of turbulent �ames originates from unsteady �ame-turbulence interac-
tions which are responsible for local heat release �uctuations. These in turn lead to an
unsteady gas expansion and �nally to combustion noise. In this chapter the governing equa-
tions of reacting �ows are given. This is followed by a sketch of the averaged and modeled
set of equations used in all reactive mean �ow simulations of the turbulent cases, which are
referred to as RANS (Reynolds-averaged Navier-Stokes) equations. The RANS equations
represent the basis for all combustor mean �ow and turbulence simulations conducted in
this thesis.

2.1 Governing Equations

The starting point for all mean �ow and acoustic simulations in this thesis are the Navier-
Stokes equations for reacting, compressible and viscous �ows of n species. They are ob-
tained by inserting the constitutive relations of an ideal gas into the conservation laws for
mass (2.1), species (2.2), momentum (2.3) and energy (2.4) [Poinsot and Veynante, 2005]

Dρ

Dt
= −ρ∂uk

∂xk
, (2.1)

ρ
DYk
Dt

=
∂

∂xi

(
ρDk

∂Yk
∂xi

)
+ ω̇k, (2.2)

ρ
Dui
Dt

= − ∂p

∂xi
+
∂τji
∂xj

= − ∂p

∂xi
+ η

∂

∂xj

[
∂uj
∂xi

+
∂ui
∂xj
− 2

3
δij
∂uk
∂xk

]
, (2.3)

ρ
Dh

Dt
=

Dp

Dt
+ Φ+

∂

∂xi

(
λ
∂T

∂xi

)
+ q̇V . (2.4)

The Navier-Stokes equations represent a system of �ve partial di�erential equations for the
density ρ, velocity ui and enthalpy h, along with n species equations for the n components
of the mixture. The mixture composition is expressed in terms of the mass fractions Yk.
The pressure p, density ρ and temperature T are coupled through the equation of state

p = ρRT, (2.5)

where R de�nes the speci�c gas constant of the mixture. It represents the sum of mass-
weighted gas constants of each mixture componentRk, i.e. R =

∑n
k=1 YkRk = Rm

∑n
k=1 Yk/Mk
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with the universal gas constant Rm and molar weight Mk. In the energy eq. (2.4) the en-
thalpy h of the mixture is de�ned by the caloric equation of state

h =
n∑
k=1

hkYk =
n∑
k=1

(h0
f,k + hs,k)Yk =

n∑
k=1

h0
f,kYk + hs =

n∑
k=1

h0
f,kYk +

∫ T

T0

cp (T ) dT. (2.6)

The enthalpy of the mixture h is determined by the sum of the mass-weighted enthalpies of
the species hk. The enthalpy of each species hk is linked to the enthalpy of formation h0

f,k

and the sensible enthalpy hs,k, i.e. hk = h0
f,k + hs,k. The former one represents the chem-

ical energy bounded in the molecules while the latter one stands for the thermal energy
due to the statistical microscopic movement of the molecules. For ideal gases the sensible
enthalpy only depends on the temperature but not on the pressure: hs,k =

∫ T
T0
cp,k(T )dT .

Then the sensible enthalpy of the mixture hs is the mass-weighted sum of the individual
sensible enthalpies, so that hs =

∑n
k=1 hs,kYk =

∫ T
T0

∑n
k=1 cp,k(T )YkdT =

∫ T
T0
cp(T )dT , with

cp =
∑n

k=1 cp,k(T )Yk being the isobaric heat capacity of the mixture. Therefore the sensible
enthalpy hs is a measure for the temperature of the mixture.

As stated by the species eq. (2.2), changes of the mixture composition are a result of
species di�usion with the di�usion coe�cient Dk and the species formation rate ω̇k due to
chemical reactions. The sum of all species formation rates ω̇k is zero to ful�ll the global
mass conservation as described by the continuity eq. (2.1). Eq. (2.3) expresses that
momentum changes of the �uid are caused by pressure gradients and viscous shear stresses
τij, which are de�ned by the Cauchy-Poisson law [Spurk and Aksel, 2007]

τij = η

(
∂ui
∂xj

+
∂uj
∂xi

)
− 2

3
ηδij

∂uk
∂xk

. (2.7)

As stated by eq. (2.4), the enthalpy of the mixture is changed along the streamlines by
material pressure changes, viscous dissipation, thermal heat conduction with the thermal
conductivity λ and external energy sources q̇V like electrical heating. Viscous dissipation
is quanti�ed by the dissipation function Φ, which describes the irreversible and isotropic
conversion of kinetic energy into sensible enthalpy hs by viscous shear stresses τij, i.e.

Φ := τij
∂ui
∂xj

= η
∂ui
∂xj

[
∂uj
∂xi

+
∂ui
∂xj
− 2

3
δij
∂uk
∂xk

]
. (2.8)

The enthalpy eq. (2.4) does not contain source terms due to chemical reactions like com-
bustion. In absence of viscous and thermal di�usion (τij = λ = 0) the enthalpy eq. (2.4) for
low Mach number �ames (Dp/Dt = 0) simpli�es to Dh/Dt = 0. In this case the enthalpy
is conserved across the �ame, i.e. h = const.

In the following alternative formulations of the energy eq. (2.4) are presented. The
pressure formulation is in particular relevant for the implementation of the acoustic prop-
agation models. The sensible enthalpy and entropy formulation are of vital importance
for the development and analysis of the combustion noise source terms embedded in the
acoustic equations.
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2.1 Governing Equations

Energy Equation in Sensible Enthalpy Formulation

The equation for the sensible enthalpy of the mixture is obtained by inserting the caloric
equation of state (2.6) into the energy eq. (2.4) [Poinsot and Veynante, 2005]

ρ
Dhs
Dt

=
Dp

Dt
+ Φ+

∂

∂xi

(
λ
∂T

∂xi

)
+ q̇V +

∂

∂xi

(
ρ

n∑
k=1

hs,kDk
∂Yk
∂xi

)
+ ω̇T . (2.9)

Unlike the enthalpy eq. (2.4), the source term ω̇T due to chemical reactions is contained
in eq. (2.9). The heat rate of combustion ω̇T connects the energy eq. (2.9) to the species
eq. (2.2) through the species formation rate ω̇k, i.e.

ω̇T = −
n∑
k=1

h0
f,kω̇k. (2.10)

The change of the mixture composition due to combustion leads to a change of the chemical
energy contained in the molecules. For exothermic reactions the sum of the formation
enthalpies of the products is lower than the sum of the formation enthalpies of the reactants.
Therefore the release of chemical energy due to combustion is re�ected in an increase of
the sensible enthalpy and temperature across the �ame while the enthalpy stays constant.
This process of the partial conversion of chemically bounded energy into sensible enthalpy
is described by the heat rate of combustion ω̇T .

Energy Equation in Pressure Formulation

The energy equation (2.9) may be expressed alternatively in terms of the pressure as
demonstrated by Poinsot and Veynante [2005]. The derivation is based on the continuity
eq. (2.1) and the sum of the species in eq. (2.2), each of which are multiplied by hs,k
in order to deliver a relation between the material derivative of the sensible enthalpy and
temperature. This relation is used to replace the sensible enthalpy in eq. (2.9), so that
an exclusive equation for the material derivative of the temperature is obtained. Inserting
the equation of state (2.5) in di�erential form along with the assumption of equal heat
capacities for all species (cp,k = cp implying hs,k = hs) yields the energy equation in
pressure formulation:

Dp

Dt
= −pκ∂uk

∂xk
+ κp

1

R

DR

Dt
+ (κ− 1)

{
Φ+

∂

∂xi

(
λ
∂T

∂xi

)
+ q̇V + ρ

n∑
k=1

(
cp,kDk

∂Yk
∂xi

) ∂T
∂xi

+ ω̇T

}
.

(2.11)

Here the ratio between the speci�c isobaric heat capacity cp and the isochoric heat capacity
cv is termed isentropic exponent κ := cp/cv. The pressure of a certain �uid particle mainly
changes due to compressibility e�ects as it travels along the streamline. This is represented
by the �rst term in eq. (2.11). In reactive �ows the change of the ideal gas constant
(second term) is usually negligible for the material derivative of the pressure [Poinsot and
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Veynante, 2005]. All remaining terms in eq. (2.11) related to viscous dissipation, thermal
heat conduction, electrical heating, species di�usion and combustion already appeared in
the sensible enthalpy formulation. The energy equation in pressure formulation (2.11) is
the basis for all acoustic simulations in the present thesis.

Energy Equation in Entropy Formulation

The energy eq. (2.11) is subsequently reformulated in terms of the speci�c entropy s to
provide the basis for a thorough analysis of the generation mechanisms of entropy waves
given later in sec. 3.2. This is of vital importance for this thesis because of its goal to
develop combustion noise source terms and to accurately predict indirect noise. The energy
equation in entropy form reads [Crighton et al., 1992, Lieuwen, 2012]:

ρT
Ds

Dt
= τij

∂ui
∂xj
− ∂q̇i
∂xi

+ q̇V − ρ
n∑
k=1

µk
Mk

DYk
Dt

. (2.12)

The last term on the right of eq. (2.12) is related to the combustion, where µk represents
the chemical potential of the k-th species. The energy �ux vector q̇i is associated with heat
conduction and di�usive mass transport [Poinsot and Veynante, 2005]. Eq. (2.12) states
that entropy sources arise from viscous dissipation, heat transfer, combustion and species
di�usion [Lieuwen, 2012]. Crighton et al. [1992] initially derived the material derivative of
the entropy as a function of pressure and density, which yields(∂p

∂s

)
ρ,Yk

Ds

Dt
=
[Dp

Dt
− c2 Dρ

Dt
−

n∑
k=1

( ∂p
∂Yk

)
ρ,s,Ym 6=k

DYk
Dt

]
. (2.13)

They further eliminated the entropy derivative to obtain the pressure-density relation for
reactive �ows in di�erential form

Dρ

Dt
=

1

c2

Dp

Dt
+
α

cp

[
ρ

n∑
k=1

( ∂h
∂Yk

)
ρ,p,Ym 6=k

DYk
Dt
− ∂

∂xi

(
λ
∂T

∂xi

)
− Φ− q̇V

]
, (2.14)

with the speed of sound c and the volumetric expansion coe�cient α = −1/ρ(∂ρ/∂T )p,
which equals α = 1/T for ideal gases. The speed of sound c of an ideal gas is de�ned by
the isentropic pressure-density-gradient of the mean �ow [Sattelmayer, 2008]:

c2 :=

(
∂p

∂ρ

)
s

= κ
p

ρ
= κRT. (2.15)

In the pressure-density relation (2.14), the derivative of the enthalpy with respect to the
k-th mass fraction (∂h/∂Yk)ρ,p,Ym = h0

f,k is equal to the enthalpy of formation when assum-
ing isomolar combustion [Dowling and Mahmoudi, 2015]. This can be shown by taking the
derivative of eq. (2.6) with respect to the mass fraction Yk while keeping the density, pres-
sure and all other mass fractions Ym 6=k constant. Taking this result into account together
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2.2 RANS Simulation

with the species eq. (2.2) with negligible mass di�usion (ρDYk/Dt = ω̇k), the second term
on the right hand side of (2.14) turns out to be the heat rate of combustion as de�ned by
eq. (2.10), i.e. ω̇T = −

∑n
k=1(∂h/∂Yk)ρ,p,YmρDYk/Dt.

The pressure-density relation (2.14) is of particular importance for the derivation of
a relation between the source terms in the continuity and energy equation of the LNSE
including stochastic sources. This will be demonstrated and discussed in detail in subsec.
4.2.1. The LNSE implementation presented in this thesis utilizes the density, velocities and
pressure as primary solver variables, whereas the entropy is not explicitly solved. Instead
the entropy generation and propagation is implicitly encoded in the continuity and energy
equation in pressure formulation as de�ned by the entropy di�erential in eq. (2.13). This
equation is evaluated in subsec. 4.2.3 to reveal the impact of the di�erent source models
on the entropy production.

2.2 RANS Simulation

For realistic applications computational resources and time are too limited to fully resolve
the compressible turbulent reactive �ow in time and space. This explains why turbulent
�ows are often described in a stochastic sense involving a certain degree of turbulence
modeling. The most prominent representative of the stochastic turbulence description are
the Reynolds-Averaged Navier-Stokes-Equations (RANS).

Reynolds- and Favre Decomposition

The standard reactive RANS equation set is based on Favre averages. The instantaneous
variable φ is decomposed into a density weighted mean φ̃ and a �uctuating variable φ′′.
For a statistically steady �ow this becomes as if an unsteady ensemble average is sought:

φ (x, t) = φ̃ (x) + φ′′ (x, t) , where φ̃ =
〈ρφ〉
〈ρ〉

. (2.16)

Averaged Conservation Equations and Closure Models

The RANS equations for a reactive compressible �ow are obtained by substituting the
Favre decomposition (2.16) into the Navier-Stokes eqs. (2.1)-(2.4). This is followed by
ensemble-averaging for statistically unsteady �ows or time-averaging for statistically sta-
tionary �ows. The complete set of equations is derived and explained in detail by Poinsot
and Veynante [2005]. It should be noted that the particular form of the energy equation,
e.g. (2.4) or (2.9), depends on the CFD solver. The formulations of the energy equation
applied in this thesis are speci�ed below.

The RANS equations contain various unclosed terms, which need to be modeled as a
function of the average primitive variables. Turbulent shear stresses of the form 〈ρ〉ũ′′i u′′j
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are modeled using the Boussinesq-hypothesis, which belongs to the eddy-viscosity-models
[Adams, 2008]. It postulates a linear relation between the turbulent shear stresses and the
anisotropic part of the mean velocity gradient

〈ρu′iu′j〉 = 〈ρ〉ũ′′i u′′j =
2

3
δij〈ρ〉k − ηt

(∂ũi
∂xj

+
∂ũj
∂xi
− 2

3
δij
∂ũk
∂xk

)
. (2.17)

The dynamic turbulent or so-called eddy viscosity ηt is not a material property but a
property of the turbulent �ow �eld. It may be also given in terms of the kinematic viscosity,
so that νt = µt/〈ρ〉. The turbulent kinetic energy is de�ned as k := 1

2
ũ′′i u

′′
i . In the k-ε

model mainly used in this thesis the turbulent viscosity νt is determined by the turbulent
kinetic energy k and the turbulent dissipation rate ε

νt = cµ
k2

ε
, (2.18)

where cµ = 0.09 is a constant of proportionality. Turbulent �uxes of species and enthalpy
are usually approximated by means of the gradient assumption [Ferziger and Peric, 2008]:

〈ρ〉ũ′′i φ′′ = −〈ρ〉
νt
σφ

∂φ̃

∂xi
, where φ = Yk, hs. (2.19)

The two equation based k-ε turbulence model is one well known approach for estimating
the turbulent viscosity in eq. (2.18). While the transport equation for the turbulent kinetic
energy k may be derived analytically from the RANS, the corresponding transport equation
for ε is modeled in accordance to k, which �nally yields [Adams, 2008, Pope, 2000]

∂

∂t
(〈ρ〉k) +

∂

∂xi
(〈ρ〉ũik) =

∂

∂xi

[(
ν +

νt
σk

) ∂k
∂xi

]
+ Pk − 〈ρ〉ε, (2.20)

∂

∂t
(〈ρ〉ε) +

∂

∂xi
(〈ρ〉ũiε) =

∂

∂xi

[(
ν +

νt
σε

) ∂ε
∂xi

]
+ cε1

ε

k
Pk − cε2〈ρ〉

ε2

k
. (2.21)

The term Pk = −〈ρ〉ũ′′i u′′j∂ũi/∂xj is responsible for the production of turbulence. The
model constants are: cε1 = 1.44 , cε2 = 1.92 , σk = 1.0 and σε = 1.3 .

The RANS equations contain the averaged source terms 〈ω̇k〉 due to combustion in the
averaged form of the species eq. (2.2). The averaged heat of combustion 〈ω̇T 〉, de�ned
by eq. (2.10), appears in the RANS equations as an additional source term if the energy
equation is implemented in terms of the sensible enthalpy. When simplifying the chemical
reactions of a premixed �ame to an irreversible one-step chemistry, the energy eq. (2.9)
and species eqs. (2.2) can be reduced to a single equation for the reaction progress vari-
able. Even in this case of a drastically simpli�ed reaction model the RANS still contain
an averaged source term in the equation for the progress variable. In the RANS equations
these averaged combustion source terms like the reaction rates of the k-th species 〈ω̇k〉 are
closed by appropriate combustion models, which account for the particular �ame type and
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2.2 RANS Simulation

combustion regime [Poinsot and Veynante, 2005].

The reactive mean �ow RANS simulations were performed with Ansys Fluent Re-
lease 14.0 [ANSYS, 2011a]. The standard k-ε model with Boussinesq approach was
chosen for the turbulence closure [ANSYS, 2011a, chapter 4.3.1, page 49]. The models
of the particular �ame types applied in this thesis will be shortly described below in the
corresponding subsections for premixed and non-premixed �ames.

Premixed Flames

Premixed �ames were calculated with the �nite-rate/Eddy-dissipation combustion model
implemented in the code Ansys Fluent Release 14.0 [ANSYS, 2011a, chapter 7.1.2.3.,
page 204]. In this case the energy equation is implemented in form of the total internal
energy, de�ned by et = es + u2/2 = hs − p/ρ + u2/2. The equation is explicitly given by
[ANSYS, 2011a, chapter 5.2.1.1., page 140].

Di�usion Flames

Non-premixed �ames [ANSYS, 2011a, chapter 8.2, page 226] were simulated using the
�amelet model [ANSYS, 2011a, chapter 8.4, page 248] and the build in �amelet table gen-
erator [ANSYS, 2011b, chapter 17.6., page 927]. In case of non-premixed combustion the
energy equation is implemented in form of the enthalpy eq. (2.4) [ANSYS, 2011a, chapter
5.2.1.3, page 141].

As explained in detail in sec. 2.1, the enthalpy equation eq. (2.4) does not contain a
heat release source term due to combustion. However in context of the statistical noise
modeling of non-premixed �ames the mean �ow heat release rate is needed. According to
Poinsot and Veynante [2005] the mean heat rate of combustion is retrieved by evaluating

〈ω̇∗z〉(z̃′′2) =
Y 0
FHl

2(1− zst)
(〈ρ〉χ̃)p(zst) =

Y 0
FHl

2(1− zst)
cd〈ρ〉

ε

k
z̃′′2p(zst), (2.22)

where p(zst) is the assumed probability-density function (PDF) evaluated at the stoichio-
metric mixture fraction zst. The mean scalar dissipation rate χ̃ = 2D(∇z̃)2 depends on the
mean mixture fraction gradient. Comparing the �eld integral of (2.22) with the integral
balance some inconsistency due to �nite numerical resolution is found. This is corrected
by the scaling factor cq, which is introduced in eq. (2.22)

cq :=
ṁFHl∫
V
〈ω̇∗z〉dV

, (2.23)

where ṁF denotes the total fuel mass �ow and Hl the lower heating value. Then the mean
heat release distribution of a non-premixed �ame is determined by 〈ω̇z〉 = cq〈ω̇∗z〉.
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3 Aeroacoustic Models

The purpose of this chapter is to introduce the most prominent aeroacoustic propagation
models without considering the di�erent noise sources. These are the linearized Navier-
Stokes equations (LNSE), the linearized Euler equations (LEE) and the inhomogeneous
wave equation. Important features of the LNSE such as the interactions of acoustic, en-
tropy and vorticity waves are outlined as they are sources of indirect noise. Analytical
solutions for acoustic and entropy waves are reviewed along with the appropriate bound-
ary conditions for the LNSE simulations. As they are later used acoustic network models
derived from the LEE including the scattering and transfer matrices are brie�y introduced.

This chapter represents the basis for the more complex combustion noise source modeling,
which is the topic of the subsequent chapter. As combustion noise is not considered in this
chapter, all equations presented in the following are limited to non-reacting �ows.

3.1 Linearization

In the linear acoustic theory any unsteady quantity of the �ow �eld φ(x, t) is decomposed
into its statistically stationary mean part φ̄(x) and small periodic �uctuations φ′(x, t) in
time. The unsteady �uctuating contribution is assumed to be small compared to the mean
part such that products of �uctuating quantities are negligible, i.e. φ′φ′ ≈ 0:

ρ (x, t) = ρ̄ (x) + ρ′ (x, t) , ρ′ � ρ̄,

ui (x, t) = ūi (x) + u′i (x, t) , u′i � c̄,

p (x, t) = p̄ (x) + p′ (x, t) , p′ � p̄.

(3.1)

Eq. (3.1) appears to be similar to the Reynolds-decomposition [Adams, 2008], but the
phase-averaging subsequently applied to the decomposed equations eliminates the stochas-
tic turbulent part 〈φ′′〉 = 0, whereas the linear periodic �uctuations are maintained, i.e.
〈φ′〉 = φ′. It will be demonstrated later that the �uctuating part φ′ is associated with three
types of fundamental waves, which are the acoustic, entropy and vorticity waves.

3.2 Linearized Navier-Stokes Equations (LNSE)

The procedure to derive the LNSE can be stated as follows: In a �rst step the Navier-Stokes
eqs. (2.1), (2.3) and (2.11) are simpli�ed to non-reactive conditions (Yk = 1, DYk/Dt = 0),
so that the species eq. (2.2) is omitted. Then the decomposition approach (3.1) is inserted
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into the non-reacting form of the conservation equations of mass (2.1), momentum (2.3)
and energy (2.11). Products of the �uctuating quantities ρ′, u′ and p′ are neglected due to
the linear assumption. In a �nal step the averaged conservation equations, describing the
mean �ow �eld, are subtracted from the linearized equations in order to deliver a system of
linear partial di�erential equations for the �uctuating density ρ′, velocities u′i and pressure
p′:

Dρ′

Dt
=
∂ρ′

∂t
+ ūi

∂ρ′

∂xi
= −u′i

∂ρ̄

∂xi
− ρ̄∂u

′
i

∂xi
− ρ′∂ūi

∂xi
, (3.2)

ρ̄
Du′i
Dt

= ρ̄
∂u′i
∂t

+ ρ̄ūj
∂u′i
∂xj

= −ρ̄u′j
∂ūi
∂xj
− ρ′ūj

∂ūi
∂xj
− ∂p′

∂xi
+ η

[
∂2u′i

∂xk∂xk
+

1

3

∂

∂xi

(
∂u′k
∂xk

)]
+ ρ̄f ′i ,

(3.3)

Dp′

Dt
=
∂p′

∂t
+ ūi

∂p′

∂xi
= −u′i

∂p̄

∂xi
− κp̄∂u

′
k

∂xk
− κp′∂ūk

∂xk
+ (κ− 1)

{
Φ′ + λ

∂2T ′

∂xi∂xi
+ q̇′V

}
.

(3.4)

Early studies by Chu and Kovásznay [1958] and Kovásznay [1953] have demonstrated that
the linearized Navier-Stokes eqs. (3.2)-(3.4) feature three di�erent linear transport pro-
cesses in presence of a stationary mean �ow: Acoustic waves propagate with local speed of
sound in the relative frame of the mean �ow in the upstream and downstream �ow direc-
tions. Entropy and vorticity waves are convected with the mean velocity in �ow direction.
Therefore these waves appear as �frozen patterns� to an observer moving in the relative
frame of the mean �ow. Throughout this thesis quantities related to the acoustic, vorticity
and entropy waves will be indicated by the subscripts a, v and s. In the postprocessing
the vorticity wave Ω′i can be retrieved from the velocity �uctuations evaluating

Ω′i = εijk
∂u′k
∂xj

, εijk =


1, ijk = 123, 231, 312

− 1, ijk = 321, 213, 132

0, else

(3.5)

where εijk is the permutation matrix in index notation [Spurk and Aksel, 2007]. Entropy
waves are mainly linked to temperature and density �uctuations, which are calculated by
means of the linearized equation of state of the ideal gas [Nicoud and Wieczorek, 2009]

p′

p̄
− ρ′

ρ̄
− T ′

T̄
= 0, (3.6)

s′ = cv
p′

p̄
− cp

ρ′

ρ̄
. (3.7)

A thorough analysis of the generation and interaction mechanisms of vorticity and entropy
waves is given in following subsections, where the linearized energy equation in entropy
form and linearized vorticity equation are discussed in detail.
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3.2 Linearized Navier-Stokes Equations (LNSE)

Linearized Entropy Equation

The propagation of entropy waves is implicitly described with the linearized continuity eq.
(3.2) and energy eq. (3.4) in pressure formulation. An explicit formulation of the linearized
entropy equation is obtained from the linearization of the non-reactive form of eq. (2.12)

ρ̄T̄
Ds′

Dt
= ρ̄T̄

(
∂s′

∂t
+ ūi

∂s′

∂xi

)
= −

(
u′iρ̄T̄︸︷︷︸

I

+ ūiρ̄T
′︸ ︷︷ ︸

II

+ ūiρ
′T̄︸ ︷︷ ︸

III

) ∂s̄
∂xi

+ Φ′︸︷︷︸
IV

+λ
∂2T ′

∂xk∂xk︸ ︷︷ ︸
V

+ q̇′V︸︷︷︸
VI

.

(3.8)

Since the left hand side of eq. (3.8) represents the material derivative of the entropy, all
terms on the right hand side can be understood as interaction terms of entropy waves with
other modes and the mean �ow as they travel along their stream-path. Entropy waves are
in�uenced by or arise from the following mechanisms:

• Interactions of acoustics and vorticity (I) with non-isentropic mean �ow.

• Interactions of entropy (II and III) with non-isentropic mean �ow as density and
temperature �uctuations are mainly caused by entropy waves.

• Dissipation of acoustics and vorticity into entropy (IV), described by the linearized
dissipation function Φ′:

Φ′ := τ ′ji
∂ūi
∂xj

+ τ̄ji
∂u′i
∂xj

= 2η

[
∂ūi
∂xj

∂u′j
∂xi

+
∂u′i
∂xj

∂ūi
∂xj
− 2

3

∂ūk
∂xk

∂u′l
∂xl

]
. (3.9)

• Di�usion and dissipation due to heat conduction (V).

• Fluctuating heat sources (VI).

• Mean �ow dispersion due to di�erent propagation speeds in shear �ows (convection
term ūi∂s

′/∂xi).

Since the entropy eq. (3.8) is derived from the non-reactive form the frequently applied
re-introduction of combustion heat release �uctuations via q̇′V will lead to inconsistencies.
In the subsequent chapter 4.1 a semi-analytical and consistent combustion noise source
model is proposed which accounts for the di�erent physics of entropy wave generation in
premixed and non-premixed �ames.

Linearized Vorticity Equation

The propagation of vorticity waves is inherent to the linearized momentum eq. (3.3) which
is the starting point for the derivation of the linearized vorticity equation. Taking the curl
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of eq. (3.3) �nally gives [Lieuwen, 2012]

DΩ′i
Dt

= −u′j
∂Ω̄i

∂xj︸ ︷︷ ︸
I

+ Ω̄j
∂u′i
∂xj︸ ︷︷ ︸
II

+ Ω′j
∂ūi
∂xj︸ ︷︷ ︸
III

− Ω̄i
∂u′k
∂xk︸ ︷︷ ︸
IV

−Ω′i
∂ūk
∂xk︸ ︷︷ ︸
V

+
1

ρ̄2
εijk

∂ρ′

∂xj

∂p̄

∂xk︸ ︷︷ ︸
VI

+

+
1

ρ̄2
εijk

∂ρ̄

∂xj

∂p′

∂xk︸ ︷︷ ︸
VII

− 2
ρ′

ρ̄3
εijk

∂ρ̄

∂xj

∂p̄

∂xk︸ ︷︷ ︸
VIII

+ ν
∂2Ω′i
∂xk∂xk︸ ︷︷ ︸

IX

+ εijk
∂f ′k
∂xj︸ ︷︷ ︸
X

. (3.10)

Again all terms of the right hand side can be interpreted as interaction terms of vorticity
with acoustic and entropy modes and the mean �ow. Vorticity waves are in�uenced or
arise from the following mechanisms:

• Interactions of acoustic and vortical disturbances with shear and boundary layers
with Ω̄i = εijk∂ūk/∂xj (I and II).

• Stretching and bending of vorticity tubes by mean �ow gradients (III).

• Transformation of acoustics into vorticity in strong rotational mean �ow (IV).

• Strong dilatation/ compressible mean �ow e�ects, e.g. shock-induced or ampli�ed
vorticity (V).

• Baroclinic e�ects due to acoustic (VII) and entropy waves (VI and VIII).

• Viscous dissipation into heat (IX).

• Non-conservative/ rotational body forces (X).

Later in subsec. 6.1.4 the linearized vorticity eq. (3.10) is applied on the Entropy Wave
Generator (EWG) test case to analyze and to explain the di�erent acoustic re�ection
behavior with respect to upstream and downstream excitation.

Transformation Into Frequency Domain

The solution of the LNSE in frequency domain has several considerable advantages con-
cerning the implementation of boundary conditions, the numerical stability and the post-
processing e�ort, among others. Further details are discussed by Rao and Morris [2006].
The transformation of the LNSE into frequency domain relies on the assumption of �uc-
tuations with time harmonic character, such that ρ′, u′ and p′ are harmonic functions in
time, i.e.

ρ′ (x, t) = ρ̂ (x) eiωt,

u′i (x, t) = ûi (x) eiωt,

p′ (x, t) = p̂ (x) eiωt.

(3.11)

20



3.3 Linearized Euler Equations (LEE)

In this way the time and spatial dependency of the variables is separated and the complex
valued amplitudes of density ρ̂, velocity ûi and pressure �uctuations p̂ are exclusive func-
tions of space. When postprocessing the LNSE results only the real part of these complex
variables <{φ̂} is of physical relevance in time domain.

Substituting approach (3.11) into the LNSE (3.2)-(3.4) leads to their frequency-
transformed counterpart for the �uctuating density ρ̂, velocities ûi and pressure p̂ propa-
gating at circular frequency ω = 2πf in a moving �uid

iωρ̂+ ūi
∂ρ̂

∂xi
= −ûi

∂ρ̄

∂xi
− ρ̄∂ûi

∂xi
− ρ̂∂ūi

∂xi
, (3.12)

iωρ̄ûi + ρ̄ūj
∂ûi
∂xj

= −ρ̄ûj
∂ūi
∂xj
− ρ̂ūj

∂ūi
∂xj
− ∂p̂

∂xi
+ η

[
∂2ûi

∂xk∂xk
+

1

3

∂

∂xi

(
∂ûk
∂xk

)]
+ ρ̄f̂i,

(3.13)

iωp̂+ ūi
∂p̂

∂xi
= −ûi

∂p̄

∂xi
− κp̄∂ûk

∂xk
− κp̂∂ūk

∂xk
+ (κ− 1)

{
Φ̂+ λ

∂2T̂

∂xk∂xk
+ ˆ̇qV

}
. (3.14)

For given boundary conditions (BCs) and mean �ow the system of partial di�erential
eqs. (3.12)-(3.14) is solved for the unknown �uctuations with the frequency ω as a given
parameter. Alternatively it is recast into an eigenvalue problem and solved for the related
complex-valued eigenfrequencies and eigenmodes [Nicoud and Wieczorek, 2009]. Neither
initial conditions nor time-dependent boundary conditions need to be imposed [Adams,
2007]. Temperature and entropy �uctuations can be calculated in a postprocessing step by
evaluating the linearized equation of state (3.6) and (3.7), de�ned in frequency domain:

T̂ = T̄
( p̂
p̄
− ρ̂

ρ̄

)
, (3.15)

ŝ = cv
p̂

p̄
− cp

ρ̂

ρ̄
. (3.16)

Vorticity �uctuations are postprocessed using the frequency transformed version of eq.
(3.5) to give Ω̂i = εijk∂ûk/∂xj.

3.3 Linearized Euler Equations (LEE)

The linearized Euler equations (LEE) are obtained from the LNSE (3.2)-(3.4) by setting
η = 0 and λ = 0

Dρ′

Dt
=
∂ρ′

∂t
+ ūi

∂ρ′

∂xi
= −u′i

∂ρ̄

∂xi
− ρ̄∂u

′
i

∂xi
− ρ′∂ūi

∂xi
, (3.17)

ρ̄
Du′i
Dt

= ρ̄
∂u′i
∂t

+ ρ̄ūj
∂u′i
∂xj

= −ρ̄u′j
∂ūi
∂xj
− ρ′ūj

∂ūi
∂xj
− ∂p′

∂xi
+ ρ̄f ′i , (3.18)

Dp′

Dt
=
∂p′

∂t
+ ūi

∂p′

∂xi
= −u′i

∂p̄

∂xi
− κp̄∂u

′
k

∂xk
− κp′∂ūk

∂xk
+ (κ− 1) q̇′V . (3.19)
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As before the frequency-transformed LEE then result from inserting the time-harmonic
approach (3.11) into eqs. (3.17)-(3.19).

3.4 Isentropic Wave Propagation

In the case of isentropic wave propagation the amplitude of any entropy disturbance is
not altered when traveling along its streampath. The material derivative of the entropy
vanishes, i.e.

ρ̄T̄
Ds′

Dt
= 0. (3.20)

A comparison of this requirement and the linearized entropy eq. (3.8) reveals that isentropic
wave propagation can only be realized in presence of an isentropic mean �ow (∂s̄/∂xi = 0)
without heat sources (q̇′V = 0) and thermal and viscous di�usion (η = λ = 0).

Linearized Isentropic Pressure-Density Relation

A more restrictive de�nition of isentropic wave propagation, sometimes called homentropic
condition [Adams, 2010], is obtained when entropy waves are assumed to be absent. This
presumption leads to a signi�cant simpli�cation of the linearized equation of state for the
entropy (3.7), which in general links the pressure, density and entropy �uctuations to each
other. Inserting s′ = 0 in conjunction with the de�nition of the speed of sound (2.15) into
eq. (3.7) yields the well-known linearized pressure-density relation

p′ = c̄2ρ′. (3.21)

It states that pressure and density disturbances are dependent variables whenever entropy
waves are absent, i.e. s′ = 0 . In this case the number of dependent variables in the LNSE
(3.2)-(3.4) or LEE (3.17)-(3.19) is reduced by one so that either the linearized continuity
or the energy equation can be omitted. Therefore this assumption is of great advantage
with respect to the computational e�ort and costs.

In general the investigation of the indirect noise generation excludes the isentropic as-
sumption (3.21). If only direct noise is regarded the assumption of isentropic conditions
is su�cient to capture the acoustic wave propagation. Also the computation of scattering
matrices describing the acoustic transmission and re�ection properties of certain compo-
nents may justify isentropic wave propagation. In chapter 6 for instance the transmission
and re�ection properties of two di�erent nozzle test cases are determined. The acoustic
models of these two cases are mainly based on isentropic conditions to reduce the compu-
tational e�orts. Whenever isentropic conditions are assumed in this thesis, the pressure is
substituted by eq. (3.21). Then the linearized energy eq. (3.4) is dropped in the LNSE or
LEE, which are solved for the four unknown variables ρ′ and u′i.
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3.5 Inhomogeneous Wave and Helmholtz Equation

3.5 Inhomogeneous Wave and Helmholtz Equation

The inhomogeneous wave equation is deduced from the LEE (3.17)- (3.19) under the as-
sumption of a mean �ow at rest (ūi = 0, ∂ūi/∂xj = 0, ∂ρ̄/∂xi = ∂p̄/∂xi = 0) and the
absence of body forces (f ′i = 0) [Poinsot and Veynante, 2005]:

− 1

ρ̄c̄2

∂2p′

∂t2
+

∂

∂xi

(1

ρ̄

∂p′

∂xi

)
= −κ− 1

ρ̄c̄2

∂q̇′V
∂t

. (3.22)

This equation represents the acoustic sound propagation in absence of a mean �ow but
accounts for energy sources q̇′V and density gradients ∂ρ̄/∂xi. Only a single equation is
solved to obtain the acoustic pressure �eld p′, while the acoustic velocities u′i are retrieved
from the simpli�ed momentum eq. (3.18), i.e. ρ̄∂u′i/∂t = −∂p′/∂xi. Density disturbances
ρ′ may be recovered using the linearized pressure-density relation (3.21). The wave equation
can be transformed into frequency domain, which is then called inhomogeneous Helmholtz
equation

1

ρ̄
k2p̂+

∂

∂xi

(1

ρ̄

∂p̂

∂xi

)
= −iω

κ− 1

ρ̄c̄2
ˆ̇qV , (3.23)

where k = ω/c̄ denotes the acoustic wave number.

3.6 Analytical Solutions

The analytical solution of the LEE (3.17)-(3.19) for time-harmonic waves propagating in an
in�nitely long and quasi one-dimensional duct with constant area and homogeneous mean
�ow ū in axial x-direction is given by [Ehrenfried, 2002, Nicoud and Wieczorek, 2009]

p′ (x, t) = <{P+e−ik x
1+M̄

+iωt + P−e+ik x
1−M̄

+iωt}, (3.24)

u′ (x, t) = <
{ 1

ρ̄c̄

(
P+e−ik x

1+M̄
+iωt − P−e+ik x

1−M̄
+iωt
)}
, (3.25)

s′ (x, t) = <{Se−iksx+iωt}. (3.26)

The solution for the pressure (3.24) and velocity (3.25) represents a superposition of two
acoustic waves propagating at the same time in opposite directions. The wave p̂+ =
P+exp{−ik x

1+M̄
} with complex pressure amplitude P+ and phase −kx/(1+M̄) propagates

in positive x-direction with the speed ū + c̄. The other wave p̂− = P−exp{+ik x
1−M̄
} with

complex amplitude P− and phase kx/(1− M̄) travels with the speed ū− c̄ in the negative
x-direction. Each of these two single acoustic waves is determined by the superposition of
pressure and velocity disturbances, i.e.

p+′ (x, t) =
1

2
(p′ + ρ̄c̄u′) , (3.27)

p−
′
(x, t) =

1

2
(p′ − ρ̄c̄u′) . (3.28)
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As described by eq. (3.26), in addition to the propagation of acoustic waves an entropy
wave with complex amplitude S and phase −ksx is convectively transported with the
mean �ow velocity ū. The di�erent propagation speed of the entropy wave is re�ected in
the entropy wave number ks = ω/ū. In an one-dimensional homogeneous mean �ow the
solution of the entropy wave (3.26) is perfectly decoupled from the acoustic waves, i.e. they
are traveling independent from each other. Finally it should be noted that no vorticity
waves may propagate in an one-dimensional model. Analytical solutions for vorticity waves
propagating in a duct with homogeneous axial mean �ow are given for instance by Stow
et al. [2002] and by Dowling and Mahmoudi [2015].

3.7 Boundary Conditions

Before introducing the most important boundary conditions applied in the frame of the
LNSE simulations, the de�nitions of the re�ection coe�cient and impedance are presented.
These are helpful quantities to characterize the acoustic boundary properties.

Re�ection Coe�cient

The re�ection coe�cient of a boundary de�nes, which part of an incoming wave is re�ected
by it. Depending on the propagation direction, the re�ection coe�cient with respect to a
left and a right traveling wave can be distinguished:

R =
p̂+

p̂−
=
P+e−ikx

P−e+ikx
, (left) (3.29)

R =
p̂−

p̂+
=
P−e+ikx

P+e−ikx
. (right) (3.30)

The re�ection coe�cient depends on the frequency and is in general a complex quantity.

Reduced Impedance

The acoustic impedance on a boundary with surface normal ni is de�ned as the ratio of
complex pressure and velocity amplitudes

Za =
p̂

ûini
. (3.31)

The acoustic impedance is divided by ρ̄c̄ in order to obtain a non-dimensional quantity,
called the reduced impedance. Using the eqs. (3.27), (3.28), (3.29) and (3.30) the reduced
impedance and the re�ection coe�cient are connected by

Z =
p̂

ûiniρ̄c̄
=

1 +R

1−R
. (3.32)

Like the re�ection coe�cient, the reduced impedance is a complex quantity [Ehrenfried,
2002, Poinsot and Veynante, 2005]. Based on these de�nitions the most important bound-
ary conditions applied in the current thesis are introduced.
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Impedance Boundaries

Impedance BCs are the most general form of the boundary conditions for the LNSE and
LEE. Rearranging the de�nition of the reduced impedance (3.32) yields the corresponding
impedance boundary condition

ûiniZρ̄c̄− p̂ = 0. (3.33)

This condition only holds for boundaries, which are not exposed to a mean �ow. In presence
of a mean �ow the boundary condition is given for instance by Rienstra and Hirschberg
[2012]. In the case of isentropic wave propagation the pressure p̂ in eq. (3.33) is replaced
by the density ρ̂ using eq. (3.21) to give

ûiniZρ̄− c̄ρ̂ = 0. (3.34)

When solving the Helmholtz eq. (3.23), the simpli�ed linearized momentum eq. (3.18) (i.e.
iωρ̄ûi = −∂p̂/∂xi) is exploited to exclusively express the impedance boundary condition
(3.33) as a function of pressure:

∂p̂

∂xi
niZc̄+ iωp̂ = 0. (3.35)

Rigid Walls

When considering viscous �uids the relative motion between acoustic oscillations and a
wall vanishes at the interface. For rigid walls this yields

ûi = 0. (3.36)

As explained by Rienstra and Hirschberg [2012] the e�ects of viscous dissipation and bound-
ary layers on the acoustic propagation are negligible in most situations, so that condition
(3.36) can be usually relaxed to a purely kinematic requirement even when solving the
LNSE:

ûini = 0. (3.37)

This condition is strictly valid for isentropic wave propagation without the formation of
an acoustic boundary layer. It is also obtained by imposing Z → ∞ in the impedance
boundary condition (3.33). The corresponding boundary condition for the Helmholtz eq.
(3.23) is derived by inserting eq. (3.37) in the simpli�ed momentum eq. (3.18) [Nicoud
and Wieczorek, 2009], so that

∂p̂

∂xi
ni = 0. (3.38)
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Non-Re�ecting Boundaries

Non-re�ecting boundary conditions are prescribed through a reduced impedance of Z = 1
in the impedance boundary condition (3.33). This corresponds to R = 0 , which follows
from eq. (3.32), i.e. R = (Z − 1) / (Z + 1). Non-re�ecting boundaries at isentropic condi-
tions are obtained in the same way by imposing Z = 1 in eq. (3.34).

Inlet Boundaries

The impedance BC (3.33) controls the ratio of incoming and outgoing waves. If a certain
acoustic �ux is desired, the acoustic impedance and a Dirichlet condition for one of the
variables is needed or both p̂ and û need to be prescribed. When dealing with the LNSE or
LEE an additional condition for the convective incoming entropy wave must be provided
at the inlet. This condition can be stated as

p̂− c̄2ρ̂ = Sp. (3.39)

The source of entropy Sp is formulated in terms of the pressure Sp = p̄S/cv, where S is the
complex amplitude of the entropy wave as de�ned by eq. (3.26). The pressure and density
�uctuations in the BC (3.39) are part of the solution, while the entropy amplitude S is a
given and �xed source quantity. No entropy waves are entering the domain when setting
Sp = 0 , which represents the most natural choice.

Pressure Boundaries

At the ending of ducts, which are connected to a large atmosphere, the ambient pressure
is imposed on the �uid. There the �uctuating pressure must obey

p̂ = 0. (3.40)

This is equivalent to a fully-re�ecting boundary condition with a re�ection coe�cient of
R = 1 or a reduced impedance of Z = 0 . When solving the LNSE or LEE along with the
isentropic assumption, eq. (3.40) is stated in terms of the �uctuating density to give

ρ̂ = 0. (3.41)

It should be noted that the validity of this condition is limited to the low frequency range.
The experimental studies by Munt [1977, 1990] and the numerical study by Jörg et al.
[2013] show that the re�ection coe�cient monotonically falls with increasing frequencies.

Choked Nozzle

As derived by Marble and Candel [1977] a choked and acoustically compact nozzle may be
replaced by the following boundary condition

2
û

ū
+
ρ̂

ρ̄
− p̂

p̄
= 0. (3.42)
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If isentropic wave propagation is assumed then either the pressure or the density may be
replaced in eq. (3.42) to obtain

2
û

ū
− ρ̂

ρ̄
(κ− 1) = 0, 2

û

ū
− p̂

p̄

(κ− 1

κ

)
= 0. (3.43)

This condition is identical to impose Z = 2/[(κ− 1)M̄] in eq. (3.33) or (3.34).

3.8 Acoustic Network Models

The numerical e�ort of LNSE can be greatly reduced if in parts of the domain the acoustical
wave propagation can be described su�ciently in one space coordinate such that network
models can be used for these subdomains. E.g. Schulze [2016] has shown this approach
to describe the 1D dynamics of the multitude of rocket combustor injectors in a 3D LNSE
FEM simulation.

For network modeling the subdomain is split up along the propagation direction into a
set of canonical elements representing the acoustic behavior of the subdomain. In these
canonical elements the incoming and outgoing acoustic waves of acoustic nodes are linked
to each other by a set of linear relations [Polifke, 2004]. The coe�cients of these linear
relations form the scattering matrix or the transfer matrix, which connect p̂ and û at the
inlet and outlet node of each element. Concatenating the series of single network elements,
e.g. by multiplying the element transfer matrices, the acoustical behavior of the subdomain
can be computed. These network models are coupled to complex 3D LNSE simulations as
done in this thesis or by Schulze [2016].

3.8.1 Acoustic Scattering and Transfer Matrices

upstream 
reference plane downstream 

reference plane

Transmission and 
reflection of waves

Network element

Acoustic 
Scattering Matrix

S

Figure 3.1: Acoustic network element and scattering matrix.

As shown in �g. 3.1 in the top graph, two waves are de�ned at the reference plane at
either side of a 1D acoustical element. They have the index u referring to the upstream
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reference plane and index d for the downstream side. While in the special case upstream
and downstream relate to the positive �ow direction, in the general case they indicate the
1D coordinate direction where upstream is at a lower coordinate value then downstream.
Formalizing the network element below the two sets of waves upstream and downstream
are connected through a 2× 2 matrix. Depending on the particular de�nition, the matrix
is called the scattering matrix with(

p̂+
d

p̂−u

)
=

[
Tu Rd

Ru Td

]
︸ ︷︷ ︸

Sa

(
p̂+
u

p̂−d

)
. (3.44)

or the transfer matrix (
p̂+

p̂−

)
d

=

[
T11 T12

T21 T22

]
︸ ︷︷ ︸

T

(
p̂+

p̂−

)
u

. (3.45)

As shown by Fischer [2004] the scattering and transfer matrix can be transformed into
each other using linear relations.

3.8.2 Transfer Matrices for Indirect Noise Generation

upstream 
reference plane downstream 

reference plane

Network element

Entropy Transfer 
Functions

Indirect noise 
generation

Figure 3.2: Indirect noise generation in a network element and entropy transfer functions.

So far, the network elements were limited to acoustic wave propagation. The indirect
noise generation due to entropy and vorticity waves can be also included in the network
elements, which is presented in the following. As shown in �g. 3.2 the entropy wave ŝu,
accelerated in the convergent-divergent nozzle, leads to the upstream and downstream prop-
agating acoustic waves p̂−u and p̂+

d , respectively. Then the equations (3.44) in matrix-vector
form are extended to the indirect noise generation by introducing the entropy transmission
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coe�cient Ts = p̂+
d,s/ŝu and re�ection coe�cient Rs = p̂−u,s/ŝu to obtain

p̂+
d = Tup̂

+
u +Rdp̂

−
d + Tsŝu, (3.46)

p̂−u = Rup̂
+
u + Tdp̂

−
d +Rsŝu. (3.47)

ŝd = S33ŝu. (3.48)

Note that the matrix coe�cient S33 describes the ampli�cation or damping of entropy
waves as they travel from the upstream to the downstream side. For isentropic wave
propagation the coe�cient is S33 = 1 . This set of equations (3.46) - (3.48) can be recast
into matrix-vector form to yield p̂+

d

p̂−u
ŝd

 =

 Tu Rd Ts
Ru Td Rs

0 0 S33


︸ ︷︷ ︸

S

 p̂+
u

p̂−d
ŝu

 . (3.49)

In principle the indirect noise generation by vorticity waves can be included in the same
manner as it was done in case of the entropy waves. This results in an additional vorticity
transmission coe�cient TΩi

= p̂+
d,Ωi

/Ω̂i,u and re�ection coe�cient RΩi
= p̂−u,Ωi

/Ω̂i,u.

3.8.3 Determination of Acoustic Elements with the Two-Source

Location Method

The determination of the scattering and transfer matrices is based on the two-source lo-
cation method [Munjal and Doige, 1990a,b]. The acoustic scattering matrix in eq. (3.44)
contains four unknown matrix coe�cients Tu, Td, Ru and Rd, so a set of four linear in-
dependent equations must be formulated and solved. This is achieved by the successive
excitation of acoustic waves from the upstream and downstream side of the examined sys-
tem. Acoustic variables related to the upstream excitation are indicated by subscript I,
while the downstream excitation is subscripted by II. In each case the resulting pressure
signal is recorded at the system's inlet and outlet planes to retrieve the acoustic waves en-
tering and leaving the system. This is done in the postprocessing of the LNSE simulation
by the de�nition of several monitor planes in the direction of the elements coordinate, in
which the pressure and mean �ow quantities are sampled. Area averaging of the acous-
tic and mean �ow variables yields quasi one-dimensional quantities in each monitor plane
xm. The upstream and downstream propagating acoustic waves p̂+ and p̂− are recovered
from the discrete pressure values p̂(xm) by applying a non-linear Gauÿ-Newton regression
algorithm based on the analytical solution eq. (3.24)

min
P+,P−

{nmon∑
m=1

(
p̂(xm)− P+e−ik 1

1+M̄
xm − P−eik 1

1−M̄
xm
)2}

= min
P+,P−

{nmon∑
m=1

(
p̂(xm)− p̂+ + p̂−

)2
}
.

(3.50)
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The �rst acoustic state provides the waves p̂+
u,I , p̂

−
u,I , p̂

+
d,I and p̂

−
d,I , while the second acoustic

state yields p̂+
u,II , p̂

−
u,II , p̂

+
d,II and p̂−d,II . With knowledge of the acoustic waves in case of

upstream and downstream excitation, the de�nition of the scattering matrix (3.44) is recast
into a system of linear equations, which collects the re�ection and transmission coe�cients
in the vector of unknowns. The solution of these linear equations yields the four scattering
matrix coe�cients. Further details on the numerical implementation of the two-source
location method in the context of LNSE simulations are given by Gikadi [2014].

3.8.4 Determination of Entropy Transmission and Re�ection

Coe�cient

The indirect noise generation inside a certain element, described by entropy transmission
and re�ection coe�cients in eq. (3.49), can be determined in a single step. Exciting
entropy waves upstream of the examined system, which is terminated with non-re�ecting
boundaries, acoustic waves solely occur as a result of the indirect noise generation inside
the system. The excitation of an entropy wave with de�ned amplitude ŝu is realized for
instance using the boundary condition (3.39). After excitation, the acoustic pressure,
entropy and mean �ow variables are recorded upstream and downstream of the system
in numerous monitor planes. These variables are area-averaged in each monitor plane to
get quasi one-dimensional quantities. The upstream and downstream traveling acoustic
waves are retrieved using eq. (3.50). The entropy wave is obtained from the solution of
the following optimization problem based on the analytical solution (3.26)

min
S

{nmon∑
m=1

(
ŝ (xm)− Se−iksxm

)2
}
. (3.51)

Once the outgoing acoustic waves p̂−u and p̂+
d arising from the accelerated entropy wave ŝu

are computed, the entropy transmission and re�ection coe�cients can be calculated by the
de�ning eqs. (3.46) and (3.47).
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4 Combustion Noise Models

This chapter is focused on the modeling of combustion noise sources and their spectral
content. First a theoretical description of combustion noise and its sources is provided, as
well as a review of the most important experimental and numerical studies on combustion
noise. Based on this a new semi-analytical model is proposed comprising non-linear source
terms due to chemical reactions embedded in a linear propagation model for non-reactive
acoustics such as the LNSE. The consistency of the model with previous work on combus-
tion noise is demonstrated. In this context it is shown that all major features of combustion
noise sources are incorporated in the model. The model is capable to represent essential
di�erences in the physics of turbulent perfectly premixed and non-premixed �ames with
respect to the generation of entropy waves and therefore indirect combustion noise. The
chapter is completed by a review of spectral modeling approaches for the combustion noise
source terms.

4.1 Theoretical and Phenomenological Description

In the following subsections the physics of combustion noise generation and the main
experimental and numerical �ndings are reviewed. These results found the basis for the
development of a new combustion noise source term model proposed in this thesis.

4.1.1 Extended Inhomogeneous Wave Equation

Most of the theoretical investigations of aerodynamic and combustion noise sources rely
on the famous Lighthill equation [Lighthill, 1954, Lighthill and Newman, 1952]

1

c̄2

∂2p′

∂t2
− ∂2p′

∂xk∂xk
=

∂2

∂xi∂xj
(ρuiuj − τij)︸ ︷︷ ︸

I

− ∂
2ρe
∂t2︸︷︷︸
II

. (4.1)

The left hand side represents the classical isentropic wave propagation operator as intro-
duced by eq. (3.22) in sec. 3.5. The Lighthill theory belongs to the area of acoustic
analogies [Goldstein, 2003]. Only in a small portion of the acoustic propagation domain,
non-linear e�ects due to turbulent �uctuations are relevant. These non-linear �uctuations
result in non-negligible terms on the right hand side of eq. (4.1) and act as sound sources
to the wave operator on the left hand side of eq. (4.1). In the remaining domain the con-
tributions of the source terms on wave propagation are small if not zero [Ehrenfried, 2002].
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The source terms in the Lighthill eq. (4.1) are originating from two di�erent phenomena:
The �rst term I is a quadrupole term due to aerodynamic sound sources. The second term
II is characterized by the excess density ρe := ρ′ − p′/c̄2, which is de�ned as the di�erence
between the real density-�uctuation including entropy waves and the density �uctuation
in the isentropic case. The excess density is di�erent from zero in areas with irreversible
processes like heat conduction or combustion [Dowling and Mahmoudi, 2015]. Term II rep-
resents a thermoacoustic source term. Rienstra and Hirschberg [2012] demonstrated that
this term is equivalent to a mass source term. Based on the Lighthill eq. (4.1), Dowling
derived an extended inhomogeneous wave equation for reacting �ows to further investigate
combustion noise sources

1

c̄2

∂2p′

∂t2
− ∂2p′

∂xk∂xk
= − ∂

∂t

[ αρ̄
cpρ

( n∑
k=1

( ∂h
∂Yk

)
ρ,p,Ym

ρ
DYk
Dt︸ ︷︷ ︸

I

+
∂q̇i
∂xi
− τij

∂ui
∂xj

)]
+

+
∂2

∂xi∂xj
(ρuiuj − τij)︸ ︷︷ ︸
II

+
1

c̄2

∂

∂t

[(
1− ρ̄c̄2

ρc2

)
Dp′

Dt
− p′

ρ

Dρ

Dt

]
︸ ︷︷ ︸

III

+
∂2

∂t∂xi
(uiρe)︸ ︷︷ ︸

IV

, (4.2)

The derivation of eq. (4.2) is documented by Crighton et al. [1992]. Its main advantage
in comparison to the Lighthill eq. (4.1) is that it o�ers insight into additional mechanisms
of noise generation in reactive �ows. Following the argumentation of Dowling, the term I
constitutes a monopole sound source by unsteady combustion with order O(M̄2−3) in the
Mach number. Pressure �uctuations arising from this term are called direct combustion
noise. Term II stands for the quadrupole jet-noise source term in the Lighthill theory
with order O(M̄8). Deviations from isentropic conditions are accounted for by the term
III with order O(M̄8). Finally term IV is of dipole nature and represents the indirect
noise generation by accelerated excess density �uctuations or entropy waves. This term
is of order O(M̄6) in the Mach number and will be further discussed in subsec. 4.1.4. As
demonstrated by Crighton et al. [1992] the monopole source term I due to unsteady heat
release dominates all remaining terms in the low Mach number limit M̄ → 0, so that eq.
(4.2) simpli�es to

1

c̄2

∂2p′

∂t2
− ∂2p′

∂xk∂xk
=

∂

∂t

[
ρ̄ (κ− 1)

ρc2
ω̇T

]
, (4.3)

using the identities α/cp = (κ − 1)/c̄2 and ω̇T = −
∑n

k=1(∂h/∂Yk)ρ,p,YmρDYk/Dt. The
di�usive terms ∂q̇i/∂xi and −τij∂ui/∂xj in eq. (4.2) are mainly dipole sources with order
O(M̄6), which were neglected as well for low Mach numbers. The identi�cation of the heat
release �uctuations as the main driver for combustion noise in low Mach number �ames
is of vital importance for the development of adequate source terms in this thesis. In the
next subsection the di�erent mechanisms leading to the generation of entropy waves in
perfectly premixed and non-premixed �ames are reviewed. These fundamental di�erences
need to be included when modeling source terms for both �ame types.
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(a) (b)

Figure 4.1: Control volume for the total enthalpy in case of a (a) perfectly premixed �ame
and (b) non-premixed �ame.

4.1.2 Entropy Wave Generation

The following analysis of the entropy wave generation in perfectly premixed and non-
premixed �ames relies on the assumption of high Reynolds and Damköhler numbers, so
that the �ame constitutes an ensemble of laminar �amelets [Peters, 2010].

The entropy wave generation in perfectly premixed and non-premixed �ames is derived
by the integral balance of the total enthalpy for a �xed control volume in which a �ame
is enclosed. As sketched in �g. 4.1 the boundaries of the control volume on the side of
the reactants and products are chosen in such a manner that they are far upstream and
downstream of the �ame. As a consequence the boundaries do not interact with the �ame
at any time, implying the absence of apparent �uctuations due to �ame intermittency on
the control volume boundaries. Still the �uctuation of the �ame will change the amount of
reactants and products in the control volume, and create velocity �uctuations, which lead
to combustion noise. Under the assumption of an adiabatic control volume with negligible
�ow velocities (isobaric low Mach number �ame) the enthalpy h in eq. (2.6) is conserved
across the �ame, i.e. h2−h1 = 0. According to Sattelmayer [2008] this leads in conjunction
with mean averaged heat capacities

∑n
k=1

∫ T
T 0 cp,k (T )YkdT ≈

∑n
k=1 Ykc̄p,k(T − T 0) to the

following expression:[ n∑
k=1

Ykc̄p,k
∣∣2
0
(T2 − T 0)

]
P

+ ∆hR −
[ n∑
k=1

Ykc̄p,k
∣∣1
0
(T1 − T 0)

]
R

= 0. (4.4)

Therein the enthalpy of reaction is de�ned by the di�erence of the sum of the standard
formation enthalpies h0

f,k between the products and reactants:

∆hR = (h0
P − h0

R) =
[ n∑
k=1

Ykh
0
f,k

]
P
−
[ n∑
k=1

Ykh
0
f,k

]
R
. (4.5)

33



Combustion Noise Models

The linearization of eq. (4.4) o�ers insight into the generation mechanisms of entropy
waves, which yields after rearrangement

n∑
k=1

[(
Ȳkc̄p,k

∣∣2
0
T ′2
)
P
−
(
Ȳkc̄p,k

∣∣0
1
T ′1
)
R

]
= −

([ n∑
k=1

Y ′k c̄p,k
∣∣2
0
(T̄2−T̄ 0)

]
P
−
[ n∑
k=1

Y ′k c̄p,k
∣∣1
0
(T̄1−T̄ 0)

]
R

)
−∆h′R(Y ′k). (4.6)

This equation describes the production of sensible enthalpy or temperature �uctuations
by mass fraction �uctuations. Recalling that entropy waves are predominantly associated
with temperature �uctuations, eq. (4.6) can be interpreted as the production of entropy
waves by mass fraction �uctuations. It is important to notice that eq. (4.6) is an exclusive
function of the mass fraction �uctuations because (c̄p,2T

′
2)P − (c̄p,1T

′
1)R = f(Y ′k). Under the

assumption of negligible initial temperature �uctuations (T ′1 = 0) eq. (4.6) simpli�es to

(c̄p,2T
′
2)P = −

([ n∑
k=1

Y ′k c̄p,k
∣∣2
0
(T̄2 − T̄ 0)

]
P
−
[ n∑
k=1

Y ′k c̄p,k
∣∣1
0
(T̄1 − T̄ 0)

]
R

)
−∆h′R(Y ′k). (4.7)

This equation holds for a non-premixed �ame, which is characterized by strong mixture
fraction �uctuations. As a consequence the turbulent combustion of a non-premixed �ame
is inherently accompanied by the production of entropy waves. Mixture inhomogeneities
are partially converted into inhomogeneities of the sensible enthalpy and therefore temper-
ature oscillations appearing in form of entropy waves. In a perfectly premixed �ame no
�uctuations of the mixture fraction of the reactants are present (Yk|′R = 0). A homogeneous
mixture of the reactants results in a homogeneous mixture of the products (Yk|′P = 0), so
that eq. (4.6) reduces in case of a perfectly premixed �ame to

n∑
k=1

[(
Ȳkc̄p,k

∣∣2
0
T ′2
)
P
−
(
Ȳkc̄p,k

∣∣1
0
T ′1
)
R

]
≈ (c̄p,2T

′
2)P − (c̄p,1T

′
1)R = 0. (4.8)

In words, temperature �uctuations generated by a premixed �ame behave according to the
change in the mean speci�c heat capacities, i.e. T ′2 = c̄p,1/c̄p,2T

′
1. The entropy di�erence

across the �ame is determined by s′2 − s′1 = c̄p,1T
′
1(1/T̄2 − 1/T̄1). If no entropy �uctua-

tions are traveling upstream of the �ame (s′1 = 0), the upstream temperature �uctuation
T ′1 exclusively stems from acoustic �uctuations. But the acoustic temperature �uctuation
is negligible because T ′1 = T ′1,a = T ′a = T̄1

p′1
p̄
R
cp
� p′1. This justi�es to assume T ′1 = 0,

which directly yields T ′2 = 0 and s′2 = s′1 = 0. This result is consistent with the study by
Strobio Chen et al. [2016], who found that the entropy production due to interactions of
acoustics and mean temperature gradients is negligible.

The enthalpy balance (4.6) over the combustion volume is visualized in �g. 4.2 for pre-
mixed (left) and non-premixed �ames (right). The enthalpy of the reactants and products
consists of the enthalpy of formation and the sensible enthalpy, cf. eq. (2.6). In �g. 4.2
the enthalpy of formation is represented by the di�erence between the reference state and
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Figure 4.2: Visualization of the conversion of mass fraction �uctuations into sensible en-
thalpy �uctuations in case of non-premixed �ames (right). For perfectly pre-
mixed �ames the picture is �frozen� (left).

state 0 at a certain temperature T 0. The sensible enthalpy describes the amount of energy,
which is necessary to rise the temperature from reference temperature T 0 to the tempera-
tures T1 and T2 of the reactants and products. Due to the combustion process the enthalpy
of formation of the reactants is partially converted into sensible enthalpy of the products.
In case of perfectly premixed �ames shown on the left of �g. 4.2 no �uctuations of the
reactant composition occur. As a consequence the composition of the exhaust gases is also
�xed. Therefore no �uctuations of the enthalpy of formation and sensible enthalpy exist on
the reactant and product side, so that the picture on the left in �g. 4.2 is frozen. Since the
sensible enthalpy represents a measure of the temperature, the perfectly premixed �ame
leads to a mean temperature rise, whereas no �uctuations of the product's temperature and
entropy occur. The right of �g. 4.2 shows the conversion process in case of non-premixed
�ames. Inhomogeneities in the reactant composition result in �uctuations of the product
composition. These variations in the mixture fractions, indicated by the gray bars around
the average values, lead to �uctuations of the sensible enthalpy and temperature of the
products. These temperature �uctuations are proportional to entropy �uctuations and can
be imagined as the entropy wave created by the non-premixed �ame.

In �g. 4.3 the adiabatic �ame temperature is given as a function of the mixture frac-
tion for the in�nitely fast chemistry limit, known as the Burke-Schumann �ame structure
[Poinsot and Veynante, 2005]. The left of �g. 4.3 shows the perfectly premixed case, where
no �uctuations around the mean mixture fraction occur. As a consequence the adiabatic
�ame temperature is constant, implying the absence of entropy waves. The non-premixed
�ame is characterized by variations of the mixture fraction around its mean values, which
are indicated by the gray bars on the right of �g. 4.3. These mixture fraction variations
result in temperature �uctuations and therefore the formation of entropy waves. The for-
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mulas for the temperature �uctuations given in �g. 4.3 are deduced from the eqs. (4.71)
and (4.72) by computing the total di�erential of the temperature with respect to the mix-
ture fraction, i.e. T ′ = (∂T/∂z)z′.
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Figure 4.3: Visualization of the conversion of mixture fraction �uctuations into tempera-
ture �uctuations in case of non-premixed �ames (right), assuming irreversible
in�nitely fast chemistry (Burke-Schumann �ame structure) [Poinsot and Vey-
nante, 2005]. Again for perfectly premixed �ames the picture is �frozen� (left).

Summary

The analysis above leads to the most important conclusions of this subsection:

• Perfectly premixed �ames do not generate entropy waves. Apparent entropy and
mass fraction �uctuations due to �ame intermittency do not propagate, instead they
are given by a level set approach (G-equation, cf. Peters [2000] or Pope [1988]) like
all other thermodynamic variables in a perfectly-premixed �ame.

• Entropy �uctuations in non-premixed �ames arise from the partial conversion of mix-
ture fraction �uctuation into oscillations of the sensible enthalpy and temperature.

4.1.3 Direct Noise

In the previous subsections 4.1.1 and 4.1.2 the sources of combustion noise and entropy
waves were investigated. The following paragraphs are focused on the phenomenological
description of the environmental impact of the combustion noise sources.

Combustion noise of turbulent �ames arises from the unsteady �ame-turbulence interac-
tions, which are responsible for local heat release �uctuations. These lead to an unsteady
gas expansion and �nally to the release of pressure �uctuations, which are noticeable as
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the direct sound emissions. The �ame-turbulence interactions involve a wide range of
length and time scales so that direct combustion noise exhibits a broadband character
[Dowling and Mahmoudi, 2015]. This represents a fundamental di�erence to tonal com-
bustion instabilities occurring under certain circumstances at discrete frequencies due to
the feedback from acoustics on the heat release oscillations of the �ame [Dowling, 1995,
Dowling and Stow, 2003]. Typical combustion noise spectra in sound power level (PWL)
vs. frequency of turbulent �ames are sketched in �g. 4.4. The maximum amplitudes are
typically found in the low frequency range between approximately 200 to 1000 Hz [Ko-
take, 1990, Rajaram and Lieuwen, 2009]. The low frequency acoustic power of combustion
noise and its monopole source character represent the most important di�erences to high
frequency aerodynamic noise, which has a signi�cant directionality (quadrupole source).
In �g. 4.4 the typical combustion noise spectrum is characterized in the low and high fre-
quency regime by the polynomial dependencies on the frequency fβ and f−α with α, β > 0.
The spectrum reaches its maximum amplitude at the peak frequency fp located in-between
these two regions [Rajaram and Lieuwen, 2009].
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Figure 4.4: Typical sound power level spectra of direct combustion noise of a non-premixed
turbulent swirling �ame [Jörg, 2015], and qualitative in�uence of the thermal
power (left), turbulence intensity and swirl number (center) and equivalence
ratio (right).

According to �g. 4.4, the most important parameters controlling the combustion noise
emissions are the following:

• Thermal power Pth (�g. 4.4 left): When keeping the equivalence ratio φ constant,
the PWL increases as the thermal power Pth increases, whereas the peak frequency is
shifted towards higher frequencies. This result holds for premixed and non-premixed
�ames [Jörg, 2015, Wäsle, 2007, Winkler, 2007]. In these studies the thermal power
was varied through the total mass �ow of fuel and oxidizer.

• Incoming turbulence intensity Tu: It a�ects the higher frequency components of the
PWL (�g. 4.4 middle) in such a way that higher turbulence levels create higher
PWLs [Kotake and Takamoto, 1990]. This behavior also applies to the swirl num-
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ber S dependence when holding the equivalence ratio and the total mass �ow rate
constant. An enhanced swirl level is always accompanied by intensi�ed turbulence,
which results in an increase of the PWL [Jörg, 2015].

• Equivalence ratio φ (�g. 4.4 right): The acoustic power of a non-premixed �ame
increases as the equivalence ratio is decreased [Jörg, 2015].

Although not explicitly shown in �g. 4.4 further important dependencies of the combustion
noise are:

• The formation of large coherent periodic vortex structures (vorticity waves), which
alter the �ame surface and considerably in�uence the characteristic frequency fp of
combustion noise.

• The spatial and temporal coherence of the heat sources, which a�ect the acoustic
power levels. The coherence between the sources can be accounted for by the concept
of the coherence volume [Wäsle et al., 2005, Winkler et al., 2005].

• The nozzle burner geometry: For �xed equivalence ratio and thermal power an in-
crease of the nozzle diameter d results in higher PWLs while the peak frequency
decreases according to the proportionality 1/d [Kotake and Takamoto, 1987].

In several studies scaling laws for the acoustic power released by turbulent �ames were
developed [Candel et al., 2009, Clavin and Siggia, 1991, Strahle, 1971, 1985]. Most of
them are based on the far-�eld solution of the inhomogeneous wave eq. (4.3) for acoustical
compact, isobaric (ρc2 = ρ̄c̄2 = κp̄) and low Mach number �ames [Crighton et al., 1992],
which reads

p′(x, t) =
1

4πr

(κ− 1)

c̄2

∂

∂t

∫
V

ω̇′T (xs, t− τs)dV. (4.9)

τs describes the retarded time for the propagation of an acoustic wave from the source
location xs to the observer location x over a distance r = |(x − xs)|. The total �ame
volume is termed by V . The total acoustic power Pa emitted by the �ame is obtained by
integration of the time-averaged acoustic intensity over the surface S of a spherical with
radius R and surface normal ni [Wäsle, 2007, Winkler, 2007]. This yields together with
eq. (4.9) the following expression for the acoustic power

Pa =
1

ρ̄c̄

∫
S

p′(x, t)p′(x, t)dS =
1

4πρ̄

(κ− 1)2

c̄5

∫
V ′

∫
V

∂

∂t
ω̇′T (xs, t)

∂

∂t
ω̇′T (xs + r, t+ τ)dV dV ′.

(4.10)

This analytical solution is the starting point for the statistical noise model developed by
Hirsch et al. [2007], which is presented in sec. 4.3. Further overviews about the topic of
combustion noise are given by Candel et al. [2009] or Dowling and Mahmoudi [2015].
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4.1.4 Indirect Noise

In context of the inhomogeneous wave eq. (4.2) the dipole source term IV represents the
source of indirect combustion noise due to accelerated inhomogeneities in the �ow. Howe
[2010] derived an extended wave equation for the total sensible enthalpy ht = hs + u2/2,
which explicitly shows the indirect noise generation by accelerated vorticity, i.e.

ρ
D

Dt

(
1

c̄2

Dht
Dt

)
− ∂

∂xk

(
ρ
∂ht
∂xk

)
=

∂

∂xi

(
ρεijkΩjuk − ρT

∂s

∂xi

)
︸ ︷︷ ︸

I

+ ρ
D

Dt

(
αT

cp

∂s

∂t

)
︸ ︷︷ ︸

II

. (4.11)

The �rst term I represents all dipole sound sources due to vortex acceleration and entropy
gradients (refraction of sound), while the last term II constitutes a monopole source due
to heat addition. As explained by Lieuwen [2012] the major coupling term for the indirect
noise generation by entropy waves is the term ρ′ūj∂ūi/∂xj in the linearized momentum eq.
(3.3). Thus indirect noise generation by entropy waves is an e�ect of inertia forces due to
varying density.

Experimental evidence of the indirect noise arising from entropy waves was provided
by the entropy wave generator (EWG) experiment [Bake et al., 2008, 2009]. They mea-
sured the acoustic response of a convergent-divergent nozzle exposed to entropy waves.
Entropy waves were generated by heating wires located upstream of the nozzle, while the
acoustic response was recorded by several microphones installed downstream of the noz-
zle. Indirect noise was investigated by several theoretical and numerical studies [Duran
and Moreau, 2011, 2013, Howe, 2010, Leyko et al., 2011, Marble and Candel, 1977], all of
which could be validated with the EWG. Only a few studies are available addressing the
vorticity as the second source of indirect noise. For instance in the frame of the vorticity
wave generator (VWG) experiment by Kings and Bake [2010] and Kings et al. [2012], vor-
ticity waves were excited by the pulsed injection of a circumferential mass �ow upstream
of a convergent-divergent nozzle. Similar to the EWG experiment, four microphones were
installed downstream of the nozzle to measure the acoustic response to the vortical exci-
tation. Recent analytical studies by Mahmoudi et al. [2015] showed that the contribution
of the vorticity to the indirect noise generation is negligible as it possesses amplitudes one
order of magnitude smaller than the entropy contribution.

Entropy waves are excited as a consequence of mixing processes, heat conduction and
chemical reactions. Mixing is described by the �rst four terms in the entropy eq. (3.8).
Laminar heat conduction is represented by the �fth term in eq. (3.8). As later shown in
subsec. 4.2.1 this term can be extended to include turbulent heat �uxes using a triple-
decomposition approach. These turbulent heat �uxes are in particular relevant at the
air-cooled combustor walls. As shown by Sattelmayer [2003] and Eckstein et al. [2006]
entropy waves generated by the �ame are signi�cantly damped due to aerodynamic shear
dispersion [Goh and Morgans, 2011]. But the impact of the entropy wave generation by
secondary air injections and dilution air in RQL combustors has not been assessed yet.
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When only considering the entropy wave generation by the �ame itself and taking into
account the �ndings of the subsec. 4.1.2 the following statements can be made:

• A perfectly premixed �ame excludes the generation of indirect noise as it does not
support the production of entropy waves.

• A non-premixed �ame may feature indirect noise, unless the entropy waves are dis-
sipated by aerodynamic �ow shearing and mixing before reaching the nozzle down-
stream of the combustion chamber.

4.2 Source Term Modeling

In hybrid CFD/CAA methods, such as the RANS/LNSE approach applied in this thesis,
the large di�erences between the time and length scales of the reacting �ow and acous-
tics are exploited [Bui et al., 2007a, Ewert, 2008]. As sketched in �g. 4.5 the combustion
source region solely occupies a very small region of the combustor geometry. In the combus-
tion region intense turbulent �uctuations of the density, temperature, reaction progress,
mixture fraction and entropy are observed. In the remaining combustion chamber only
small-amplitude acoustic, vorticity and entropy modes propagate and no chemical reac-
tions occur. In this thesis the idea by Lighthill and Newman [1952], Strahle [1972] and
Crighton et al. [1992] is followed, who proposed a two step procedure, where aerodynamic
or combustion noise sources are separately determined in the �rst step. These sources are
then included into an acoustic model to solve the sound propagation problem. For the
latter the extended linear wave equation [Crighton et al., 1992], the acoustic perturbation
equations for reacting �ows (APE-RF) [Bui et al., 2006] or LEE [Mühlbauer et al., 2010]
were proposed. Since the goal of this thesis is to determine direct as well as indirect noise,
the transport of vorticity and entropy must be captured by the model. Accordingly ei-
ther the LNSE or LEE can be used to model the acoustic and entropy propagation in the
acoustical domain. Due to the importance of heat conduction at the combustor walls for
the propagation of entropy waves, all acoustic simulations done in the present thesis are
based on the LNSE.

All previous attempts to use combustion noise source terms have introduced them into
the non-reactive linearized equations via the energy equation and treating the release of
the reaction enthalpy as a �uctuating heat source. While this is without consequence in
the inhomogeneous wave equation (3.22), it generates entropy waves in the LNSE (3.2)-
(3.4) and the LEE (3.17)-(3.19). Furthermore it models the wrong physics as shown in the
case of perfectly premixed turbulent combustion, which must not produce entropy waves.
To the best of the authors knowledge only the theoretical studies by Strobio Chen et al.
[2014, 2016] address the issue of entropy wave generation in perfectly premixed and di�u-
sion �ames. The formulation of adequate combustion source terms for linearized partial
di�erential equations such as LEE or LNSE is still pending. This is the major purpose of
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Figure 4.5: LNSE including stochastic sound sources for two cases: (a) perfectly premixed
�ame, and (b) non-premixed �ame.

41



Combustion Noise Models

the following paragraphs.

In summary the theoretical considerations and the review of the experimental and nu-
merical studies on combustion noise in this chapter lead to the following requirements to
be ful�lled by the source term formalism for linearized non-reactive equations:

• The propagation model should be based on non-reacting linearized acoustic equations,
in which the interaction to low Mach number reacting �ows is expressed by monopole
source terms (since combustion is limited to a small source region within the large
acoustic propagation domain) [Crighton et al., 1992].

• Heat release oscillations should be caused by turbulent [Strahle, 1972], non-linear
and stochastic �uctuations [Rajaram and Lieuwen, 2009].

• A certain level of coherence between stochastic turbulent �uctuations should repre-
sent a necessary criterion for the release of combustion noise [Wäsle et al., 2005].

• The feedback from acoustics on the reacting �ow [Lieuwen, 2003] should be excluded
since the model is focused on broadband combustion noise but not on tonal combus-
tion instabilities.

• The entropy wave generation in perfectly-premixed and non-premixed �ames should
be correctly represented, cf. subsec. 4.1.2 or Strobio Chen et al. [2016].

• The source terms should include power spectra / autocorrelation spectra of the �uc-
tuating heat release rate [Lieuwen, 2012].

• The source term model should provide a relation to the statistical model by Hirsch
et al. [2006, 2007].

• Finally a formalism to include source terms obtained from incompressible URANS
or LES simulations should be given.

As explained above the broadband combustion noise is inherently coupled to stochastic
turbulent �uctuations, which represent a fundamental di�erence to the tonal combustion
instabilities [Dowling and Mahmoudi, 2015]. These turbulent quantities need to be kept
when modeling combustion noise, while they can be neglected when considering combus-
tion instabilities. Although the model equations are not solved for the turbulent stochastic
and non-linear �uctuations, they can be treated as given source terms in the acoustic prop-
agation problem. A technique to include linear acoustic and turbulent �uctuations in the
model is the so-called triple-decomposition approach [Lieuwen, 2012].

In the following paragraphs stochastic combustion noise sources due to low-speed react-
ing �ows are incorporated in the LNSE using a triple-decomposition approach, initially
proposed by Hussain and Reynolds [1970, 1972]. By this means a semi-analytical model is
derived, which ful�lls the requirements stated above. A triple decomposition approach was

42



4.2 Source Term Modeling

also proposed by Bechara et al. [1994], Bailly et al. [1996] and by Bailly and Juve [1999]
to include stochastic aerodynamic sources in the LEEs for aeroacoustic problems based on
isentropic wave propagation. A further overview about the di�erent modeling approaches
for combustion noise is given by Bailly et al. [2010].

4.2.1 LNSE Including Stochastic Sound Sources

As sketched in �g. 4.5, in the following a model is proposed, which splits up the domain
into the following parts:

• A source region, governed by reactive non-linear �ow equations along with the as-
sumption of an isobaric low Mach number �ame [Poinsot and Veynante, 2005].

• A propagation domain, described by non-reactive linearized equations including
stochastic source terms due to unsteady combustion. These source terms are complex
non-linear functions of the turbulent combustion process and are treated as �xed and
given frequency-dependent terms in the linear acoustic propagation problem.

The model is derived by introducing a triple-decomposition approach. It separates any
unsteady �ow quantity φ(x, t) into a time-averaged mean part φ̄(x), a coherent part φ′(x, t)
with small-amplitude and time-harmonic oscillations, and a stochastic turbulent and non-
linear part φ′′(x, t). This splitting technique can be interpreted as a combination of the
Reynolds-decomposition [Adams, 2008] and the linearization approach (3.1). Then the
unsteady �elds of the density, velocities, pressure and species mass fraction are given by

ρ (x, t) = ρ̄ (x) + ρ′ (x, t) + ρ′′ (x, t) , ρ′ � ρ̄, (4.12)

ui (x, t) = ūi (x) + u′i (x, t) + u′′i (x, t) , u′i � c̄, (4.13)

p (x, t) = p̄ (x) + p′ (x, t) , p′ � p̄, (4.14)

Yk (x, t) = Ȳk (x) + Y ′′k (x, t) . (4.15)

Important assumptions are already included in this decomposition: First eq. (4.14) im-
plies an incompressible low Mach number �ame where turbulent pressure �uctuations are
negligible, i.e. p′′ → 0. Eq. (4.15) also leads to a set of non-reacting acoustic equations
(Y ′k = 0), which is su�ciently ful�lled under the assumption of complete combustion in
the propagation domain. Then the species eq. (2.2) is dropped for the linearized problem,
but still valid for the non-linear source terms. No linearization can and needs to be per-
formed for the species equation which accounts for the highly non-linear characteristics of
combustion [Poinsot and Veynante, 2005]. The turbulent density �uctuation ρ′′ will turn
out to be the dominant quantity of the turbulent combustion on the linearized continuity
equation. This is is also re�ected by the excess density in the extended linear wave eq.
(4.2) and Lighthill eq. (4.1), so that it is reasonable to assume a close relation between the
turbulent density �uctuation and the excess density [Strahle, 1972].
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Based on the assumptions of constant heat capacities for all species (cp = cp,k = const.),
a unit Lewis number (Le = 1) and a negligible change of the gas constant (DR/Dt =
0), the procedure by Hussain and Reynolds [1970, 1972] is followed: The starting point
is the substitution of the triple-decomposition (4.12) - (4.15) into the conservation eqs.
(2.1), (2.2), (2.3) and (2.11) for reactive �ows, which are simpli�ed using the assumptions
above. Products of the coherent quantities are neglected (φ′φ′ = 0), whereas higher order
stochastic quantities are kept (φ′′φ′′ 6= 0). Due to the large length and time scale di�erences
between turbulent and acoustic �uctuations, interaction terms of the form φ′φ′′ = 0 are
assumed to be zero. Then phase or ensemble-averaging eliminates all terms including
solely �rst moments of stochastic quantities (〈φ′′〉 = 0), while coherent periodic waves
are retained (〈φ′〉 = φ′). The mean �ow �eld is subsequently separated by time-averaging
(φ′ = 0). Finally the linearized equations for the �uctuating density, velocities and pressure
are obtained by the subtraction of the time-averaged equations from the phase-averaged
equations to give

Dρ′

Dt
= −u′i

∂ρ̄

∂xi
− ρ̄∂u

′
i

∂xi
− ρ′∂ūi

∂xi
− ∂

∂xi

[
〈ρ′′u′′i 〉 − ρ′′u′′i

]
, (4.16)

ρ̄
Du′i
Dt

= −ρ̄u′j
∂ūi
∂xj
− ρ′ūj

∂ūi
∂xj
− ∂p′

∂xi
+
∂τ ′ij
∂xj

+ ρ̄f ′i −
∂

∂xj

[
ρ̄〈u′′i u′′j 〉 − ρ̄u′′i u′′j

]
, (4.17)

Dp′

Dt
= −u′i

∂p̄

∂xi
− κp̄∂u

′
k

∂xk
− κp′∂ūk

∂xk
+ (κ− 1)

{
Φ′ +

[
〈Φ′′〉 − Φ′′

]
+ λ

∂2T ′

∂xi∂xi
−

− ∂

∂xi

[
〈q̇′′i 〉 − q̇′′i

]
+ q̇′V

}
+ (κ− 1)

[
〈ω̇T 〉 − ω̇T

]
. (4.18)

In comparison to the classical LNSE (3.2)-(3.4) for non-reacting �ows, several source terms
due to stochastic turbulent �uctuations arise in form of ensemble-averaged quantities. The
di�erent terms are discussed in the next paragraphs: Gikadi et al. [2014] and Hussain and
Reynolds [1972] interpreted the source terms in the linearized momentum eq. (4.17) as
an additional eddy viscosity acting on the acoustic wave propagation. They also can be
understood as the classical aerodynamic noise sources or Lighthill stresses τ ′ij,L = ρ̄〈u′′i u′′j 〉−
ρ̄u′′i u

′′
j as proposed by Lighthill and Newman [1952] or Bechara et al. [1994]. The source

term in the linearized continuity eq. (4.16) was also derived by Bui et al. [2007b] but
not utilized to implement combustion noise sources. In the following it is expressed in
terms of a time derivative of the turbulent density �uctuation ρ′t = 〈ρ〉 − ρ̄ using the
Reynolds-averaged (not Favre-averaged) continuity equation [Poinsot and Veynante, 2005,
cf. chapter 4.5.1, p. 141] along with the assumption of a low-speed �ame (〈ui〉 → 0),
yielding

∂ρ′t
∂t

=
∂〈ρ〉
∂t
≈ − ∂

∂xi

[
〈ρ′′u′′i 〉 − ρ′′u′′i

]
. (4.19)

The time derivative of the density highlights that this term represents a monopole source
[Ehrenfried, 2002, Rienstra and Hirschberg, 2012]. The source term in the linearized energy
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eq. (4.18), expressed by the di�erence between the ensemble and time averaged heat
rate of combustion, is de�ned as ω̇′T = 〈ω̇T 〉 − ω̇T in the following. When neglecting the
dissipation function due to stochastic �uctuations Φ′′ = τ ′′ij∂u

′′
i /∂xj and turbulent heat

�uxes q̇′′i = −λ(∂T ′′/∂xi), the linearized set of eqs. (4.16) - (4.18) simpli�es to

Dρ′

Dt
= −u′i

∂ρ̄

∂xi
− ρ̄∂u

′
i

∂xi
− ρ′∂ūi

∂xi
+
∂ρ′t
∂t
, (4.20)

ρ̄
Du′i
Dt

= −ρ̄u′j
∂ūi
∂xj
− ρ′ūj

∂ūi
∂xj
− ∂p′

∂xi
+
∂τ ′ij
∂xj

+ ρ̄f ′i −
∂

∂xj
τ ′ij,L, (4.21)

Dp′

Dt
= −u′i

∂p̄

∂xi
− κp̄∂u

′
k

∂xk
− κp′∂ūk

∂xk
+ (κ− 1)

{
Φ′ + λ

∂2T ′

∂xi∂xi
+ q̇′V

}
+ (κ− 1)ω̇′T . (4.22)

In these modeling equations the noise generation by the turbulent combustion process is
represented by the monopole source terms ∂ρ′t/∂t and ω̇

′
T in the linearized continuity eq.

(4.20) and energy eq. (4.22). These source terms are a result of the turbulent non-linear
combustion process, so that they represent non-linear functions of the turbulence quanti-
ties. These terms act as �xed and given sources in the linear propagation problem, where
only the linear �uctuations of the density ρ′, velocities u′i and pressure p′ are solved. The
dipole source term f ′i and the quadrupole sources due to aerodynamic noise τ ′ij,L are in-
corporated in the linearized momentum eq. (4.21). The source term due to electrical heat
input is represented by q̇′V . Apart from the noise generation by viscous, thermal and species
di�usion, this model contains all main noise sources as given by the Lighthill eq. (4.1) or
the extended linear wave eq. (4.2). No assumptions concerning premixed or non-premixed
�ames were made so far, so that this set of linearized equations holds for both types of
�ames. A di�erentiation is introduced in the following subsection.

The source terms in the linearized continuity eq. (4.20) and energy eq. (4.22) are not in-
dependent from each other. They are coupled through the non-linear pressure-density rela-
tion (2.14) for reacting �ows as derived by Crighton et al. [1992]. Also the relation between
both source terms determines the entropy wave generation, which is demonstrated in the
subsections for perfectly-premixed and non-premixed �ames. When assuming an isobaric
(Dp/Dt→ 0), incompressible and small Mach number �ame (〈ui〉 → 0, i.e. D/Dt ≈ ∂/∂t),
followed by ensemble and time-averaging, the pressure-density relation (2.14) simpli�es to

∂〈ρ〉
∂t

+
〈
u′′i
∂ρ′′

∂xi

〉
− u′′i

∂ρ′′

∂xi
= −κ− 1

c2

[
〈ω̇T 〉 − ω̇T

]
. (4.23)

Replacing the left side of eq. (4.23) with the Reynolds-averaged continuity equation
[Poinsot and Veynante, 2005, cf. chapter 4.5.1, p. 141] yields〈

ρ′′
∂u′′i
∂xi

〉
− ρ′′∂u

′′
i

∂xi
= −κ− 1

c2

[
〈ω̇T 〉 − ω̇T

]
. (4.24)

This equation states that heat release �uctuations caused by unsteady combustion are
converted into turbulent velocity and density �uctuations. The unsteady combustion pro-
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cess leads to an unsteady volume generation and is therefore a monopole source, which is
re�ected in the divergence of the velocity.

4.2.2 Source Models For Perfectly-Premixed and Non-premixed

Flames

A comparison between the non-reacting LNSE (3.2)-(3.4) and the LNSE including stochas-
tic sound sources (4.20) - (4.22) reveals that one major di�erence is the source term in the
linearized continuity equation. Some studies showed that this term can increase the local
volume �ow rate up to 20% [Muniz and Mungal, 2001]. As stated by eq. (4.19) this term
represents the ensemble averaged coherence between turbulent density and velocity �uc-
tuations, i.e. the covariance 〈ρ′′u′′i 〉, which is closely related to the turbulent combustion
process [Gulati and Driscoll, 1986]. Beyond this the heat of combustion source term in the
linearized energy eq. (4.22) contains highly non-linear correlations of the turbulent species
and temperature �uctuations [Poinsot and Veynante, 2005]. The natural way to proceed
is to retain the LNSE in the form of eqs. (4.20) - (4.22) and to determine the spectral
content of both source terms including the amplitude and phase information by performing
URANS, LES or even DNS. As the entropy wave generation is controlled by the relation
between both source terms this approach automatically includes the di�erences of perfectly
premixed and non-premixed �ames.

In this thesis di�erent statistical combustion noise models based on stationary RANS
simulations are applied, which can not provide the phase information of any source term.
Therefore also the relation and phase di�erence between the source terms in the continuity
eq. (4.20) and energy eq. (4.22) are unknown when using statistical noise models. For this
reason a model is needed to further simplify the pressure-density relation (4.23), which
connects the source terms in the continuity and energy equation. For the special cases of
perfectly premixed and non-premixed �ames such a model is derived in the next paragraphs.

LNSE For Perfectly Premixed Flames

In the following the relation between the source terms in the linearized continuity eq.
(4.20) and energy eq. (4.22) is modeled to derive the LNSE with stochastic sound sources
for perfectly premixed �ames. This is achieved by evaluating the covariances 〈ρ′′u′′i 〉 and
〈ρ′′c′′〉. The density-velocity covariance 〈ρ′′u′′i 〉 represents the source term in the continuity
equation, cf. eq. (4.19). The heat of combustion can be expressed by a covariance between
the density and reaction progress variable 〈ρ′′c′′〉, because in case of a low-Mach number
�ame with negligible mass di�usion ω̇T = −∆hRω̇c = −∆hRρDc/Dt simpli�es to

ω̇T = −∆hR
∂ρc

∂t
, (4.25)

so that ω̇′T depends on 〈ρ′′c′′〉. The apparent turbulent �uctuations are strictly coupled
through the �ame surface movement in perfectly premixed �ames. This represents a re-
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duction of the degrees of freedom as compared to the non-premixed �ame, where not
only apparent turbulent �uctuations are observed, but also �true� mixture fraction �uc-
tuations. In a perfectly premixed �ame all turbulent �uctuations are functions of the
reaction progress variable, which presumably leads to the high coherence levels of the
density-velocity correlation, among others. Based on the work of Bray and Moss [1977]
the covariances 〈ρ′′u′′i 〉 and 〈ρ′′c′′〉 can be explicitly given in terms of the mean variance of
the reaction progress variable c̃′′2 and the heat release parameter τ := ρu/ρb [Poinsot and
Veynante, 2005], i.e.

〈ρ′′c′′〉 = −〈ρ〉τ c̃(1− c̃)
1 + τ c̃

= −〈ρ〉 τ c̃
′′2

1 + τ c̃
, (4.26)

〈ρ′′u′′i 〉 = −〈ρ〉τ c̃(1− c̃)
1 + τ c̃

(
ūbi − ūui

)
= −〈ρ〉 τ c̃

′′2

1 + τ c̃

(
ūbi − ūui

)
= 〈ρ′′c′′〉

(
ūbi − ūui

)
. (4.27)

The underlying Bray Moss Libby (BML) analysis [Bray et al., 1988] assumes a discrete
double-delta PDF for all thermodynamic variables. This implies an in�nitely fast chem-
istry, where either unburnt gases (index u) or burnt gases (index b) exist, but no inter-
mediate species are present. The covariances are directly proportional to each other and
in phase because 〈ρ′′u′′i 〉 ∼ 〈ρ′′c′′〉 < 0. The negative sign of the density-velocity correla-
tion is also in line with experimental measurements by Gulati and Driscoll [1986]. The
covariances may be expressed by the autocovariance of the reaction progress variable, i.e.
〈ρ′′c′′〉 = f(c̃′′2) and 〈ρ′′u′′i 〉 = f(c̃′′2). Based on this phenomenological analysis it is reason-
able to assume that the source terms in the linearized continuity eq. (4.20) and energy eq.
(4.22) are in phase for perfectly-premixed �ames. Taking this into account and neglecting
the correlation between the turbulent velocity and density gradients, the pressure-density
relation (4.23) simpli�es to

ρ̄s′V =
∂ρ′t
∂t

=
(κ− 1)

c̄2
ω̇′T = −(κ− 1)

c̄2
∆h̄Rω̇

′
c. (4.28)

This equation connects the source terms in the linearized continuity eq. (4.20) and energy
eq. (4.22) for perfectly premixed �ames. As shown below the eq. (4.28) is equal to imposing
a volume source without any entropy production. In order to highlight the volume source
character of the source terms they are formally expressed by ρ̄s′V = ∂ρ′t/∂t, in which s′V
can be interpreted as a divergence of the velocity. This represents one major e�ect as
stated by Strahle [1972]: Turbulent density �uctuations ρ′t inside the �ame volume caused
by unsteady combustion are converted into velocity �uctuations leading to the release of
acoustic waves. Pierce [1994] initially derived a relation between arbitrary energy and mass
sources, which leads to the same results as given by eq. (4.28). Inserting the source term
relation (4.28) into the eqs. (4.20) - (4.22) yields the LNSE including turbulent stochastic
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sources for perfectly-premixed �ames

Dρ′

Dt
= −u′i

∂ρ̄

∂xi
− ρ̄∂u

′
i

∂xi
− ρ′∂ūi

∂xi
+ ρ̄s′V (c̃′′2), (4.29)
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Dt
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∂ūi
∂xj
− ρ′ūj

∂ūi
∂xj
− ∂p′

∂xi
+
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∂xj

+ ρ̄f ′i −
∂

∂xj
τ ′ij,L, (4.30)

Dp′

Dt
= −u′i

∂p̄

∂xi
− κp̄∂u

′
k

∂xk
− κp′∂ūk

∂xk
+ (κ− 1)

{
Φ′ + λ

∂2T ′

∂xi∂xi
+ q̇′V

}
+ ρ̄c̄2s′V (c̃′′2). (4.31)

The volume source term s′V is a function of the variance of the reaction progress variable,
which was shown in context of the BML analysis above, cf. eqs. (4.26) and (4.27). Lin-
earization of the entropy eq. (2.13) and injecting the material derivative of the pressure
(4.31) and density (4.29) leads to the linearized energy equation in entropy form

ρ̄T̄
Ds′

Dt
=

Dp′

Dt
− c̄2 Dρ′

Dt
= −

(
ρ̄T̄ u′i + ρ̄T ′ūi + ρ′T̄ ūi

) ∂s̄
∂xi
−

− κp′ − c̄2ρ′

κ− 1

∂ūk
∂xk

+

{
Φ′ + λ

∂2T ′

∂xi∂xi
+ q̇′V

}
. (4.32)

The volume source terms s′V do not appear on the right side of eq. (4.32), where sources
and interaction terms of entropy waves are found. Consequently the volume source term
modeling approach for perfectly-premixed �ames as proposed in this thesis does not lead
to any entropy wave generation. This is the most important �nding of the current sub-
section. It should be emphasized that the presented volume source term approach for
premixed �ames is consistent with the source term �ltering technique developed by Ewert
and Schröder [2003]. As shown for instance by Delfs [2016] the volume source approach
can also be arrived at by introducing a volume source term in the linearized continuity
equation, which then appears in the linearized energy equation after a rigorous derivation.

However when it comes to the propagation of acoustic waves released by the volume
source terms, the entropy eq. (4.32) reveals an inherent limitation of the non-reacting
LNSE (4.29) - (4.31). As indicated by the �rst term−u′i∂s̄/∂xi in eq. (4.32), the interaction
of acoustic and vorticity waves with mean entropy gradients always leads to an excitation
of entropy waves, which is independent from the source model. Therefore the LNSE do
not support an isentropic wave propagation in a non-isentropic mean �ow.

LNSE For Non-Premixed Flames

In non-premixed �ames not only apparent turbulent �uctuations due to �ame intermit-
tency are observed but also �uctuations resulting from variations in the mixture fraction
composition. Therefore the turbulent �uctuations are no more exclusive functions of one
primary variable like the reaction progress variable in the premixed case. They are also
functions of the turbulent mixture fraction �uctuations, which can be understood as an
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additional degree of freedom with regard to the generation of heat release oscillations. The
measurements by Dibble et al. [1984] support the idea that the additional degree of free-
dom leads to lower coherence between the source terms in the continuity eq. (4.20) and
energy eq. (4.22). As measured by Jörg [2015] this does not necessarily mean that the
acoustic power radiated by a non-premixed �ame is lower than the acoustic power emitted
by a premixed �ame with the same mean thermal power.

Since the relation between the source terms in the continuity eq. (4.20) and energy
eq. (4.22) cannot be analytically given as done before in context of the perfectly premixed
�ame, the heat release �uctuations are imposed in the conventional way by setting [Poinsot
and Veynante, 2005]

ω̇T = ω̇z = −ρD(∇z)2∂
2Yk
∂z2

= −1

2
ρχ
∂2Yk
∂z2

. (4.33)

This implies that the �uctuating heat release is a function of the variance of the mixture
fraction ω̇′z = f(z̃′′2), cf. (2.22). The source term in the linearized continuity eq. (4.20)
is assumed to be zero in this case. Then the LNSE (4.20) - (4.22) including turbulent
stochastic sources for non-premixed �ames read

Dρ′

Dt
= −u′i
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∂xi
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′
i

∂xi
− ρ′∂ūi

∂xi
, (4.34)
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′′2).

(4.36)

In linear acoustics a monopole source can be either prescribed in the continuity or energy
equation. Because of that, imposing the combustion noise source term solely in the conti-
nuity or energy equation has no in�uence on the acoustic amplitudes produced by it. But
as the additional source term controls the generation of entropy waves the conventional
model (4.33) is inherently accompanied by an entropy wave generation, which is desirable
for non-premixed �ames. This is demonstrated by a derivation of the entropy equation
based on the linearized continuity eq. (4.34) and energy eq. (4.36) for non-premixed
�ames to �nally obtain

ρ̄T̄
Ds′

Dt
=

Dp′

Dt
− c̄2 Dρ′

Dt
= −

(
ρ̄T̄ u′i + ρ̄T ′ūi + ρ′T̄ ūi

) ∂s̄
∂xi
−

− κp′ − c̄2ρ′
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+
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}
+ ω̇′z(z̃

′′2). (4.37)

This equation contains the heat rate of combustion ω̇′z(z̃′′2) as a source term for entropy
waves on the right hand side. As already mentioned in context of premixed �ames the
interaction of acoustic waves with mean entropy gradients, identi�ed as the �rst term in
eq. (4.37), produces entropy waves.
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Transformation Into Frequency Domain

For the sake of completeness the LNSE with stochastic sound sources are transformed into
frequency domain using eq. (3.11). This delivers in case of perfectly premixed �ames:

iωρ̂+ ūi
∂ρ̂

∂xi
= −ûi

∂ρ̄

∂xi
− ρ̄∂ûi

∂xi
− ρ̂∂ūi

∂xi
+ ρ̄ŝV , (4.38)
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(4.40)

In case of non-premixed �ames the frequency-transformed LNSE with stochastic sound
sources read:
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(4.43)

In summary these sets of equations contain monopole source terms related to electrical
heat input (ˆ̇qV ), as well as the combustion of a perfectly premixed �ame (ŝV ) or di�usive
�ame ( ˆ̇ωz). The momentum equation additionally contains the dipole source terms (f̂i)
and quadrupole sources (τ̂ij,L), which allows to model aerodynamic noise.

Isentropic Wave Propagation

When limiting the investigation on direct noise or when neglecting the entropy wave gen-
eration downstream of the �ame (due to dilution and cooling air) it is useful to apply the
isentropic version of the LNSE on the regarded combustion chamber. The non-premixed
�ame and source model exclude isentropic wave propagation per de�nition, so that the
isentropic assumption is only justi�able in case of premixed �ames, where the e�ects of
entropy wave generation downstream of the �ame are negligible. Under the assumption of
isentropic wave propagation the energy eq. (4.31) is dropped in the LNSE (4.29)-(4.31) for
perfectly premixed �ames, which simplify to
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i
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In this case only the source term in the linearized continuity eq. (4.44) is kept. This is a
valid approach for the simulation of direct combustion noise because the source terms in
the linearized continuity eq. (4.44) and energy eq. (4.31) are equal with respect to the
acoustic excitation as long as they are coupled through the relation (4.28) [van Kampen,
2006, van Kampen et al., 2003]. As demonstrated above the second source term of both
controls the entropy wave generation, which can be ignored when applying the isentropic
assumption.

Summary

Based on physical argumentation the following two semi-analytical submodels were derived:

• Perfectly premixed �ames: The high coherence of density, velocity and reaction
progress variable �uctuations lead to a perfect coupling of the source terms in the
linearized continuity eq. (4.20) and energy eq. (4.22), i.e. they are exactly in phase.
This behavior corresponds to a perfect volume source, which is not accompanied by
entropy wave generation.

• Non-premixed �ames: The higher the degree of non-premixing, the smaller the co-
herence between the source terms in the linearized continuity eq. (4.20) and energy
eq. (4.22). Then coupling and phase relation between both source terms become less
de�ned and distinct, which corresponds more to the behavior of a heat source. The
conventional approach is applied in this case since no analytical relation between the
source terms can be derived.

• Partially premixed �ames are not treated in this thesis. The derivation of a source
model for such �ames was out of the scope with respect to time of the current project.
This should be addressed in further studies.

4.2.3 Source Term Properties

In the following the main features of the presented semi-analytical model are summarized:

• Source terms due to turbulent �uctuations: Under the assumption of complete
combustion, eqs. (4.29) - (4.31) and eqs. (4.34) - (4.36) describe the propagation
of acoustic, entropy and vorticity waves in a non-reacting environment. In a small
source region enclosed in the propagation domain, source terms arise in the LNSE due
to intense turbulent �uctuations of the density and heat rate of combustion in a low
Mach number �ame. According to the eq. (4.19), these source terms are non-linear
functions of the turbulent �uctuations.

• Monopole combustion noise sources: The LNSE with stochastic sound sources
contain all major source mechanisms of the Lighthill eq. (4.1) and extended linear
wave eq. (4.2). This is proven by recasting the LNSE for premixed and non-premixed
�ames into the corresponding linear wave equations. In case of premixed �ames,
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inserting the divergence of the momentum eq. (4.30) into the time derivative of the
continuity eq. (4.29) and assuming no mean �ow (ūi = 0, ∂ūi/∂xj = 0, ∂ρ̄/∂xi =
∂p̄/∂xi = 0) yields

− 1

ρ̄c̄2

∂2p′

∂t2
+

1

ρ̄

∂2p′

∂xi∂xi
=
∂f ′i
∂xi
− 1

ρ̄

∂2

∂xi∂xj
(τ ′ij,L)− 1

ρ̄

∂2ρ′t
∂t2

. (4.46)

In case of non-premixed �ames the linear wave equation is deduced from the LNSE
by taking the divergence of the momentum eq. (4.35) and the time derivative of
the energy eq. (4.36). When neglecting the mean �ow, the combination of both
equations leads to the following linear wave equation:

− 1

ρ̄c̄2

∂2p′

∂t2
+

∂

∂xi

(1

ρ̄

∂p′

∂xi

)
=
∂f ′i
∂xi
− ∂

∂xi

(1

ρ̄

∂

∂xj
τ ′ij,L

)
− κ− 1

ρ̄c̄2

∂ω̇′z
∂t

. (4.47)

The time derivatives of the density in eq. (4.46) and the heat rate of combustion
in eq. (4.47) indicate the monopole character of the source models for perfectly
premixed and non-premixed �ames, cf. Ehrenfried [2002], Rienstra and Hirschberg
[2012].

• Coherence: The amplitude of the source terms for premixed and non-premixed
�ames depends on the coherence between stochastic quantities. No combustion
noise is released without a certain level of coherence between the stochastic tur-
bulent �uctuations [Wäsle et al., 2005]. For example, the source term in the lin-
earized continuity eq. (4.20) is a function of the coherence between turbulent density
and velocity �uctuations. When introducing the density-velocity coherence function
R∗ρu := 〈ρ′′u′′i 〉/(ρrmsurms), the source term in the linearized continuity eq. (4.20) may
be written as

ρ̄s′V = − ∂

∂xi
〈ρ′′u′′i 〉 = −ρrmsurms

∂

∂xi
R∗ρu. (4.48)

The combustion noise source term vanishes for completely uncorrelated turbulent
velocity and density �uctuations, i.e. R∗ρu = 0 yields ρ̄s′V = 0. According to eq. (4.33)
the source amplitude of a non-premixed �ame depends on the coherence between
mixture fraction �uctuations.

• Power density source spectra: The presented triple-decomposition approach nat-
urally delivers power density spectra of the di�erent combustion noise source terms
for premixed and non-premixed �ames, which is explained as follows: When re-
garding premixed �ames the source term in the linearized continuity eq. (4.29)
depends on the one-point covariance Rρu(t) = 〈ρ′′(τ)u′′i (τ + t)〉 as stated by eq.
(4.19). The source term in the linearized energy eq. (4.31) contains the covariance
Rρc(t) = 〈ρ′′(τ)c′′(τ + t)〉. Both source terms can be expressed in terms of autoco-
variances R

c̃′′2
(t) = 〈c′′(τ)c′′(τ + t)〉 of the reaction progress variable and its variance
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using the BML model eqs. (4.26) and (4.27). When performing the transformation
into frequency domain this directly leads to a power density spectrum of the variance
of the reaction progress variable, e.g. for the cross-spectrum of the velocity-density
covariance [Pope, 2000]

χρu(ω) = F{Rρu(t)} =
1

π

∫ ∞
−∞
〈ρ′′(τ)u′′i (τ + t)〉eiωtdt. (4.49)

Then the power spectral density of the reaction progress variable is given by setting
t = 0 to obtain

χ
c̃′′2

(ω) = F{R
c̃′′2

(t = 0)} = F{〈c′′2〉} =
1

π

∫ ∞
−∞
〈c′′(τ)c′′(τ + t)〉eiωtdt. (4.50)

For non-premixed �ames the source term in the linearized energy eq. (4.36) is a
function of the autocovariance R

z̃′′2
(t) = 〈z′′(τ)z′′(τ + t)〉 as given by eq. (2.22). The

transformation into frequency domain directly leads to the power spectral density of
the mixture fraction

χ
z̃′′2

(ω) = F{R
z̃′′2

(t = 0)} = F{〈z′′2〉} =
1

π

∫ ∞
−∞
〈z′′(τ)z′′(τ + t)〉eiωtdt. (4.51)

This is a key result of the proposed model as it provides a formal derivation of the
existence of power spectra as source terms due to stochastic turbulent �uctuations
in the linearized equations. This can not be achieved when considering linear source
terms of deterministic variables. To the best of the authors knowledge the models
proposed so far for instance by Weyermann [2010] or Mühlbauer et al. [2010] give no
explanation for imposing the power spectral density as source terms. Beyond this
eq. (4.50) gives a formal derivation of the starting point of the spectral model by
Hirsch et al. [2006, 2007], which assumes a spectrum of the mean reaction progress
variable. In conclusion the model reveals that the source terms are directly related to
power spectral density of the mean variance of the progress variable c̃′′2 and mixture
fraction variance z̃′′2, respectively.

• Entropy wave generation: The di�erent physics of the entropy wave generation
in perfectly premixed �ames and non-premixed �ames is accurately accounted for
by the model. This was demonstrated by deducing the entropy equation from the
LNSE for perfectly premixed and non-premixed �ames in each case. For perfectly
premixed �ames the entropy eq. (4.32) con�rms that the volume source terms ρ̄s′V
do not contribute to an entropy wave generation. In case of non-premixed �ames the
heat rate of combustion ω̇′z appears on the right side of the entropy eq. (4.37), where
sources of entropy waves are found.
In both cases the energy equations in entropy formulation, eqs. (4.32) and (4.37),
provide evidence of an inherent limitation of the linearized non-reacting equations
since they do not support an isentropic solution in a non-isentropic mean �ow, which
is represented by the �rst term −u′i∂s̄/∂xi.
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• Coupling with LES simulations: Finally the model provides the opportunity to
easily incorporate source terms obtained from ensemble-averaged/�ltered equations
such as LES or URANS. In case of premixed �ames the volume source terms in the
linearized continuity (4.29) and energy eq. (4.31) are obtained by the evaluation of
the time derivative of the density

ρ̄s′V =
∂ρ′t
∂t

=
∂〈ρ〉
∂t

. (4.52)

In case of non-premixed �ames the ensemble averaged heat rate of combustion ad-
ditionally needs to be computed to get the source term in the linearized energy eq.
(4.36).

After deriving a semi-analytical model for the combustion noise source terms, the modeling
of their spectral content is reviewed in the following section.

4.3 Spectral Modeling

In the present thesis di�erent statistical combustion noise models are applied to two com-
bustion chamber test rigs. The original version among the tested combustion noise models
was developed by Hirsch et al. [2006, 2007] for premixed �ames. The statistical model
by Hirsch et al. [2007] is based on the far-�eld solution (4.10) of the wave eq. (4.3). Its
key elements can be summarized as follows: As sketched in �g. 4.6 the �ame is seen as
an ensemble of individual virtual sources. Each has a coherence volume Vcoh derived from
the turbulent integral length scale. The integral heat release spectrum of the �ame is
calculated by the spatial integration of all individual sound sources, which are weighted
with the mean local heat release rate. The spectrum of the heat release �uctuation in-
side an individual source is expressed in terms of a modeled Eulerian turbulence spectrum
de�ned in wave number space [Tennekes and Lumley, 1972]. The assumed spectrum is
transformed into the corresponding Lagrangian frequency spectrum by postulating equal
energy contents in the wave number and frequency space [Tennekes and Lumley, 1972].
In the studies by Winkler [2007] and Wäsle [2007] the model was successfully applied to
uncon�ned swirled �ames. Later Jörg [2015] extended the model to non-premixed �ames
by introducing a generalized scaling coe�cient and modi�cations to the length scale and
frequency-wave number mapping. He demonstrated that the proposed scaling coe�cient
based on the variance of the temperature �uctuation delivers good agreement between
the numerical predictions and measurements for turbulent swirl �ames. Beyond this the
generalized scaling coe�cient by Jörg [2015] can be applied on premixed as well as non-
premixed �ames. A modi�ed version of the model by Hirsch et al. [2007], suggested by
Liu et al. [2014], was successfully validated in the frame of a network modeling approach
of a demonstrator combustor operating under premixed conditions. In the following two
subsections the di�erent spectral source models for premixed and non-premixed �ames are
reviewed.
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Source region: Turbulence 
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Figure 4.6: Visualization of the coherence concept of the combustion noise model for a
perfectly premixed �ame according to Weyermann [2010] and Jörg [2015].

Another method for modeling the spectral content of the source terms is to perform
incompressible LES simulations [Bui et al., 2007a]. The source terms derived above have
the opportunity to couple them to LES simulations. How this is done is shown in the last
subsection.

4.3.1 Perfectly Premixed Flames

Hirsch Model (2006)

The statistical noise model proposed by Hirsch et al. [2006, 2007] provides an integral
spectrum of the heat release �uctuations Q̇c(f) = |Q̇c(f)2|1/2. The subscript c indicates
that the spectrum is related to a perfectly premixed �ame. The spectrum is obtained
by postprocessing stationary RANS simulations. As explained above the key idea of the
model is to express the �ame as an assembly of local sound sources. These sources with
coherence volume Vcoh are statistically independent from each other. Consequently the
integral heat release spectrum is computed by the integration of all local sound sources
over the total �ame volume, while the spatio-temporal coherence between the di�erent
sources is accounted for by each local coherence volume to obtain [Weyermann, 2010]

|Q̇c(f)2| = (2π)3

∫
Vf

(κEq(κ)

f

)2

VcohdV. (4.53)

Following Hirsch et al. [2007] the spectrum of the local heat release �uctuations in eq. (4.53)
is modeled by an assumed Eulerian turbulence spectrum Eq, de�ned in wave number space
κ. The heat release spectrum is in turn related to a spectrum of the �uctuations of the
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mean progress variable c̃′′2, which yields

Eq(κ) = ¯̇ωT cdcs
ε

2
3

k
κ−

5
3 exp

[
−3

2

(
πβα

1
2 (κlt)

− 4
3 + α(κηc)

4
3

)]
. (4.54)

This spectrum is based on the modeled spectrum by Tennekes and Lumley [1972]. The
empirical constants cd, α and β and additional constants presented in the following are
quanti�ed at the end of this paragraph. The scaling function cs in eq. (4.54) is introduced
to account for varying Damköhler numbers Da = cµks

2
l /(εacw) [Hirsch et al., 2007]

cs =
α

cd

[
sl/
√

2/3k + (1 + Da−2)−0.25

sl/
√

2/3k + 1

]2

, (4.55)

where the laminar �ame speed sl is calculated using empirical correlations, as for instance
summarized by Turns [2011]. In eq. (4.54) the integral length scale lt = clk

3
2/ε is obtained

from the turbulent kinetic energy and dissipation rate. The spectral cut-o� length scale ηc
is de�ned as the maximum of the Corrsin length scale lc and the Gibson length scale lg,
multiplied by the empirical factor cg, i.e.

ηc = max{cglg, lc}, lg =
s3
l

ε
, lc =

(a3

ε

)1/4

. (4.56)

A mapping rule between the wave number and frequency can be derived when postulating
equal energy contents in the wave number and frequency space to give [Tennekes and
Lumley, 1972]

κ =
(2πfτc)

3
2

δtα
3
4

. (4.57)

In this way the wave number spectrum of the heat release Eq(κ) is transformed into a
corresponding Lagrangian frequency spectrum χq(f) by [Jörg, 2015]

χq(f) =
κ

πf
Eq(κ). (4.58)

This transformation is already included in the �nal formula (4.53) for the integral spectrum
of the heat release rate. In eq. (4.57) the chemical time scale and turbulent �ame thickness
are indicated by δt and τc, respectively. The chemical time scale τc = cτδt/st is the ratio of
the turbulent �ame thickness δt and turbulent �ame speed st, which are in turn obtained
from a Damköhler-scaling as proposed by Schmid [1995]:

st = sl + u′′(1 + Da−2)−1/4, (4.59)

δt = δl + lt(1 + Da−2)1/4. (4.60)

The �uctuating turbulent velocity is proportional to the turbulent kinetic energy when
assuming isotropic turbulence, i.e. u′′ = ut =

√
2/3k. The spatial coherence is quanti�ed
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by a virtual coherence volume Vcoh, which is deduced from the turbulent integral length
scale as shown by Weyermann [2010]. In combustion noise problems the integral length
scale is replaced by the turbulent �ame thickness to give Vcoh = 8δ3

t [Jörg, 2015].

In the present thesis the following constants are chosen equally for all combustor test
cases except where otherwise stated: cw = 1.2 , cl = 0.42 , cµ = 0.09 , cτ = 0.5 , cd = 2.0 ,
cg = 3.0 , α = 1.5 and β = 0.3 [Jörg, 2015, Weyermann, 2010].

To sum up all quantities in the spectral model are exclusive functions of the turbulent
kinetic energy k, the turbulent dissipation rate ε and the mean volumetric heat release
¯̇ωT . Therefore the integral spectrum of the heat release of the �ame is also an exclusive
function of k, ε and ¯̇ωT , i.e. Q̇c(f) = Q̇c(f, k, ε, ¯̇ωT ). These turbulent quantities are easily
obtained by postprocessing a stationary RANS simulation based on the k-ε model, cf.
sec. 2.2. The statistical model is not limited to applications based on the k-ε model,
other turbulence models such as the k-ω or SST model can be evaluated by exploiting the
relation ω = ε/(cµk) [Pope, 2000]. The mean heat release rate may be either reduced to
a function of the turbulent quantities by utilizing simple combustion models such as the
Eddy-Breakup model, or explicitly calculated by species transport models [ANSYS, 2011a,
Poinsot and Veynante, 2005].

Jörg Model (2015) for Premixed Flames

The generalized scaling coe�cient introduced by Jörg [2015] is valid for premixed as well
as non-premixed �ames. In case of high turbulent Damköhler numbers the model by Jörg
[2015] converges towards the model by Hirsch et al. [2007]. The similarity of both model-
ing approaches with respect to the scaling coe�cient was demonstrated by Jörg [2015] for
a premixed �ame. The model extension by Jörg [2015] to non-premixed �ames contains
additional modi�cations of the frequency-wave number mapping and the integral length
scale, which are reviewed in the following subsec. 4.3.2.

When applying the model by Jörg [2015] on premixed �ames, the scaling constant in
the eq. (4.54) for the local heat release spectrum is replaced by the generalized scaling
coe�cient cs:

cs =
α

cd

θ̃′′2

θ̃(1− θ̃)
. (4.61)

It directly relates the strength of the heat release �uctuations to the mean variance of
the temperature. θ̃ and θ̃′′2 represent the Gaussian pdf-weighted, dimensionless mean
temperature and its variance, normalized by the local di�erence between the adiabatic
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�ame temperature Tad(z) and unburnt temperature Tu:

θ̃ =
T̃ − Tu∫ 1

0
(Tad(z)− Tu)p(z)dz

, (4.62)

θ̃′′2 =
T̃ ′′2∫ 1

0
(Tad(z)− Tu)2p(z)dz

. (4.63)

The Gaussian pdf is entirely de�ned by the mean mixture fraction z̃ and its variance

σz =
√
z̃′′2, i.e.

p(z) =
1

σz
√

2π
exp[−(z − z̃)2)/(2σ2

z)]. (4.64)

A transport equation for the variance of the temperature T̃ ′′2 is solved simultaneously to
the RANS equations to get its local values needed in eq. (4.63) [Gerlinger, 2005]

∂〈ρ〉T̃ ′′2
∂t

+
∂〈ρ〉ũjT̃ ′′2

∂xj
=

∂

∂xj

[(
ν +

νt
Prt

)∂〈ρ〉T̃ ′′2
∂xj

]
+ cg〈ρ〉

νt
Prt

( ∂T̃
∂xj

)2

− cd〈ρ〉
ε

k
T̃ ′′2.

(4.65)

The empirical scaling coe�cients are cg = 2.0 and cd = 2.0 . Following the idea by Jörg
[2015] the local adiabatic �ame temperature in the eqs. (4.62) and (4.63) is determined by
solving iteratively an enthalpy balance.

Liu Model (2014)

The modi�cation proposed by Liu et al. [2014] introduces a prefactor ρ0Yf,0Hlcd(ε/k) in
the local heat release spectrum (4.54) in comparison to the model by Hirsch et al. [2007].
Then the local heat release spectrum is computed as

Eq(κ) = ρ0Yf,0Hl
¯̇ωT c

2
dcs

ε
5
3

k2
κ−

5
3 exp

[
−3

2

(
πβα

1
2 (κlt)

− 4
3 + α(κηc)

4
3

)]
. (4.66)

Although this prefactor is not explicitly depending on the frequency, it leads to a stronger
weighting of regions with high turbulent shear. All other computations are done as before
in the model by Hirsch et al. [2007].

4.3.2 Non-Premixed Flames

The basic procedure for computing the integral heat release rate is the same for perfectly
premixed and non-premixed �ames. The di�erences introduced by Jörg [2015] lie in the
modeling of the scaling coe�cient of the local heat release spectra and the computation of
the coherence volume and frequency-wave number mapping. In the present thesis the mean
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heat release rate in the modeled source spectrum is computed on basis of the mixture frac-
tion variance. The derivation of this modeled source spectrum for non-premixed �ames is
given in the next paragraphs before presenting the model by Jörg [2015] for non-premixed
�ames.

The starting point is the �amelet approach for di�usive �ames [Klein, 2000, Strahle,
1985] to express the �uctuating heat release ω̇′z in the linearized energy eq. (4.36) by help
of the mean scalar dissipation rate χ̃ of the mixture fraction. Under the assumption of
in�nitely fast chemistry [Poinsot and Veynante, 2005] this yields

¯̇ωz(z̃′′2) =
Y 0
FHl

2(1− zst)
(ρ̄χ̃)p(zst) =

Y 0
FHl

2(1− zst)
cdρ̄

ε

k
z̃′′2p(zst). (4.67)

Following the procedure proposed by Hirsch et al. [2006] the wave number spectrum of the
heat release is then given by

Eω(κ) =
Y 0
FHl

2(1− zst)
cdρ̄

ε

k
E
z̃′′2

(κ)p(zst), (4.68)

where the spectrum of the mixture fraction E
z̃′′2

is modeled by an assumed spectrum
[Tennekes and Lumley, 1972]

E
z̃′′2

(κ) = csχ̃ε
−1/3κ−5/3 exp

[
−3

2

(
πβα

1
2 (κlt)

− 4
3 + α(κηk)

4
3

)]
. (4.69)

The spectral cut-o� length scale in eq. (4.69) is de�ned by the Kolmogorov length ηk =
(ν3/ε)1/4 . Substituting eq. (4.69) into the spectrum of the �uctuating heat of combustion
(4.68) and using the mean heat release rate in eq. (4.67) �nally leads to

Eω(κ) = cscd ¯̇ωz(z̃′′2)
ε2/3

k
κ−5/3 exp

[
−3

2

(
πβα

1
2 (κlt)

− 4
3 + α(κηk)

4
3

)]
. (4.70)

As expected this is a very similar expression as the source spectrum of the premixed �ame
in eq. (4.54). The fundamental di�erence of premixed and di�usion �ames lies in the heat
release mechanism. In case of the non-premixed �ame it is dominated by species di�usion
into the �ame, which is re�ected in the scalar dissipation rate of the mixture fraction. In
premixed �ames the spectrum is controlled by �uctuations of the reaction progress variable
and therefore its variance.

Jörg Model (2015) for Non-Premixed Flames

The remaining values in the local heat release spectrum (4.70) are determined following
Jörg [2015]. The generalized scaling constant cs is calculated using eq. (4.61), which was
already introduced in context of premixed �ames. To determine the dimensionless mean
temperature and its variance, de�ned by the eqs. (4.62) and (4.63), the local adiabatic �ame
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temperature is needed. It is computed by solving iteratively the following transcendental
equations

Tad(z) = zT 0
F + (1− z)T 0

O +
HlY

0
F

cp(Tad(z))
zst

1− z
1− zst

, z > zst fuel side (4.71)

Tad(z) = zT 0
F + (1− z)T 0

O +
HlY

0
F

cp(Tad(z))
z, z ≤ zst oxidizer side. (4.72)

In addition to this the mean heat release rate ¯̇ωz in the local heat release spectrum Eω, eq.
(4.70), is determined according to the procedure given in sec. 2.2. The turbulent length
scale and coherence volume in the local heat release spectrum are expressed as functions
of the local gradient of the mean mixture fraction [Jörg, 2015], i.e.

lt =
cl
|∇z̃|

, Vcoh = 8l3t = 8
( cl
|∇z̃|

)3

. (4.73)

In the case of vanishing mixture fraction gradients the model delivers in�nite values so
that the following modi�cation is proposed:

lt = min
{ cl
|∇z̃|

, cl
k3/2

ε

}
. (4.74)

In the same way as for the perfectly premixed �ame the integral heat release spectrum
Q̇z(f) = |Q̇z(f)2|1/2 is obtained by the integration of the local sound sources over the
entire �ame volume

|Q̇z(f)2| = (2π)3

∫
Vf

(κEω(κ)

f

)2

VcohdV. (4.75)

In contrast to the premixed noise model a di�erent mapping rule between the Eulerian
wave number and Lagrangian frequency space applies to eq. (4.75). Referring to Jörg
[2015] the wave number is transformed into a corresponding frequency by

κ =
(2

3

) 3
2 (2πf)

3
2

α
3
4 ε

1
2

. (4.76)

The turbulent dissipation rate is calculated by the integral length and turbulent time, i.e.
ε = l2t /τ

3
t . The turbulent time is deduced from the turbulent kinetic energy and turbulent

dissipation rate to give τt = cτk/ε.

4.3.3 Incompressible LES for Source Term Prediction

When applying incompressible LES simulations to predict the combustion noise source
terms no submodels for perfectly premixed and non-premixed �ames need to be intro-
duced as it was done before in context of the statistical noise models. The reasons for
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this di�erent approach are twofold: First, source terms calculated by unsteady simulations
are naturally complex-valued with amplitude and phase information. Second, the LES
simulation model and its solution already include the relation between the source terms in
the linearized continuity eq. (4.20) and energy eq. (4.22) so that it does not need to be
modeled in this case. The relation between both source terms depends on the examined
�ame type and therefore the applied combustion model. As the relation between both
source terms controls the entropy wave generation, the di�erences of premixed and non-
premixed �ames with respect to entropy waves are inherently included in the model. Then
the starting point for the acoustic propagation simulations are the LNSE (4.20) - (4.22)
with stochastic sound sources, which hold for all types of �ames. Accordingly two source
terms need to be computed, which are separately treated in the subsequent paragraphs.

The �rst source term is the time derivative of the density in the linearized continuity
eq. (4.20). This term was also identi�ed by Bui et al. [2007b] as a major source term for
combustion noise. He coupled the LES source term computations with acoustic simulations
based on the APE-RF. In the present thesis a source term in the linearized continuity eq.
(4.20) is derived by means of the triple-decomposition. In subsec. 4.2.1 it is shown that
the divergence of the correlation between turbulent velocity and density is equivalent to
the time derivative of the density by exploiting the Reynolds-averaged continuity equation.
The theoretical derivation in this thesis ends up with eq. (4.52) reproducing the result by
Bui et al. [2007b]. Accordingly the spectrum of the source term is obtained by evaluating
the fast Fourier transformed time derivative of the density. Then the integral spectrum of
the volume source term is obtained by the volume-integration of all local sources to give

ρ̄SV (f) = F
{∫

V

∂ρ

∂t
dV
}
. (4.77)

The volume is not limited to the �ame itself since the source term is almost zero everywhere
else so that the entire combustor is chosen as the control volume. However the evaluation
of the volume integral at each time step would require tremendous computational e�orts.
This is avoided by reducing the volume integral in eq. (4.77) to a surface integral using
the continuity equation ∂ρ/∂t = −∂/∂xi(ρui) and the divergence theorem to obtain

ρ̄SV (f) = −F
{[∫

A2

(ρuini)2dA+

∫
A1

(ρuini)1dA
]}
. (4.78)

The combustor inlets are denoted by the subscript 1 and the combustor outlet is indicated
by the subscript 2.

The second source term is the heat rate of combustion in the linearized energy eq. (4.22).
Volume integration, followed by fast Fourier transform delivers the integral spectrum of
this source term, i.e.

Q̇(f) = F
{∫

V

ω̇TdV
}
. (4.79)
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Again the control volume contains the entire combustion chamber as the source term is
almost zero in the complete domain apart from the small �ame region.

In case of perfectly premixed �ames the computationally demanding evaluation of the
integral heat rate of combustion in eq. (4.79) is avoided by exploiting the relation (4.28). A
further simpli�cation of the model is achieved in cases, where the entropy wave generation
due to the cooling or dilution air injections downstream of the premixed �ame is negligible.
Under such circumstances it is justi�able to apply the isentropic LNSE model, eqs. (4.44)
and (4.45). In this way the solution of the energy equation is avoided, which leads to an
additional reduction of computational resources. Such an approach is presented in sec. 8.2
in the frame of the premixed CNRS combustor.

4.4 Source Term Distribution Modeling

All spectral combustion noise models presented in sec. 4.3 provide a frequency spectrum
of the integral heat release rate Q̇c(f) for premixed �ames and Q̇z(f) for non-premixed
�ames. The LNSE with stochastic sound sources solely contain the local source terms ρ̄ŝV
and ˆ̇ωz but no integral source terms. Therefore the integral combustion noise spectra need
to be spatially redistributed in a certain way to get local source terms, which allow an
LNSE implementation. How this is realized is the topic of the following paragraphs.

Weyermann [2010] demonstrated that the low-frequency range of the acoustic spectrum is
independent from the shape of the combustion noise source region when only acoustic wave
propagation is regarded. His result con�rms the reasonable assumption of an acoustical
compact source in the low frequency regime. The study of Weyermann [2010] was based on
a Helmholtz equation (3.23) model, which excludes the propagation of entropy waves, so
that the requirement of convectively compact �ames does not need to be considered when
de�ning the source region. In this thesis an energy-consistent model is proposed, which
distributes the local sources according to the mean heat release and the time-averaged
shape of the �ame. The special cases of premixed and non-premixed �ames are treated in
the following.

Premixed Flames

The volumetric source terms ρ̄ŝV are modeled by redistributing the integral spectrum Q̇c(f)
over the entire �ame volume while weighting it by the local mean volumetric heat release
¯̇ωT . This �nally yields the subsequent expression for the �uctuating heat release rate

ˆ̇ωT (x, f) = Q̇c(f)
¯̇ωT (x)

ṁFHl

. (4.80)

Under the assumption of an isobaric low-Mach number �ame the corresponding volume
source term ρ̄ŝV in the LNSE (4.38) - (4.40) is determined by the frequency-transformed
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version of eq. (4.28) to give

ρ̄ŝV (x, f) =
κ− 1

c̄2
ˆ̇ωT (x, f) =

κ− 1

c̄2
Q̇c(f)

¯̇ωT (x)

ṁFHl

= ρ̄SV (f)
¯̇ωT (x)

ṁFHl

. (4.81)

SV (f) represents an equivalent spectrum of the volume source term. A comparison of the
integral source spectra shows that ρ̄SV (f) = (κ− 1)/c̄2Q̇c(f). The model for distributing
the integral sources de�ned by eq. (4.81) ful�lls the energy conservation by de�nition. The
spatial integration of the volumetric sources over the entire �ame volume results in the
integral frequency spectrum because∫

V

ˆ̇ωT (x, f)dV =

∫
V

Q̇c(f)
¯̇ωT (x)

ṁFHl

dV =
Q̇c(f)

ṁFHl

∫
V

¯̇ωT (x)dV = Q̇c(f)
¯̇Qth

ṁFHl

= Q̇c(f).

(4.82)

In comparison to the model by Weyermann [2010] the advantage of this model is that it
does not need an additional de�nition of an arbitrary source volume. Later in subsec. 8.2.6
the results obtained by the source term distribution model (4.81) and an arbitrary source
region are compared with each other to validate the modeling approach for direct noise
computations.

Non-Premixed Flames

The same approach is used for non-premixed �ames. Once the integral source spectrum is
computed using eq. (4.75) it is redistributed in the LNSE for non-premixed �ames (4.41)
- (4.43) according to the mean heat release rate to obtain the local volumetric heat release
source term ˆ̇ωz in the linearized energy eq. (4.43):

ˆ̇ωz(x, f) = Q̇z(f)
¯̇ωz(x)

ṁFHl

. (4.83)

Model Limitations

In the modeling approach for premixed �ames (4.81) the term ρ̄ŝV act as a completely
coherent acoustic source spread over the entire �ame volume. Phase di�erences between
the local sources inside the �ame volume are not considered. In the model eq. (4.83) for
non-premixed �ames the term ˆ̇ωz creates acoustic and entropy waves with the same phase
in the entire �ame volume. Therefore the models de�ned by the eqs. (4.81) and (4.83)
lead to an increase of the coherence volume from Vcoh to the �ame volume Vf . Due to large
acoustic wave lengths this has no e�ect on the acoustic sources. The situation is di�erent
when considering sources of entropy waves, i.e. the term ˆ̇ωz. A coherent entropy wave
created in the entire �ame volume behaves di�erent from an ensemble of entropy waves,
each of which is created in the local coherence volumes. Due to the phase di�erences,
the ensemble of entropy waves is exposed to a remarkably stronger dispersion e�ect in
comparison to the coherent entropy wave. Therefore the source term distribution models,
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de�ned by the eqs. (4.81) and (4.83), only hold for acoustical and convectively compact
�ames where phase di�erences between the local sources of acoustic and entropy waves can
be neglected. The maximum frequencies, for which the assumption of compact �ames are
valid, are given by Dowling [1995]:

fmax �
c̄

δf
, acoustical compact �ame, (4.84)

fmax �
ū

δf
, acoustical-convectively compact �ame. (4.85)

The assumption of acoustical compact �ames (4.84) is ful�lled in the combustion chambers
and the frequency range of interest considered in this thesis. The model requirement of
convectively compact �ames (4.85) is not met in the LNSE simulations including entropy
waves. This leads to an overestimation of the entropy waves generated by the source term
ˆ̇ωz for non-premixed �ames. This important model limitation needs to be kept in mind
when analyzing the results for the indirect noise generated by partially-premixed and non-
premixed �ames presented in this thesis. As the volume source terms ρ̄ŝV for premixed
�ames do not support an entropy wave generation the distribution model (4.81) has no
in�uence on the results for the indirect noise in case of premixed �ames. The direct noise
computations based on the isentropic assumption are also not a�ected by the source term
distribution model (4.81).

Estimation of Entropy Dispersion E�ect Due to Incoherent Sources

Following the modeling approach for the heat release spectrum by Hirsch et al. [2007], the
temperature spectrum integrated over the �ame volume may be written as:

|T (f)2| = 1

V 2
f

∫
Vf

χ
T̃ ′′2

(f)VcohdV, (4.86)

where the power spectral density of the temperature is de�ned as:

χ
T̃ ′′2

(ω) = F{R
T̃ ′′2

(t = 0)} = F{〈T ′′2〉} =
1

π

∫ ∞
−∞
〈T ′′(τ)T ′′(τ + t)〉eiωtdt. (4.87)

In the idealized source term distribution model with in-phase entropy wave generation, the
coherence volume equals the total �ame volume, i.e. Vcoh = Vf . This stands in contrast
to the real incoherent entropy wave generation with Vcoh � Vf . When assuming the
temperature spectrum and the coherence volume to be constant in the �ame volume, the
idealized and incoherent volume-integrated temperature spectra are related by:

|T (f)2|incoh =
Vcoh
Vf
|T (f)2|coh. (4.88)

Under these assumptions there is an average factor of
√
Vcoh/Vf between the temperature

�uctuations / entropy waves produced by the idealized coherent and realistic incoherent
source term distribution model. Eq. (4.88) is applied in subsec. 8.2.7 on the CESAM-
HP combustor to estimate the entropy waves generated by an incoherent source term
distribution.
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5 Methodology

In this chapter the methodology for the prediction of direct as well as indirect combustion
noise emitted from turbulent con�ned �ames is presented. The �rst section outlines the
procedure for the application of the hybrid RANS/LNSE method to a combustion chamber.
By combining the hybrid RANS/LNSE method and the network models a strategy to
predict the ratio of direct and indirect combustion noise downstream of the combustor is
provided.

5.1 The Hybrid RANS/LNSE Approach for

Combustion Noise Predictions

The procedure for the computation of the combustion noise inside combustion chambers is
shown by taking the example of the generic premixed CESAM-HP combustor in �g. 5.1.

RANS Simulation

In a �rst step a stationary and reactive RANS simulation is performed, which delivers
the mean �ow �eld inside the regarded combustor, i.e. ρ̄, ūi and p̄. In this thesis RANS
simulations are carried out utilizing the commercial software package Ansys Fluent
Release 14.0 [ANSYS, 2011a] along with the mesh creator Icem cfd. The boundary
conditions, turbulence and combustion models applied in a certain test case are speci�ed
in the corresponding section.

Spectral Noise Model Postprocessor

After the numerical computation of the mean �ow �eld the spectral noise model postpro-
cessors of sec. 4.3 are applied to the results to determine the integral heat release spectra of
turbulent premixed �ames Q̇c(f) or non-premixed �ames Q̇z(f). As explained in subsec.
4.3.1 the postprocessing can be applied for various turbulence and combustion models.
The integral heat release spectra contain all statistical information such as the coherence
volumes of the di�erent sources in the �ame. They act as frequency-dependent source
terms in the following acoustic simulations.

The postprocessor both for the premixed and non-premixed noise model is implemented
in form of user defined functions (udf) coupled to Ansys Fluent.
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Figure 5.1: Hybrid approach for the determination of the combustion noise in the CESAM-
HP combustor.

LNSE Frequency-Domain Simulation with Stochastic Sound Sources

In the �nal step LNSE simulations are performed, which are based on the eqs. (4.38) -
(4.40) for premixed �ames and on the eqs. (4.41) - (4.43) for non-premixed �ames. De-
pending on the �ame type, the LNSE are parametrically excited by the combustion noise
source terms in the desired frequency range of interest situated between 10 and 1000 Hz for
most cases. In case of a premixed �ame the LNSE are excited by the volume source term
ŝV in the linearized continuity eq. (4.38) and energy eq. (4.40), while for the non-premixed
�ame the excitation is done via ˆ̇ωz in the linearized energy eq. (4.43). The correspond-
ing integral heat release spectra Q̇c(f) and Q̇z(f) are spatially redistributed according to
the mean �ame position using eqs. (4.81) and (4.83). Energy conservation of this spa-
tial source distribution is ful�lled if the volume-integral of the local sources delivers the
original integral source spectrum. The corresponding result for the statistical noise model
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Figure 5.2: Spectra of �uctuating heat release Q̇c(f), [W/Hz] associated with the combus-
tion noise for all three operating points of the CESAM-HP combustor.

by Hirsch et al. [2006, 2007] is exemplarily shown for the CESAM-HP combustor in �g.
5.2 for three di�erent operating points. The volume-integrated values of the local sources
were obtained in the postprocessing of the LNSE simulations. The original integral heat
release spectrum and the volume-integral of the local source term are almost equal, which
applies to all operating points. Therefore the model for the spatial source term distribu-
tion, proposed in this thesis, is energy consistent and does not need any arbitrary source
volume de�nition. Further speci�cations such as boundary conditions will be given when
introducing the di�erent test cases.

The numerical solution of the LNSE yields the �eld of the �uctuating pressure in the
combustion chamber. The resulting pressure spectra taken at the measurement positions
are used for comparison with experimental data. All pressure spectra shown in this thesis
are given in terms of the sound pressure level (SPL), which is computed as

SPL = 20 log10

( |p̂|
pref

)
= 20 log10

( |F{p′(t)}|
pref

)
. (5.1)

The reference pressure is de�ned by pref = 2 · 10-5Pa.

5.2 Numerical Implementation of LNSE

For convenience the numerical implementation of the LNSE is only brie�y outlined, see
Gikadi [2014] for details. The LNSE, eqs. (4.38) - (4.40) and (4.41) - (4.43), are discretized
by the �nite-element method (FEM). They are written in matrix-vector formulation, where
the di�erent quantities are collected in the vector of unknowns φ̂ = (ρ̂, û, v̂, ŵ, p̂)T and the
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convection, coupling and di�usion matrices Ai, C and Kij

iωφ̂+ Ai
∂φ̂

∂xi
+ Cφ̂ =

∂

∂xi

(
Kij

∂φ̂

∂xj

)
+ f . (5.2)

The standard Galerkin-formulation or weak form of the LNSE (5.2) is obtained by the
integration of its residual vector over the entire domain Ω, while weighting it by weighting
functions w = (wρ, wu, wv, ww, wp)

T and applying Green's �rst identity on the di�usion
terms in the momentum and energy equations to give [Codina, 1998, 2000]∫

Ω

wT
(

iωφ̂+ Ai
∂φ̂

∂xi
+ Cφ̂− f

)
dΩ +

∫
Ω

∂wT

∂xi
Kij

∂φ̂

∂xj
dΩ−

∫
ΓN

wTKij
∂φ̂

∂xj
nidΓ = 0.

(5.3)

Γ = ΓD ∪ ΓN describes the boundary of the domain, where Dirichlet and Neumann condi-
tions for the primitive variables and their �uxes are imposed. Eq. (5.3) is discretized by
dividing the domain Ω into a total number of nel �nite elements Ω(e). The unknown vari-
ables are expressed as the sum of elementwise de�ned shape functions and discrete nodal

values d̂
(e)
. This approach is known as the Bubnov-Galerkin approach, if the weighting

functions are the same as for the residual unknowns [Wall, 2010, Zienkiewicz et al., 2005a,b]

φ̂ = N (ξ)(e) d̂
(e)
, w = N (ξ)(e) g(e). (5.4)

N(e) ∈ R5×5np is the matrix of shape functions and np the number of nodes on each element.
The discretization of the weak form (5.3) along with the Bubnov-Galerkin approach (5.4)
yields

nel∑
e=1

gT (e)
{∫

Ω(e)

(
iωNTN + NTAi

∂N

∂xi
+ NTCN +

∂NT

∂xi
Kij

∂N

∂xj

)
dΩd̂

(e)
−

−
∫

Γ
(e)
N

NTKij
∂N

∂xj
nidΓd̂

(e)
−
∫

Ω(e)

NTfdΩ
}

= 0. (5.5)

The shape functions are de�ned locally on an unitary element in the parameter space.
They are transformed into real space using the isoparametric concept, i.e. the geometry
x (ξ) between the element's nodes x̄(e) is interpolated in the same way as the unknown
variables to give

x (ξ) = N (ξ)(e) x̄(e). (5.6)

Spatial derivatives in eq. (5.5) are transformed into real space using the chain rule
∂N/∂xi = (∂N/∂ξ)(∂ξ/∂xi), while the in�nitesimal volume element is linked between pa-
rameter and real space by the Jacobian matrix, i.e. dΩ = detJdξ noting that J = ∂x/∂ξ.
The following linear system of equations is obtained

nel∑
e=1

{(
iωm(e) + k(e)

)
d̂

(e)
− k

(e)
NBCd̂

(e)
− b(e)

}
= 0. (5.7)

68



5.2 Numerical Implementation of LNSE

m(e) ∈ R5np×5np is the element mass matrix, k(e) ∈ R5np×5np is element the sti�ness matrix
and b(e) ∈ R1×5np is the element load vector

m(e) :=

∫
Ω(e)

NTNdetJdξ, (5.8)

k(e) :=

∫
Ω(e)

(
NTAi

∂N

∂ξ

∂ξ

∂xi
+ NTCN +

∂NT

∂ξ

∂ξ

∂xi
Kij

∂NT

∂ξ

∂ξ

∂xj

)
detJdξ, (5.9)

b(e) :=

∫
Ω(e)

NTfdetJdξ. (5.10)

All local linear systems of equations (5.7) are �nally assembled to obtain the global system
with a total number of ndof degrees of freedom (dof), i.e.(

iωM + K
)
D̂ = B. (5.11)

The global mass matrix M ∈ Rndof×ndof , sti�ness matrix K ∈ Rndof×ndof , the global vector
of unknowns D̂ ∈ Cndof and the global load vector B ∈ Rndof are given by the assembly
operation.

The weak form in eq. (5.3) is prone to numerical oscillations in convection dominated
problems. That is why it is stabilized by a Galerkin/least-squares (GLS) approach to give
[Donea and Huerta, 2003, Hughes and Mallet, 1986, Hughes et al., 1989]

Standard-Galerkin eq. (5.3) +

∫
Ω(e)\∂Ω(e)

LT (w) τR(φ̂)dΩ = 0. (5.12)

R denotes the residual vector of the LNSE, L = R + f is the di�erential operator and
τ terms the stabilization matrix, cf. Donea and Huerta [2003], Zienkiewicz et al. [2005a].
The additional term in eq. (5.12) is evaluated over the interior of each element without its
boundaries, indicated by operator Ω(e) \ ∂Ω(e). In the same manner as explained above the
discretized formulation of the GLS-stabilized LNSE (5.12) results in a global linear system
of equations with ndof degrees of freedoms[

iω(M + MGLS) + (K + KGLS)
]
D̂ = B. (5.13)

The diagonal of the stabilization matrix τ in eq. (5.12) contains the stabilization parame-
ters of each equation τi, which are chosen to be identical in this thesis, i.e. τ = diag (τi) =
diag (τ) = δijτi. As proposed by Beau et al. [1993] the stabilization parameter is derived
from the spectral radius of the convection matrix ρ (Ak) and the characteristic element
size hk in the k-th direction

τi := max
j=1...3

{
ατ

h
(e)
j

ρ (Aj)

}
. (5.14)
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Unless otherwise speci�ed the prefactor is set to ατ = 1.0 in all test cases. With
knowledge of the spectral radius of the convection matrices the stabilization parameter
can be evaluated analytically yielding

τi = ατ max
j=1...3

(
hj

|ūj|+ c̄

)
. (5.15)

To improve the condition and therefore the numerical accuracy of the linear set of equations
(5.11) and (5.13), the �uctuating quantities ρ̂, ûi and p̂ are normalized by certain reference
values to ensure that they are of the same magnitude. Therefore the LNSE are solved for
non-dimensional density, velocities and pressure, i.e.

ρ̂∗ :=
ρ̂

ρ̄ref
, û∗i :=

ûi
c̄ref

, p̂∗ :=
p̂

p̄ref
. (5.16)

The mean �ow quantities at the inlet of each test case are chosen as reference values,
i.e. ρ̄ref = ρ̄1, c̄ref = c̄1 and p̄ref = p̄1. The commercial software Comsol Multiphysics
[COMSOL, 2011] is utilized for all acoustic simulations conducted in this thesis. This �nite-
element based tool allows to manually implement partial di�erential equations (PDE) and
their weak-formulations, such as the GLS-FEM discretized LNSE (5.12). Also advanced
postprocessing functionalities are available due to a Matlab interface.

5.3 Ratio Between Direct and Indirect Combustion

Noise

One goal of this thesis is the determination of the ratio between direct and indirect noise
for two generic combustion chambers. As explained in the following the noise ratio inside
the combustor can be predicted by a variation of its outlet boundary condition, while the
computation of the noise ratio downstream of the combustor requires the combination of
combustor simulations and network models.

5.3.1 Inside the Combustion Chamber

In real aero engine combustors the �ow through the turbine NGV reaches transonic con-
ditions for the most operating points [Bräunling, 2009]. The combustor outlet section and
turbine NGV can be therefore approximated by a choked nozzle. Under such assumptions
the strategy proposed by Dowling and Mahmoudi [2015] is pursued in this thesis to de-
termine the noise ratio inside the combustion chamber. The starting point for the LNSE
combustor simulations is to substitute the nozzle by an appropriate boundary condition
representing the nozzle re�ection behavior, i.e. eq. (3.42) in sec. 3.7. The excitation of
the LNSE along with either the volume source or heat release source term then delivers
the sound �eld of the total noise. The resulting pressure �uctuations inside the combustor
contain contributions from direct and indirect noise.
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Figure 5.3: Methodology for the discrimination between direct and indirect combustion
noise inside of a generic combustion chamber [Ullrich and Sattelmayer, 2015].

So far the procedure exactly corresponds to the method for the prediction of the total
combustor noise as explained in sec. 5.1. To identify the di�erent contributions of direct
and indirect noise, a second simulation based on a di�erent outlet boundary condition is
performed. In this second simulation the choked mass �ow condition (3.42) is modi�ed
in such a manner that it exclusively acts on the impinging acoustic waves but not on
the entropy waves. In this case only direct noise is present in the combustor since no
feedback of the entropy waves on the combustor acoustics is included in the model. The
appropriate outlet boundary condition is derived by replacing the density in eq. (3.42) by
the isentropic pressure-density relation (3.21), which yields eq. (3.43). Only the isentropic
part of the density �uctuations contribute to the boundary condition (3.43), while the
density �uctuation related to the entropy wave is excluded. Therefore entropy waves
impinging on the outlet boundary condtion (3.43) leave the propagation domain without
any acoustic feedback e�ect. Acoustic waves with de�ned pressure and isentropic density
�uctuations are creating re�ections at the outlet boundary condtion (3.43). In this way
the second simulation provides the sound �eld related to the direct noise. This stands in
contrast to the �rst simulation, where the outlet boundary condition (3.42) also acts on
the density �uctuations of the entropy wave, which create an acoustic feedback in form of
re�ected acoustic waves, i.e. the indirect noise. Due to the linear assumption both solutions
can be superimposed. The contribution of the indirect noise is retrieved by subtracting
the direct sound �eld from the total one. The entire procedure for the prediction of the
noise ratio inside the combustor is exemplarily illustrated in �g. 5.3 for the annular model
combustor, which will be treated in sec. 8.1. The procedure above is based on the idea by
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Dowling and Mahmoudi [2015] to separate the direct and indirect noise contributions by
a variation of the choked nozzle boundary condition.

5.3.2 Downstream of the Combustion Chamber

The fully three-dimensional acoustic simulation of all components of an aero engine like
combustor, turbine and exhaust nozzle is typically not feasible in an industrial design
process due to limited computational resources and time. Therefore di�erent components
such as the turbine are usually modeled by network elements at least in the early design
stage. The exhaust nozzle is most commonly represented by the early theoretical analyt-
ical models by Marble and Candel [1977], while the turbine is approximated by so-called
actuator-disc models, established by Cumpsty and Marble [1977b]. Further details on the
theoretical modeling of nozzles and turbine stages are given by Leyko et al. [2010, 2011].
In recent studies LES simulations of the generic CESAM-HP combustor [Huet et al., 2016]
and even a full annular helicopter combustion chamber [Livebardon et al., 2015, 2016] were
coupled with one-dimensional network tools.

The approach proposed by Huet et al. [2016] is followed to compute the noise ratio down-
stream of the generic CESAM-HP combustor, which will be presented in the last chapter.
The general approach is exemplarily sketched in �g. 5.4 for the CESAM-HP combustor,
which is connected to a convergent-divergent nozzle at the downstream side. Here the net-
work model describing the propagation of acoustic and entropy waves downstream of the
combustor is limited to the convergent-divergent nozzle. But the procedure can be applied
to any other combustion chamber provided. The global transfer or scattering matrices of
the complete part downstream of the combustor, e.g. a turbine, are known. The follow-
ing convention is used for all presented combustor simulations: The combustor inlet and
outlet plane are indicated by the subscripts 1 and 2. All variables evaluated in the section
downstream of the combustor, such as the exhaust nozzle exit plane, are marked by index 3.

As sketched in �g. 5.4 �rst the scattering matrices related to the network model are pre-
dicted by applying the two source location method as described in sec. 3.8.3 and 3.8.4. In
the second step non-isentropic combustor simulations are carried out to deliver the �elds of
density ρ̂, velocities ûi, pressure p̂ and entropy ŝ, among others. In the �nal postprocessing
of the LNSE combustor simulation, the upstream and downstream traveling acoustic waves
p̂+

2 and p̂−2 as well as the entropy waves ŝ2 are extracted close to the combustor outlet to
feed them into the network model. The procedure for the wave extraction was introduced
in sec. 3.8.3. Once the upstream and downstream traveling waves at the combustor outlet
are separated, they are multiplied by the acoustic and entropy transfer functions (cf. sub-
sec. 3.8.1 and 3.8.2) to get the corresponding waves at the exhaust nozzle exit (index 3).
This is demonstrated on the downstream traveling acoustic wave p̂+

3 , which is composed of
a direct part p̂+

3,p and an indirect part p̂+
3,s. The decomposition results from the de�nitions
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of the acoustic and entropy transmission coe�cients, eqs. (3.44) and (3.46) give

p̂+
3 = p̂+

3,p + p̂+
3,s =

( p̂+
3,p

p̂+
2

)
p̂+

2 +
( p̂+

3,s

ŝ2

)
ŝ2 = Tup̂

+
2 + Tsŝ2. (5.17)

Following Leyko et al. [2009] the noise ratio ζ at the exhaust nozzle outlet is de�ned by
the transmitted acoustic waves related to indirect noise p̂+

3,s and direct noise p̂+
3,p :

ζ :=
p̂+

3,s

p̂+
3,p

=
ŝ2

p̂+
2

Ts
Tu
. (5.18)
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Figure 5.4: Procedure for the prediction of the direct and indirect noise contributions at
the nozzle exit of the CESAM-HP combustor.

Mahmoudi et al. [2015] estimated the contribution of vorticity waves to be one order of
magnitude smaller than the contribution of the entropy noise. So they concluded a minor
role of vorticity waves to the production of indirect noise. For this reason the indirect noise
generation by vorticity waves is not regarded in context of the noise ratio predictions done
in this thesis.
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6 Direct Noise Propagation

In this chapter the propagation of acoustic waves in two convergent-divergent nozzle
geometries is investigated. These nozzles represent the simplest model of the complex
turbine NGV �ow of stationary gas turbines or aero engines. The acoustic properties are
expressed in terms of scattering matrices as introduced in the sec. 3.8. The numerical re-
sults obtained by the hybrid RANS/LNSE approach are compared with analytical models
and experiments.

6.1 The Entropy Wave Generator (EWG)

The Entropy Wave Generator (EWG) experiment by Bake et al. [2009] investigates the
propagation of direct combustion noise through a convergent-divergent nozzle. The acous-
tic re�ection and transmission properties are important for the propagation of the direct
noise through the turbine. As later shown, the scattering properties are closely linked to
the acoustic-vorticity interactions which are identi�ed using the tools described in sec. 3.2.
The simulation model and the results presented in the following are based on the study by
Ullrich et al. [2014a].

6.1.1 Con�guration

The EWG test rig consists of a convergent-divergent nozzle with dimensions of lconv =
0.13 m, ldiv = 0.25 m and a throat radius of rmin = 0.00375 m. A straight inlet duct of
length l1 = 0.25 m and radius r1 = 0.015 m is mounted at the upstream end of the nozzle.
The downstream end is connected to a straight exit duct with radius of r2 = 0.02 m and
length of l2 = 1.2 m. Quantities with subscript 1 represent the inlet or upstream duct,
while the subscript 2 indicates the outlet or downstream duct. The aeroacoustic properties
of the convergent-divergent nozzle are determined in terms of acoustic scattering matrices
for subsonic and choked operating conditions. The parameters of these two operating
conditions are summarized in tab. 6.1.

6.1.2 Numerical Setup

The mean �ow �elds are calculated by stationary compressible RANS simulations on an
axis-symmetrical 2D grid. The turbulence is described by the k-ε model with the low-
Reynolds extension [ANSYS, 2011a] resolving the boundary layers down to the viscous
sublayer. Further details on the RANS are given by Ullrich et al. [2014a]. The resulting
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Operating Point Subsonic Case Transsonic Case

Static temperature inlet (K) 293.15 296.15

Mass �ow (g/s) 10.27 11.6

Nozzle throat Mach number (-) 0.7 1.0

Static pressure outlet (Pa) 101,325 100,800

Table 6.1: Operating points of the EWG test rig.

mean �ow �elds are shown in �g. 6.1, where a weak shock is visible nearby the nozzle
throat in the transsonic case. The shock-boundary layer interaction leads to a small sepa-
ration zone and further downstream to the formation of a weak jet and shear layer in the
divergent nozzle part.

The frequency-domain LNSE simulations are done in cylindrical coordinates x = (r, θ, z)T

and assuming axis symmetry (i.e. ûθ = 0, ∂/∂θ = 0) for the variables ρ̂, û = (ûr, ûz)
T and

p̂. The domain is discretized by an unstructured grid of 18,805 triangular elements with
second order Lagrangian shape functions, which gives a total number of 154,560 degrees
of freedom. At the inlet and outlet the acoustics are de�ned by non-re�ecting boundaries
corresponding to Z = 1 in the impedance boundary condition eq. (3.33). The inlet en-
tropy is set to Sp = 0 in eq. (3.39).

The acoustic scattering matrix Sa is calculated by means of the two-source location
method as introduced in sec. 3.8.3. The underlying frequency-domain simulations are
carried out for both the isentropic as well as the non-isentropic formulation of the LNSE.
In the isentropic case only the continuity and momentum eqs. (3.12) and (3.13) are solved.
The pressure is retrieved by the isentropic pressure-density relation p̂ = c̄2ρ̂. Momentum
and thermal di�usion e�ects are neglected (η = λ = 0). Solving the full non-isentropic
LNSE simulations the linearized energy eq. (3.14) is included. In the next section the
results are presented.

6.1.3 Acoustic Scattering Matrix

In �g. 6.2 and 6.3 the absolute values of the scattering matrices are presented for throat
Mach numbers of 0.7 and 1.0 . At subsonic conditions the isentropic LNSE simulations
and the analytical solutions of Duran and Moreau [2013] agree closely for the re�ection
and transmission coe�cient Ru and Tu. As expected a deviation between the isentropic
LNSE and the non-isentropic solution is observed over the entire frequency range. These
deviations are associated with the additional acoustic damping e�ect included in the non-
isentropic LNSE formulation. More precisely the interaction of acoustic waves with mean
entropy gradients, expressed by the term −u′i∂s̄/∂xi in eq. (3.8), leads to a generation of
entropy waves, while the acoustic waves are attenuated. This damping e�ect is only rele-
vant in the boundary layers as the remaining subsonic nozzle �ow is su�ciently described
by an isentropic �ow. As shown in the �gs. 6.4 and 6.5 the pressure �elds predicted by the
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6.1 The Entropy Wave Generator (EWG)

0.0000 0.1091 0.2182 0.3273 0.4364 0.5455 0.6545 0.7636 0.8727 0.9818 1.0909 1.2000

(a)

0.0000 0.1091 0.2182 0.3273 0.4364 0.5455 0.6545 0.7636 0.8727 0.9818 1.0909 1.2000

(b)

Figure 6.1: Mean Mach number M̄ at (a): subsonic conditions (throat Mach number M̄ =
0.7), and (b): at transsonic conditions (throat Mach number M̄ = 1.0). Results
based on work by Ullrich et al. [2014a].

isentropic and non-isentropic LNSE are almost identical at subsonic conditions. Signi�cant
di�erences are encountered in the transsonic case, where interactions between the acoustics
and the shock lead to the generation of entropy waves and therefore additional acoustic
losses.

As seen in �g. 6.2 and 6.3 the magnitude of the upstream re�ection coe�cient (lower left)
is always very close to |Ru| ≈ 1 . This is expected since the area of the throat is very small
compared to the inlet cross section. In the subsonic case the isentropic LNSE start at the
same level, while the non-isentropic LNSE results in slightly lower values. As a consequence
acoustic waves impinging on the upstream end of the nozzle are almost fully re�ected by it
and the transmission of acoustic waves from the upstream to the downstream side of the
nozzle remains on a low level over the entire frequency range. This process is almost inde-
pendent of frequency. At transonic conditions a very similar behavior of the nozzle is found.

The downstream acoustic transmission coe�cient Td is small in the subsonic case. At
choked conditions it is zero over the entire frequency range. Acoustic waves entering the
nozzle at its downstream end are not able to pass the sonic line. Apart from the subsonic
boundary layers no transmission of acoustic waves from the downstream to the upstream
side takes place. The successive re�nement of the mesh in the boundary layers has almost no
in�uence on the transmission coe�cient Td, which remains close to zero. The transmission
e�ect due to the subsonic boundary layers is concluded to be negligible. The convergent
and divergent nozzle parts are almost perfectly decoupled with respect to acoustic trans-
mission from the downstream end of the nozzle (Td = 0 ). The re�ection coe�cient Rd

for acoustic waves traveling from the downstream end in the direction of the nozzle throat
signi�cantly decreases from 0.9 at 200 Hz to 0.3 at 1000 Hz.
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Figure 6.2: Absolute value of scattering matrix coe�cients at subsonic conditions (throat
Mach number M̄ = 0.7 ) [Ullrich et al., 2014a].

In summary the analysis demonstrated that the hybrid methodology is capable to pre-
cisely predict the acoustic scattering properties of the convergent-divergent nozzle. This
validation is important to ensure an accurate description of the transmission of direct as
well as indirect combustion noise through nozzles. Beyond this the LNSE approach incor-
porates meaningful coupling mechanisms between acoustics and the mean �ow �eld, which
are presented in the following subsections.

6.1.4 Interaction Term Analysis

One advantage of the hybrid LNSE simulation in frequency domain is that all mechanisms
can be analyzed during postprocessing. To clarify the acoustics-vorticity interaction, which
is presumably the cause of the losses, the di�erent source terms Si,Ω in the vorticity eq.
(3.10) have been calculated and integrated over the volume of the entire simulation domain.
The volume integration was done to estimate the order of magnitude of the di�erent terms.
The results for the di�erent volume-integrated terms Si,Ω are given in �g. 6.6 for upstream
(left) and downstream excitation (right). In case of the upstream excitation all vorticity
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Figure 6.3: Absolute value of scattering matrix coe�cients at transsonic conditions (throat
Mach number M̄ = 1.0 ) [Ullrich et al., 2014a].

source terms remain on a very low level close to zero with marginal increase with frequency.
Acoustic-vorticity interactions play therefore only a minor role in the convergent nozzle
part. This results in an almost perfect re�ection of the acoustic waves entering the nozzle
at the upstream side. A completely di�erent evolution of the source terms is observed in
case of the downstream excitation. In this case all source terms grow continuously with
frequency but to di�erent extent. The dominant damping e�ect in the divergent nozzle
part is given by dilatation term IV in the linearized vorticity eq. (3.10). It represents
the generation of vorticity as acoustic waves travel from the divergent part towards the
nozzle throat, while interacting with the shear layers of the jet. Terms related to baroclinic
vorticity production (term VI and VII) and acoustic shear layer interactions (term I) are
another important drivers for the losses in the divergent nozzle part. All other source
terms in eq. (3.10) are of minor importance. The downstream re�ection coe�cient is
monotonically decreasing with frequency and therefore shows the opposite behavior as the
vorticity source terms. In conclusion the acoustic-vorticity interaction is responsible for
the di�erent nozzle re�ection properties from the upstream and downstream side. In the
upstream excitation case only a small part of acoustic waves is converted into vorticity,
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(a) Isentropic LNSE (200 Hz)

(b) LNSE (200 Hz)

(c) Isentropic LNSE (800 Hz)

(d) LNSE (800 Hz)

Figure 6.4: Fluctuating pressure �elds <{p̂}, Pa for downstream excitation at subsonic
conditions (throat Mach number M̄ = 0.7 ).

(a) Isentropic LNSE (200 Hz)

(b) LNSE (200 Hz)

(c) Isentropic LNSE (800 Hz)

(d) LNSE (800 Hz)

Figure 6.5: Fluctuating pressure �elds <{p̂}, [Pa] for downstream excitation at transsonic
conditions (throat Mach number M̄ = 1.0 )
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6.1 The Entropy Wave Generator (EWG)

which leads to an almost perfect re�ection of acoustic waves. The downstream re�ection
coe�cient monotonically decreases with frequency as a result of a successively increasing
generation of vorticity waves due to acoustic shear layer interactions in the divergent nozzle
part.
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Figure 6.6: Impact (absolute value) of di�erent interaction mechanisms, de�ned by eq.
(3.10), on the generation of vorticity with upstream (left) and downstream
excitation (right) for the transsonic case. Results from Ullrich et al. [2014b].

6.1.5 Energy Flux Analysis

In the following the analysis of the interaction terms is continued by the evaluation of the
integral energy balance for all types of �uctuations. The evaluation of the energy balance
provides a useful quantitative measure of the damping since the linearized vorticity eq.
(3.10) does not quantify the energy content of the vorticity waves. The energy balance
for linear �uctuations was initially derived by Myers [1991] and later extended to reacting
�ows by Giauque et al. [2006] and Brear et al. [2012]. The energy balance for a �xed
control volume V , surrounded by the surface S with surface normal vector ni, reads∫

V

∂E

∂t
dV +

∫
S

FinidS =

∫
V

DdV. (6.1)

E is the phase-averaged energy density, Fi is the energy �ux vector and D is the volumetric
source (D > 0) or sink (D < 0) due to entropy and vorticity waves [Lieuwen, 2012]

E =
1

2
<
{ p̂ · p̂∗

2ρ̄c̄2
+

1

2
ρ̄ (ûi · û∗i ) + ρ̂ (ūi · û∗i ) +

ρ̄T̄ ŝ · ŝ∗

2cp

}
, (6.2)

Fi =
1

2
<
{
p̂û∗i + p̂

ρ̂∗

ρ̄
ūi + ρ̄ (ūj · ûj) û∗i + (ūj · ûj) ρ̂∗ūi + ρ̄ūiT̂ ŝ

∗
}
, (6.3)
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Figure 6.7: Evaluation of the disturbance energy balance (6.1) with upstream (left) and
downstream excitation (right) for the transsonic case [Ullrich et al., 2014b].

D =
1

2
<
{
ρ̄ūi · (εijkΩ̂jû

∗
k) + ρ̂û∗i · (εijkΩ̄jūk)− ŝ (ρ̄û∗i + ρ̂∗ūi)

∂T̄

∂xi
+

+ ŝρ̄ūi
∂T̂ ∗

∂xi
+
( ˆ̇qV T̂

∗

T̄
−

¯̇qV T̂ · T̂ ∗

T̄ 2

)}
. (6.4)

The superscript ∗ denotes the conjugate complex variable in the eqs. (6.2)-(6.4), where
viscous and thermal di�usion terms are neglected. When assuming phase-averaged time
harmonic quantities the �rst term in the energy balance (6.1) is zero by de�nition. In the
following the source term is decomposed into the �rst two contributions for vorticity Dv

and the third and fourth term for entropy Ds.

The results for the disturbance energy balance eq. (6.1) are shown in �g. 6.7 for the
transsonic case. The di�erent terms, de�ned by the eqs. (6.2) - (6.4), are normalized by
the maximum power of Dmax = 2.87 · 10-8W. The time derivative of the phase-averaged
energy density E is zero per de�nition under the assumption of time-harmonic �uctuations.
Therefore the energy balance (6.1) is exactly ful�lled if the sum of all source terms and
�uxes is zero. As indicated by the �balance� line, this is the case for the most part of
the frequency range except for higher frequencies. Beyond 900 Hz slight deviations from
zero are visible. Furthermore, the results for the source term D follow the same trend as
observed in the frame of the interaction term analysis of the linearized vorticity eq. (3.10).
A further discrimination between the di�erent contributions to the total losses D reveals
that the part due to vorticity waves Dv dominates over the contribution due to entropy
waves Ds. In case of the downstream excitation the �ux F1 over the inlet is zero over
the entire frequency range, whereas the �ux F2 over the outlet follows the total losses D,
cf. right in �g. 6.7. The �ux evaluation con�rms that the acoustic waves are partially
converted into vorticity waves, which lead to a decreasing downstream re�ection coe�cient
with frequency. As the acoustic waves are not able to pass the nozzle throat from the
downstream side, the inlet �ux F1 and the downstream transmission coe�cient are zero.
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6.2 The Hot Acoustic Testrig (HAT)

The purpose of the HAT test case is to investigate the acoustic scattering properties under
more realistic engine conditions with respect to the temperature and pressure level and
the nozzle geometry. The simulation model and the results presented in the following
subsections are based on the work by Winter [2015].

6.2.1 Con�guration

The HAT test rig represents a convergent-divergent nozzle, which is connected to straight
ducts at each of its endings. The shape of the HAT nozzle possesses acceleration charac-
teristics comparable to the turbine NGV. The nozzle has a throat radius of rmin = 0.015 m.
The length of the convergent nozzle part is lconv = 0.068 m and the length of the diver-
gent nozzle part is ldiv = 0.326 m. A straight inlet duct of length l1 = 0.3 m and radius
r1 = 0.035 m is mounted at the upstream side of the nozzle. The divergent part of the noz-
zle is connected to a straight exit duct with radius of r2 = 0.035 m and length of l2 = 0.3 m.
The inlet is preheated up to a moderate level of T̄1 = 473.15 K while the outlet pressure
remains at ambient conditions. Choked conditions including a weak shock close to the
nozzle throat are reached. The operating conditions are summarized in tab. 6.2.

6.2.2 Numerical Setup

The mean �ow simulations were based on steady and compressible RANS simulations. A
fairly small temperature drop over the nozzle of ∆T̄ = 12.3 K was measured in the experi-
ment by Knobloch et al. [2015], so adiabatic walls were assumed in the RANS simulation.
For turbulence the k-ε model together with standard wall functions was used.

The LNSE are solved on an axis-symmetrical domain with non-re�ecting boundary con-
ditions. Assuming isentropic wave propagation, entropy waves are excluded. The domain
is discretized with an unstructured mesh of quadratic Lagrangian shape functions with a
total number of 31,520 elements. The two-source location method is applied to determine
the acoustic scattering matrix, cf. subsec. 3.8.3.

Operating Point Transsonic Case

Static temperature inlet (K) 473.15

Mass �ow (g/s) 133.1

Nozzle throat Mach number (-) 1.0

Static pressure outlet (Pa) 100,050

Table 6.2: Operating point of the HAT test rig.
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6.2.3 Acoustic Scattering Matrix

The isentropic LNSE results are compared with measurements provided by German
Aerospace Center (DLR)1 [Knobloch et al., 2015]. As seen in �g. 6.8, the numerical
results are in good agreement with the experiment in the frequency range from approx-
imately 400 Hz to 1500 Hz except for the downstream re�ection coe�cient Rd. Here the
numerical solution remarkably di�ers from the experimental prediction over the whole fre-
quency range. The upstream transmission coe�cient is constantly underestimated by the
LNSE simulations. The upstream re�ection coe�cient is overpredicted by the numerical
simulations for frequencies exceeding 2250 Hz. Some numerical oscillations are observed
below 400 Hz for the downstream re�ection coe�cient. The HAT and the EWG test rig
show a similar re�ection and transmission behavior. The choked conditions always lead to
a zero downstream transmission coe�cient for all frequencies.
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Figure 6.8: Absolute value of scattering matrix coe�cients.

1German Aerospace Center (DLR), Institute of Propulsion Technology, Department Engine Acoustics,
Müller-Breslau-Straÿe 8, 10623 Berlin - Germany
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6.2 The Hot Acoustic Testrig (HAT)

The scattering matrix comprises all e�ects of transport of the acoustic energy. In
particular the acoustic �ux p′u′A (�rst and second term in eq. (6.3)) and the convec-
tive �uxes (third and fourth term in eq. (6.3)) are linear in the Mach number. The
acoustic �ux p′u′A directly scales with the area ratio (Amin/A1), which is 0.0625 for the
EWG and 0.1836 for the HAT. For given inlet Mach numbers the ratio of the trans-
mission coe�cient between the EWG and HAT can be computed as Tu,EWG/Tu,HAT =
(Amin/A1)EWG/(Amin/A1)HAT(1 + M̄EWG)/(1 + M̄HAT) = 0.32 . This scaling result is met
exactly in the LNSE solution.
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7 Indirect Noise Generation and

Propagation

The main objective of this chapter is to validate the hybrid RANS/LNSE approach for in-
direct noise generation arising from entropy waves and vorticity waves on two experiments,
where data is available.

7.1 The Entropy Wave Generator (EWG)

7.1.1 Numerical Setup

The experimental setup by Bake et al. [2009] is reproduced as closely as possible by the
LNSE model in terms of geometry, excitation method and boundary conditions. The inlet
is modeled by a fully-re�ecting surface since it is connected to a large settling chamber in
the experiment. Fully-re�ective inlet properties are realized by de�ning Z1 → ∞ in eq.
(3.33) together with Sp = 0 in eq. (3.39). Bake et al. [2009] designed an anechoic ending
section, which was mounted on the outlet pipe. They tried to determine the re�ection
coe�cient of the outlet in the range from 20 Hz to 200 Hz. Beyond 200 Hz no experimental
data for the outlet re�ection coe�cient are available. Bake et al. [2009] proposed to apply
the model by Selle et al. [2004] in this frequency range

R2 =
[
1 +

(2ω

K

)2]− 1
2

with K = σ
(
1− M̄2

) c̄
l
, (7.1)

where l is the domain length, M̄ is the outlet Mach number and σ is a scaling coe�cient.
The following values are chosen: l = 1.2 m, M̄ = 0.02 and σ = 1.8 . Below 200 Hz the
experimental re�ection coe�cient by Bake et al. [2009] is applied, while the model in eq.
(7.1) is used above 200 Hz. Given the re�ection coe�cient the reduced impedance is cal-
culated using eq. (3.32) and inserted as an impedance boundary condition (3.33).

In the experiment, entropy waves are excited by thin heated wires located in the inlet
duct upstream of the nozzle. The temperature signal arising from the pulsed excitation of
the heated wires was measured by a fast thermocouple and a vibrometer. In the LNSE
simulations the excitation of entropy waves ŝ with complex temperature amplitude T (ω)
is achieved by imposing an electrical energy source ˆ̇qV in the linearized energy equation
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(3.14) [Ullrich et al., 2014a]

ˆ̇qV (z, ω) = ρ̄ūzcpT (ω)e−iks(z−zref ) d

dz
F (z). (7.2)

In eq. (7.2) zref indicates the phase reference plane of the entropy wave. The temperature
spectrum T (ω) := F{T ′(t)} is determined by the Fast Fourier Transform (FFT) of the time
signal T ′(t) and controls the frequency content of the source term. The Fourier transform
can be applied on non-periodic time signals [Meyberg and Vachenauer, 1997] such as the
single temperature pulse in the EWG case. The source term's spatial dependence in axial
direction z is modeled by the forcing function F (z). It is de�ned in such a way that
the spatial axial extension of the electrical source term coincides with the location of the
heated wires. As suggested by Leyko et al. [2011] the time-signal of the pulsed temperature
excitation with maximum amplitude T ′a is modeled as

T ′(t) =

{
T ′a
(
1− e−(t−t0)/τ

)
, t0 ≤ t ≤ t0 + tp,

T ′ae
−(t−t0)/τ , t > t0 + tp.

(7.3)

t0 is the initial time of excitation, tp is the pulse duration and τ is the time delay. These
parameters are speci�ed in tab. 7.1 and are chosen in accordance with the study by Leyko
et al. [2011]. The adaption of the LNSE source model (7.2) to the experimental pulse
excitation is realized by the temperature spectrum T (ω). The modeled time signals of
the temperature as well as the corresponding power spectra are shown in �g. 7.1. The
temperature spectrum is very similar to that of a rectangular pulse showing several peaks
with constantly decreasing amplitude. As later shown the temperature spectrum on the
right in �g. 7.1 is the main driver for the resulting acoustic pressure spectrum.

Operating Point Subsonic Case Transsonic Case

Temperature amplitude T ′a (K) 13.4 9.1

Initial time of excitation t0 (s) 0.1

Time delay τ (s) 0.003

Pulse duration tp (s) 0.1

Table 7.1: Parameters for the modeled entropy excitation signal.

The frequency-domain LNSE simulations are based on the eqs. (3.12)-(3.14), which
are solved numerically using the GLS-FEM approach de�ned by eq. (5.12). The LNSE
model is solved in cylindrical coordinates with the simplifying assumption of axis symmetry
(i.e. ûθ = 0, ∂/∂θ = 0). The domain is approximated by an unstructured grid of 47,946
triangular elements with second order Lagrangian shape functions. This results in a linear
system of equations with a total number of 393,060 degrees of freedom to be solved.
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7.1 The Entropy Wave Generator (EWG)
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Figure 7.1: Time signal (left) and power spectrum (right), calculated by
20 log10(|F{T ′ (t)}|), [dB], of the entropy wave excitation.

7.1.2 Acoustic Simulations

In the following the measurements by Bake et al. [2009] are compared with the numerical
results obtained by the hybrid RANS/LNSE approach. The experimental and numerical
pressure spectra are evaluated at the fourth microphone position at z = 1.1505 m and are
plotted in terms of the sound pressure level (SPL) de�ned in eq. (5.1). The results are
shown for the subsonic and the transsonic case in �g. 7.2. In general good agreement be-
tween the experiment and simulation is found for a broad frequency range from 10 Hz up to
200 Hz, while increasing deviations are observed for higher frequencies. These di�erences
are believed to be related to uncertainties of the outlet boundary condition, which may be
not in line with the experiment beyond 200 Hz. Modeling the very thin heated wires by
an entropy wave excitation zone may lead to inaccuracies with respect to the shape of the
entropy waves. This will result in a di�erent acoustic response as investigated analytically
in detail by Howe [2010]. Finally the spectral decay beyond 30 Hz is slightly overpredicted
by the simulation compared to the experiment.

The comparison of the imposed temperature spectra and the resulting acoustic pressure
spectra shows that there is a close relation between them. The acoustic spectrum exhibits
several peaks at the same frequencies and with the same spectral fall-o� around −30 dB per
decade in comparison to the temperature spectrum on the right in �g. 7.1. This behavior
is obtained for the subsonic as well as the transsonic case. The comparison demonstrates
that the indirect noise spectrum is controlled by the temperature spectrum of the entropy
waves impinging on the nozzle.

In �g. 7.3 the temperature �elds T̂ , corresponding to the entropy waves, and the pres-
sure �elds p̂ are shown for di�erent frequencies. It can be seen that the entropy waves are
convectively transported from the source region into the nozzle. Once the entropy waves
reach the nozzle inlet they are stretched as a consequence of the strong �ow acceleration.
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Figure 7.2: Pressure spectra given in terms of the SPL = 20 log10 (|p̂|/pref ), [dB] at 7.2(a):
subsonic conditions (throat Mach number M̄ = 0.7), and at 7.2(b): transsonic
conditions (throat Mach number M̄ = 1.0) [Ullrich et al., 2014a].
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7.1 The Entropy Wave Generator (EWG)

(a) 200 Hz

(b) 200 Hz

(c) 800 Hz

(d) 800 Hz

Figure 7.3: Fluctuating temperature <{T̂}, [K] (top) and pressure �elds <{p̂}, [Pa] (bot-
tom) at subsonic conditions (throat Mach number M̄ = 0.7) and at di�erent
frequencies [Ullrich et al., 2014a].

In this region strong pressure amplitudes arise, which marks them as indirect noise. The
convective transport is re�ected in the signi�cantly smaller wave length λs = ūz/f com-
pared to the acoustic waves. Mean �ow boundary layers lead to a strong deformation of the
entropy waves perpendicular to the �ow direction. This dispersion e�ect causes a signi�-
cant attenuation of the entropy waves in regions close to the walls. The dispersion e�ect
increases with frequency. In particular at higher frequencies the attenuation of entropy
waves due to dissipation already takes place upstream of the nozzle.

The same base �ow and geometry but non-re�ecting acoustic boundary conditions were
used to determine the normalized entropy transmission and re�ection coe�cients. For this
the impedances at the upstream and downstream end were set to Z = 1 in eq. (3.33)
so the acoustic �eld would not be overlaid with re�ected waves. The LNSE simulations
were carried out with a quasi one-dimensional and 2D model to assess the in�uence of the
entropy wave dispersion e�ect. As shown in �g. 7.4 signi�cant deviations between the
1D and 2D results for the entropy transmission and re�ection coe�cient underscore the
importance of the dispersion e�ect. The deviations between both models increase with
frequency, while similar results are obtained at very low frequencies below 100 Hz. The 2D
model delivers considerably lower indirect noise levels as compared to the 1D model. The
2D result indicates an enhanced attenuation of entropy waves before reaching the nozzle,
which leads to a smaller release of indirect noise.
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Figure 7.4: Absolute value of the entropy transmission (left) and re�ection (right) coef-
�cient at subsonic conditions (throat Mach number M̄ = 0.7 ), comparison
between the quasi one-dimensional and two-dimensional model.

7.2 The Vorticity Wave Generator (VWG)

The second case investigates the indirect noise generation by accelerated vorticity waves.
The VWG test rig, which slightly di�ers from the EWG setup, is presented and the sim-
ulation model is explained with special emphasis on the source term modeling of vorticity
waves. The LNSE model and all acoustic results shown in the following paragraphs are
based on the study by Ullrich et al. [2015]. The RANS model and the mean �ow simula-
tions are based on the work by Verissimo Caschera [2014]. For brevity the RANS results
discussed in detail by Ullrich et al. [2015] are not presented in this section.

7.2.1 Con�guration

The VWG nozzle geometry is identical to the EWG nozzle geometry presented above. The
inlet and outlet ducts are changed to the lengths of l1 = 0.33714 m and l2 = 0.25 m. At
the inlet, a constant, non-swirling axial mass �ow is imposed. Swirl is induced by four
tangential injectors, which are equally distributed over the duct perimeter at the axial
location x = − 0.1365 m with respect to the nozzle throat. To create �uctuations of
vorticity the injector mass �ow is pulsed with about 10 % of the mean mass �ow rate.
The steady and the pulsed �ow �eld are measured in the upstream duct using hot-wire
anemometry. The experimental data were provided by DLR [Kings, 2015]. The VWG test
rig is sketched in �g. 7.5 and the operating conditions are found in tab. 7.2.

7.2.2 Numerical Setup

The mean �ow �eld is computed using RANS simulations [Verissimo Caschera, 2014]. The
geometry is discretized by an unstructured grid consisting of a total number of 1,585,840
cells. In the nozzle and the injector section the mesh is re�ned to capture the mean
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7.2 The Vorticity Wave Generator (VWG)

Convergent-
divergent nozzle

Circumferential 
injections Outlet

Inlet

Inlet duct

Outlet duct

Hot-Wire Anemometry 
measurement plane (velocity) Plane of first 

microphone (pressure)

Figure 7.5: Sketch of the Vorticity Wave Generator test rig.

Operating Point Transsonic Case

Total temperature inlet (K) 296

Main axial mass �ow (g/s) 8.88

Steady circumferential mass �ow (g/s) 2.77

Pulsed circumferential mass �ow (g/s) 0.277

Nozzle throat Mach number (-) 1.0

Static pressure outlet (Pa) 102,200

Table 7.2: Investigated operating point of the VWG test rig.

�ow gradients. Turbulence is modeled by means of the Reynolds Stress turbulence Model
(RSM). The standard wall functions are applied at the walls, where prism layers are used
for discretization. Total temperature and mass �ow rates are speci�ed at the inlet of the
upstream duct and the circumferential injectors. The ambient pressure is prescribed at the
outlet. The speci�c values are summarized in tab. 7.2.

The acoustic simulations are done with the isentropic formulation of the LNSE (3.12)
and (3.13) since entropy wave generation due to viscous dissipation and thermal heat
conduction is usually negligible in the low frequency regime. The LNSE are solved in
three-dimensional cartesian coordinates with x = (x, y, z)T for the density ρ̂ and velocities
û = (û, v̂, ŵ)T using the GLS-FEM approach. A total number of 397,733 linear Lagrangian
tetrahedron elements is used to discretize the entire domain, yielding approximately 0.33
million degrees of freedoms to be solved. The inlet and outlet boundary condition are
exactly the same as in sec. 7.1 before.

In the experiment, the indirect noise generated by vorticity in the accelerated �ow is
necessarily overlaid with direct noise caused by the pulsating forcing of the swirler. In
the LNSE simulation both contributions may be separated by using two di�erent exci-
tation methods. With the �rst method vorticity is excited by a �uctuating mass �ow
boundary condition prescribed on each of the four injectors. Below it is referred to as
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�velocity excitation�. The resulting pressure spectrum contains contributions from the in-
direct noise and from the velocity excitation itself. This excitation method corresponds
to the experimental setup. In the second method, termed "vorticity excitation�, vortic-
ity is excited by means of an azimuthal body force source term, which does not induce
acoustic waves. Then the resulting pressure spectrum contains only contributions from
the indirect noise. The amplitudes of both excitation methods are constructed to match
the frequency spectrum of the velocity signal measured by hot-wire anemometry in the
inlet duct at xex = ( − 0.088 m, 0.002 m, 0 ). The velocity signal u′v,θ(t) and its frequency
spectrum F{u′v,θ(t)}(ω) are shown in �g. 7.6. Obviously the measured signal contains a
signi�cant level of turbulence. To see the in�uence of the turbulence the LNSE simulations
were therefore carried out for the measured velocity excitation signal and for a modeled
velocity time signal removing the random noise:

u′v,θ(t) =

{
u′a
(
1− e−(t−t0)/τ

)
, t0 ≤ t ≤ t0 + tp,

u′ae
−(t−t0)/τ , t > t0 + tp.

(7.4)

u′a quanti�es the maximum velocity amplitude. The di�erent parameters in eq. (7.4)
were set to match the experimental data yielding: t0 = 0.135 s, tp = 0.09 s, τ = 0.08 s
and u′a = − 3.2 m/s. In �g. 7.6 the measured and modeled time signal and spectrum
of the dynamic velocity are compared against each other. It can be seen that the low
frequency content up to 100 Hz of the modeled and measured spectrum is very similar.
The middle and higher frequency content of the modeled spectrum is signi�cantly lower
than the experimental spectrum as the high-frequency turbulent stochastic noise is removed
by the modeled time signal. Further details on the numerical setup are given by Ullrich
et al. [2015].
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Figure 7.6: Measured and modeled velocity excitation signal in time domain u′v,θ(t), [m/s]
(left), measured at xex = ( − 0.088 m, 0.002 m, 0 ), and its power spectrum
(right), calculated by 20 log(|F{u′v,θ(t)}|), [dB].
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7.2 The Vorticity Wave Generator (VWG)

7.2.3 Simulation Results

The spectra of acoustic sound pressure level (eq. (5.1)) from the LNSE and the measure-
ments at the �rst microphone position at xm = 0.35 m are compared in �g. 7.7. The
upper part 7.7(a) shows the results based on the measured velocity input signal. The lower
part 7.7(b) gives the results of the modeled input signal according to eq. (7.4). The green
lines mark the numerical results obtained from the vorticity excitation and the orange lines
stand for the simulation results with mass �ow / velocity excitation.

The di�erences between the green and the orange curves in �g. 7.7 show the strong
contribution of the direct noise to the spectrum. It can be seen that the measurements
are quantitatively reproduced by the numerical simulation with velocity excitation in the
low frequency regime up to 150 Hz. The SPL is overestimated by the LNSE simulations in
the higher frequency range, while the curve trend is maintained quite well. Therefore the
experimental spectrum is captured by the LNSE simulations when applying the velocity
excitation method, which corresponds to the experimental setup, where the indirect noise
is overlayed by the noise contribution from the injectors. When applying the vorticity
excitation method to identify the indirect noise the experimental spectrum is signi�cantly
underpredicted above 150 Hz. The result obtained by the vorticity excitation impressively
demonstrates that the indirect noise contribution is only relevant in the low frequency
range up to 150 Hz. Beyond 150 Hz, the noise induced by the injectors becomes more
relevant as the frequency increases. Therefore the middle and high frequency range of the
experimental spectrum do not represent the indirect noise due to accelerated vorticity. This
frequency range is controlled by the contribution of the noise induced by the injectors and
the stochastic turbulent noise. Finally the VWG analysis demonstrated that the LNSE
are also capable to capture the indirect noise generation by vorticity.
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Figure 7.7: Measured and numerically calculated power spectrum of pressure, evaluated at
the �rst microphone position at xm = 0.35 m, for two excitation models: 7.7(a):
excitation based on measured velocity signal, and 7.7(b): excitation based on
modeled velocity signal according to eq. (7.4) [Ullrich et al., 2015].
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8 Combustion Noise Generation

and Propagation

In this chapter three di�erent generic combustion systems with increasing complexity are
presented. The annular model combustor represents the simplest case, which serves to
validate the hybrid RANS/LNSE approach by a comparison of the results with those of
the LOTAN network solver. The accuracy of the method for separating direct and indirect
noise contributions is assessed. Also the impact of the source term model on the ratio
between indirect and direct combustion noise is quanti�ed. The second case is the premixed
CNRS CESAM-HP combustor. Direct as well as indirect noise generation are examined.
The related combustion noise source spectra are determined using di�erent statistical noise
models and LES source terms. The last test case deals with the liquid fueled combustor
test rig installed at the Lehrstuhl für Thermodynamik at Technische Universität München
(TUM). The hybrid approach is applied together with the statistical noise model for non-
premixed �ames by Jörg [2015] to compute the combustion noise spectrum emitted from
a kerosene �ame.

8.1 Annular Model Combustor

This section summarizes previous work by Ullrich and Sattelmayer [2015], where further
details about the simulation model can be found. The main objectives of the annular model
combustor case are twofold:

• First, the strategy for the separation of direct and indirect noise contributions inside
of the combustor is validated. This is achieved by a detailed comparison of the
numerical results obtained from the LNSE simulations and from the LOTAN solver
[Dowling and Mahmoudi, 2015, Stow and Dowling, 2001].

• The second goal is to validate the di�erent source term formulations, proposed in
subsec. 4.2.2, with respect to their capability to reproduce the correct entropy wave
generation of perfectly premixed and non-premixed �ames. Therefore the noise ratio
in an annular model combustor is evaluated for both the perfectly-premixed �ame
model and the conventional non-premixed �ame model.
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8.1.1 Mean Flow Field

The annular model combustor case was proposed by Dowling and Mahmoudi [2015]. The
indirect noise generation in the turbine NGV at the combustor outlet is obtained by a
suitable boundary condition representing choked �ow conditions. A thin one-dimensional
�ame of thickness δf is �xed at the axial position xf = 0.5 m in the combustor with
length l = 1.0 m, inner radius ri = 0.22 m, outer radius ro = 0.38 m and mean radius
rm = 1/2(ro + ri) = 0.3 m. At the combustor inlet a perfect and dry gas with total
temperature T̄t1, total pressure p̄t1 and Mach number M̄1 is injected. The mean heat release
of the �ame is controlled by the prescription of the total temperature ratio Θ̄t := T̄t2/T̄t1.
The combustor inlet and outlet quantities are indicated by the subscripts 1 and 2. The
local temperature is used to compute the local isobaric heat capacity of the gas [Dowling
and Mahmoudi, 2015], i.e. cp = 973.60091 + 0.1333T . The mean �ow is assumed to be
one-dimensional with axial �ow changes in the �ame region. In tab. 8.1 the mean �ow
conditions are summarized, which are representative for take-o� operating conditions of a
small turbojet engine with low total pressure ratio. The axial development of the mean
�ow temperature along the center axis is presented in �g. 8.1.

Operating Point Value

Total inlet temperature (K) 653
Total inlet pressure (bar) 12
Inlet Mach number (-) 0.06
Ideal gas constant (J/kgK) 287
Average isobaric heat capacity (J/kgK) 1147.7
Total temperature ratio (-) 3

Table 8.1: Mean �ow conditions of the annular model combustor.
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8.1 Annular Model Combustor

8.1.2 Numerical Setup

In the test case both longitudinal n = 0 and circumferential acoustic modes n ≥ 1 as
speci�ed by their mode number n are considered. Longitudinal waves are investigated
with a two-dimensional simulation model in cylindrical coordinates x = (r, θ, z)T with
the assumption of axial symmetry (∂/∂θ = 0, ûθ = 0). Higher circumferential modes are
solved in a fully three-dimensional model in cartesian coordinates x = (x, y, z)T . While
the longitudinal modes can be captured using a simpli�ed one-dimensional model as well,
a three-dimensional model is necessary to compute the circumferential modes, where the
assumption of axial symmetry does not hold (∂/∂θ 6= 0). Depending on the mode number
the domain is discretized with 9000 rectangular Lagrangian elements of second order for
longitudinal modes or with 70,870 tetrahedral Lagrangian second order elements, which
cover the circumferential modes in the three-dimensional domain. The combustor inlet is
speci�ed by a non-re�ecting boundary condition, which is obtained by imposing Z = 1
in eq. (3.33) for longitudinal modes. In the case of circumferential modes, the reduced
impedance to be prescribed at the inlet boundary condition (3.33) reads [Evesque et al.,
2003, Stow et al., 2002]

Z− =
ω/c̄− M̄k−

k−
. (8.1)

The axial wave number k− of the upstream propagating circumferential acoustic wave is
determined by

k− =
−M̄ω −

√
ω2 − ω2

c,n

c̄
(
1− M̄2

) , (8.2)

where ωc,n represents the cut-o� frequency of the n-th circumferential mode propagating
in an in�nitely thin annular duct with mean radius rm [Dowling and Mahmoudi, 2015,
Evesque et al., 2003, Lieuwen, 2012]

ωc,n =

(
nc̄

rm

)√(
1− M̄2

)
. (8.3)

By setting Sp = 0 in eq. (3.39) no entropy waves enter the domain. In summary the
combustor inlet is described by the non-re�ecting impedance boundary condition (3.33),
in which the reduced impedance is either set to Z = 1 for longitudinal modes or de�ned
by eq. (8.1) for circumferential modes. Therefore the Mach number M̄ and speed of sound
c̄ are evaluated at the inlet in the eqs. (8.1) - (8.3). The combustor outlet is modeled as an
acoustical compact nozzle, which is de�ned by the boundary condition (3.42). It is varied
in this test case according to the strategy presented in subsec. 5.3.1 in order to isolate the
direct noise contribution from the total noise.

To determine the impact of the source model on the noise ratio, the LNSE are either
excited by the conventional di�usive �ame-type source term ˆ̇ωz in the linearized energy eq.
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(4.43), or the volume source term ŝV in the linearized continuity eq. (4.38) and energy eq.
(4.40). Therefore the di�erence between both source models lies in the additional source
term in the linearized continuity equation. Both source terms are distributed around the
mean �ame position so that the volume source term is calculated by

ρ̄ŝV (x, θ) = − 3

2δf

[
tanh2

(
3
x− xf
δf

)
− 1
](κ− 1)

c̄2

Q̇
A

einθ. (8.4)

Like in the study by Dowling and Mahmoudi [2015], the integral source spectrum Q̇ in eq.
(8.4) has a constant value in the covered frequency range.

8.1.3 Noise Ratio

In �g. 8.2 the results of the total, direct and indirect sound predicted by the hybrid method
and the LOTAN solver are presented for a given frequency. The pressure amplitudes are
evaluated at the combustor outlet and are divided by the total volume-integrated heat
release rate. The normalized results are shown in the �g. 8.2 for longitudinal (n = 0 )
and for circumferential waves (n = 1 ). The conventional source model for non-premixed
�ames is referred to as energy source, while the source model for perfectly premixed �ames
is labeled volume source in �g. 8.2. It can be seen that the amplitudes calculated by
LOTAN and the LNSE method agree very well when using the LNSE energy source. This
validates the 1D-hybrid LNSE simulation since LOTAN uses the same set of equations.
The e�ect of a premixed �ame source in the LNSE, denoted as volume source, is the strong
reduction of entropy waves and therefore the smaller contribution of indirect noise. Ideally
the indirect noise would be eliminated as the premixed �ame can not produce traveling
entropy waves. Therefore the remaining indirect noise obtained in this case marks the
degree of imperfection of the LNSE implementation already pointed out in subsec. 4.2.3.

The noise ratio of the indirect to direct noise is plotted in �g. 8.3. Very good agree-
ment is found between the LNSE and LOTAN solutions over the entire frequency range
for the longitudinal waves. When using the volume source model the direct noise remains
unchanged, whereas the indirect noise is signi�cantly decreased over the entire frequency
regime. While there shouldn't be a remaining indirect noise contribution the e�ect of mean
entropy gradients in the �ame discussed in subsec. 4.2.3 still produces entropy waves. More
precisely the �rst term −u′i∂s̄/∂xi in eq. (4.32) is mainly responsible for the unphysical
entropy wave generation in case of the volume source model. This is demonstrated by
neglecting the mean �ow gradients in the LNSE, which leads to vanishing indirect noise
over the entire frequency range (see �g. 8.4, square symbols).

In �g. 8.3 it is demonstrated that the indirect noise dominates the direct noise at very low
frequencies around 80 Hz for the energy source model. Following Dowling and Mahmoudi
[2015] this can be explained by considering the di�erent characteristic transport velocities
of the entropy and acoustic waves. The dominant frequencies of indirect noise fi = 2ū2/l
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are related to the mean �ow convection velocity and the half combustor length resulting
in a signi�cant contribution to the low frequency content. Direct noise is associated with
the speed of sound leading to much higher eigenfrequencies of about fd = c̄2/l ≈ 886 Hz.
For this reason the indirect noise exceeds by far the direct noise at low frequencies. Not
only the fundamental frequency at 80 Hz related to the indirect noise is excited, but also
several higher harmonics of it with a frequency shift of about fi = 2ū2/l ≈ 180 Hz. As
shown in �g. 8.3 the fundamental mode and its higher harmonics cause several peaks in
the frequency spectra of the total and indirect noise.

In conclusion the analysis of the annular model test case along with the di�erent source
models of sec. 4.2.2 showed that:

• The proposed source terms for perfectly premixed and di�usive �ames ful�ll the
constraints concerning the entropy wave generation.

• The ratio between indirect and direct noise crucially depends on an accurate source
model, which accounts for the di�erent physics of premixed and di�usion �ames.

• The remaining indirect noise contribution obtained with the volume source model is a
spurious e�ect of the LNSE propagation model but not the source model. Interactions
between acoustic waves and mean entropy gradients result in an unphysical entropy
wave generation, which should not be present in the idealized model combustor.

• In realistic applications the indirect noise is not only arising from the �ame source,
but is also related - presumably to a lesser extent - to mean gradients.

• The LNSE results based on the energy source are in excellent agreement with the
LOTAN network solver results, which validates the numerical implementation.

• The direct and indirect noise contributions can be practically separated by varying
the combustor outlet condition, cf. �g. 5.3.

101



Combustion Noise Generation and Propagation

0

0.002

0.004

0.006

0.008

0 400 800 1200 1600N
or

m
al

iz
ed

 to
ta

l n
oi

se
 

, P
a/

W

Frequency f, Hz

Longitudinal mode (n=0)

Dowling and Mahmoudi (2015)
LNSE - energy source

- volume source

0

0.002

0.004

0.006

0.008

0 400 800 1200 1600N
or

m
al

iz
ed

 to
ta

l n
oi

se
 

, P
a/

W

Frequency f, Hz

Circumferential mode (n=1)

(a) Total noise

0

0.002

0.004

0.006

0.008

0 400 800 1200 1600

N
or

m
al

iz
ed

 d
ire

ct
 n

oi
se

 
, P

a/
W

Frequency f, Hz

Longitudinal mode (n=0)

Dowling and Mahmoudi (2015)
LNSE - energy source

- volume source

0

0.002

0.004

0.006

0.008

0 400 800 1200 1600

N
or

m
al

iz
ed

 d
ire

ct
 n

oi
se

 
, P

a/
W

Frequency f, Hz

Circumferential mode (n=1)

(b) Direct noise

0

0.002

0.004

0.006

0.008

0 400 800 1200 1600

N
or

m
al

iz
ed

 in
di

re
ct

 n
oi

se
 

, P
a/

W

Frequency f, Hz

Longitudinal mode (n=0)

Dowling and Mahmoudi (2015)
LNSE - energy source

- volume source

0

0.002

0.004

0.006

0.008

0 400 800 1200 1600

N
or

m
al

iz
ed

 in
di

re
ct

 n
oi

se
 

, P
a/

W

Frequency f, Hz

Circumferential mode (n=1)

(c) Indirect noise

Figure 8.2: Di�erent noise contributions, normalized by the total heat release rate, of the
annular model combustor for longitudinal waves n = 0 (left) and circumferen-
tial waves with mode number n = 1 (right).
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Figure 8.3: Ratio of indirect to direct noise of the annular model combustor for longitudinal
waves n = 0 (left) and circumferential waves with mode number n = 1 (right).
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Figure 8.4: Ratio of indirect to direct noise of the annular model combustor for longitudinal
waves n = 0 (left) and circumferential waves with mode number n = 1 (right).
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8.2 CESAM-HP Combustor

The objective of the second test case was the assessment of the hybrid RANS/ LNSE based
combustion noise modeling on the experimental data from the CESAM-HP combustor
installed at the EM2C laboratory at the Centre National de la Recherche Scienti�que
(CNRS). After the description of the test rig, the simulation model both for the mean
�ow and acoustics are introduced. The direct noise spectrum was calculated with the
statistical noise model by Hirsch et al. [2006, 2007] and by Liu et al. [2014]. Also LNSE
simulations based on incompressible LES source terms are shown. Finally, non-isentropic
LNSE simulations are conducted to include the e�ect of entropy wave propagation and to
predict the indirect combustion noise. The combustion noise at the exhaust nozzle outlet is
determined by coupling the three-dimensional combustor simulations to a one-dimensional
network model of the exhaust nozzle. The results shown are based on previously presented
work by Ullrich et al. [2016].

8.2.1 Con�guration and Operating Conditions

The CESAM-HP test rig consists of a square combustion chamber with axial length of
lc = 0.14 m and lateral side wall length of b = 0.07 m connected to a convergent-divergent
exhaust nozzle at the downstream end of the combustor [Mazur et al., 2015b]. A tangential
swirler is mounted upstream of the combustion chamber on a straight premixing duct with
length of ld = 0.1345 m. An adjustable resonator (Impedance Control System (ICS)) is
connected to the premixing duct through a perforated plate, which may be purged with
air. The vortex dynamics of the swirler can be modi�ed by introducing an air jet in the
center of the perforated screen. The CESAM-HP test rig and the di�erent air inlets are
sketched in �g. 8.5. The combustor face plate, i.e. the area jump between premixing duct
and combustor, de�nes the point of origin x = 0 m in axial direction x for all simulations.

Three di�erent operating points were realized in the tests running non-preheated propane-
air �ames of 45 kW at an overall equivalence ratio of 0.85 . They are referred to as OP-16-
0-2, OP-16-2-0 and OP-13-5-0, where the following nomenclature is used:

OP-[swirler_mass_flow(g/s)]-[axial_jet_mass_flow(g/s)]-[ICS_mass_flow(g/s)].

Details on these operating points are summarized in tab. 8.2. It can be seen that the
combustor is operated under lean and pressurized conditions for all three operating points.

8.2.2 Numerical Setup

RANS Simulations

Compressible reactive RANS equations were used with the k-ε turbulence model clo-
sure. Combustion was modeled by a global reversible one-step �nite-rate/Eddy-Dissipation
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Figure 8.5: Sketches of the (a): CNRS CESAM-HP test rig, and (b): di�erent inlets related
to the nomenclature for the di�erent operating points [Ullrich et al., 2016].

Operating Point OP-16-0-2 OP-16-2-0 OP-13-5-0

Swirler air mass �ow (g/s) 16 16 13

Axial ICS air mass �ow (g/s) 2 0 0

Axial jet air mass �ow (g/s) 0 2 5

Mean static pressure (bar) 2.44 2.43 2.39

Total temperature inlet (K) 296.5

Total mass �ow (g/s) 18

Swirler fuel mass �ow (g/s) 0.983

Equivalence ratio (-) 0.85

Thermal power (W) 45,522.46

Table 8.2: Operating points of the CESAM-HP combustor.

(EDM) model [ANSYS, 2011a] as described in sec. 2.2. Second order upwind discretiza-
tion schemes were applied for all equations except for turbulence equations, where �rst
order upwind schemes were used. The SIMPLE algorithm was applied to compute the
pressure-velocity coupling. The test rig is discretized by a fully structured grid of 1.12
million cells. Mesh-independence of the solution for cold and reacting conditions was in-
sured. As presented in �g. 8.6(b) the simulation was split up into two separate steps:
A three-dimensional reactive combustor simulation, which encompasses the combustion
chamber, the convergent nozzle section and a small part of the divergent nozzle. This is
followed by a quasi two-dimensional, axis-symmetrical and non-reactive simulation of the
divergent nozzle section. Both RANS models are connected to each other at the interface
plane at x = 0.173 m, which is located in the divergent nozzle section close to its throat.
The simulation strategy explained above was chosen to avoid convergence problems due to
the high unsteadiness in the divergent nozzle section.

In the 3D combustor simulation the mass �ow rate and total temperature are imposed
at the swirler, the perforated screen and the axial air injection. At the nozzle cut plane at
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Figure 8.6: (a): Structured mesh of the CNRS CESAM-HP test rig, and (b): solution
strategy RANS simulation for reacting �ow [Ullrich et al., 2016].

x = 0.173 m a static pressure of 1.07721 bar was set to reach transonic conditions. All walls
are smooth and adiabatic, but for the cooled combustor walls T̃ = 303 K was assumed. Near
wall turbulence was modeled with standard wall functions. From the 3D simulation the
velocity components in r, θ, z-direction and the static temperature pro�le were extracted
at the outlet at x = 0.173 m. These pro�les were then used as inlet conditions for the quasi
2D nozzle simulation. At the nozzle outlet an ambient pressure of 1.01325 bar was imposed.

In order to get a better understanding of the �ame characteristics, three additional
transport equations for the mixture fraction, its variance, and the temperature variance
(4.65) were implemented in form of user defined functions (udf) and were solved on
the �xed mean �ow �eld from the previous RANS solution. The corresponding additional
boundary conditions are speci�ed in tab. 8.3.

Operating Point OP-16-0-2 OP-16-2-0 OP-13-5-0

Oxygen per fuel (kg O2/kg F) 3.628447

Fuel mass fraction (kg F/kg tot) 0.057855 0.070268

Oxygen mass fraction (kg O2/kg tot) 0.219529 0.216637

Mixture fraction (-) 0.488818 0.540636

Stoichiometric mixture fraction (-) 0.511182 0.459364

Mixture fraction variance (-) 0

Temperature variance (K2) 0

Table 8.3: Parameters and boundary conditions at the swirler inlet for additional transport
equations for the reacting �ow simulations.
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Statistical Noise Model Postprocessor

Di�erent combustion noise models were applied on the RANS results to deliver integral
heat release spectra. These are the models for premixed �ames by Hirsch et al. [2006, 2007]
and by Liu et al. [2014], all of which were introduced in the subsec. 4.3.1. It is important
to emphasize that for the current analysis the spectra by Hirsch et al. [2006, 2007] and Liu
et al. [2014] are based on the same mean RANS �eld so the di�erences between the models
directly show in the results.

LNSE Simulations

Similar to the variation of the spectral source models a number of acoustic models were
applied to study their in�uence on the combustion noise spectra. Below the most impor-
tant acoustic models are presented, while more detailed investigations are given by Ullrich
et al. [2016].

All direct noise predictions are based on the isentropic formulation of the LNSE (4.38)
- (4.40). Turbulence-acoustic interactions in the combustor and premixing duct are taken
into account by the Lighthill stresses in the linearized momentum eq. (4.39). As proposed
by Hussain and Reynolds [1972] and Gikadi et al. [2014] they are treated as an addi-
tional damping term characterized by the turbulent viscosity, i.e. τ̂ij,L := −ηt(∂ûi/∂xj +
∂ûj/∂xi− 2/3δij∂ûk/∂xk). In the study by Gikadi et al. [2014] this approach was theoret-
ically derived and successfully applied. The combustion noise sources are imposed by the
volume source term ŝV in the linearized continuity eq. (4.38) [Ullrich et al., 2016]. The
integral heat release source spectra obtained from the statistical noise models are rewritten
in terms of integral volume source spectra, which are spatially redistributed according to
the mean heat release using eq. (4.81). The isentropic assumption is su�ciently ful�lled
in this test case since the �ame is almost perfectly-premixed so that entropy �uctuations
are negligible. This assumption is justi�ed by recent experimental studies by Kings et al.
[2016] and Mazur [2017] as well as the numerical study by Huet et al. [2016]. As explained
in sec. 3.3 viscosity can be neglected in the low frequency range implying that all walls are
treated by slip boundary conditions de�ned in eq. (3.37). Due to the very low porosity
of 0.05 of the perforated screen it is modeled by the hard wall boundary condition (3.37).
In most of the acoustic simulations the nozzle at the combustor outlet is approximated by
the simpli�ed BC (3.43) to save computational e�ort. Its validity was proven by Ullrich
et al. [2016] by doing a full simulation including the entire nozzle with a fully re�ecting
outlet condition (3.41) at its end.

A quasi two-dimensional and a fully three-dimensional model of the combustor were
implemented to investigate the in�uence of the model dimension and to assess options for
saving computational resources. In the quasi two-dimensional model the LNSE (4.38) -
(4.40) are implemented in cylindrical coordinates x = (r, θ, z)T and solved for the unknown
variables ρ̂ and û = (ûr, ûθ, ûz)

T while assuming axis-symmetry ∂/∂θ = 0. The domain
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is discretized by 5423 quadratic Lagrangian elements, giving a linear system of equations
with 44,928 degrees of freedom. Additional modeling approximations are required in the
quasi 2D model for the swirler, where the assumption of the axis-symmetry is not valid. A
method to represent the swirler in a quasi 2D modeling framework was used as proposed by
Weyermann [2010]. The annular cavity of the swirler and the mixing duct were connected
by a radial slot. The axial and radial dimensions of this slot are chosen in such a way
that the same eigenfrequencies are obtained in the quasi 2D and the 3D case. The quasi
2D LNSE simulation model along with the combustion noise source term distribution is
sketched in �g. 8.7 for OP-16-2-0.

Fully reflecting 
pressure outlet 

Slip wallPerforated screen: 
hard wall 

Mass flow BC if nozzle 
is excluded 

Combustion noise 
source term

r

zθ

Figure 8.7: Quasi two-dimensional, isentropic acoustic model and mesh of the CNRS
CESAM-HP test rig. The plot on the bottom represents the distribution of
the combustion noise source term ρ̄ŝV , [kg/(m3s)] calculated by the model by
Hirsch et al. [2006, 2007] for the �rst operating point OP-16-2-0.

In the 3D case the LNSE are solved in cartesian coordinates x = (x, y, z)T with the
dependent variables ρ̂ and û = (û, v̂, ŵ)T . The domain is discretized using an unstruc-
tured mesh with 312,613 linear tetrahedron elements (230,952 dof), which is shown in �g.
8.8. In Ullrich et al. [2018] the in�uence of the shape function order, iterative solver and
mesh resolution on the direct noise was identi�ed by performing additional simulations on
a highly re�ned mesh with roughly 2.7 million dofs and second order Lagrangian shape
functions. It was shown that the coarse mesh is already su�cient to predict the direct
noise spectrum in the combustor.

The in�uence of the mean �ow �eld on the acoustic model was further assessed in two
ways: One set of LNSE simulations was based on the time averages of LES simulations to
see the in�uence of the turbulence model. Another set eliminated the e�ect of the aero-
dynamic mean �ow �eld and �ow shearing on the resulting combustion noise spectrum by
simulations based on the Helmholtz eq. (3.23). In this case all boundary conditions are
kept but they were reformulated in terms of the acoustic pressure according to the eqs.
(3.35) and (3.38). The source spectrum of the volume source term was rewritten in form
of an equivalent heat release spectrum by means of the relation (4.28).

Predictions of the total combustion noise at the exhaust nozzle outlet were carried out
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Figure 8.8: Three-dimensional acoustic model and mesh of the CESAM-HP test rig.

by applying the procedure of subsec. 5.3.2. In the �rst step the nozzle transfer functions
were computed. Then combustor simulations based on the non-isentropic formulation of
the LNSE (4.38) - (4.40) were done, which included the solution of the energy eq. (4.40)
and therefore the propagation of entropy waves. Interactions between the entropy waves
and turbulent heat �uxes are incorporated in the model by introducing a turbulent heat
conductivity λt = ηt/Prt in the linearized energy eq. (4.40)1. The turbulent viscosity is
obtained from RANS simulations, while the turbulent Prandtl number is set to Prt = 0.8 ,
which is a typical value for most CFD codes. The quasi 2D domain is discretized by a
total number of 5088 quadratic Lagrangian elements, yielding 52,785 degrees of freedom
(dof) to be solved. The mesh and the simulation model are sketched in �g. 8.9. Since
the combustion noise source terms are distributed according to the mean �ame shape, the
qualitative source term distribution in �g. 8.9 for OP-13-5-0 looks very di�erent from the
one shown in �g. 8.7 for OP-16-2-0.

To determine the in�uence of the source term modeling on the noise ratio, mean �ow
gradients are neglected in the LNSE (4.38) - (4.40), so that the entropy wave generation is
dominated by the source term model. Since the entropy wave dispersion was suppressed by
this to a certain extent, the amount of indirect noise caused by the source term generated
entropy waves was expected to be overpredicted. All boundary conditions were the same as
in the isentropic LNSE model for the direct noise predictions. In the �nal postprocessing
step the acoustic and entropy waves were extracted close to the combustor outlet and were
multiplied by the nozzle transfer functions. This delivered the noise contributions related
to indirect and direct noise at the exhaust nozzle outlet.

1This approach is based on the triple-decomposition approach, which yields turbulent heat �uxes of the
form −∂/∂xi[〈q̇′′i 〉 − q̇′′i ] in the linearized energy equation eq. (4.18). Similar to the turbulent Lighthill
stresses [Hussain and Reynolds, 1970] these heat �uxes q̇′′i = −λ(∂T ′′/∂xi) may be interpreted as an
additional heat conduction term acting on the entropy waves, i.e. postulating q̇′′i = −λt(∂T ′/∂xi).
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Figure 8.9: Quasi two-dimensional, non-isentropic acoustic model and mesh of the CNRS
CESAM-HP test rig. The plot on the bottom represents the distribution of
the combustion noise source term ρ̄ŝV , [kg/(m3s)] calculated by the model by
Hirsch et al. [2006, 2007] for the last operating point OP-13-5-0.

8.2.3 Mean Flow Simulations

The mean axial velocity and mean temperature distribution obtained from the RANS sim-
ulations are shown in �g. 8.10 for the combustor (x, y)-center plane. The �ow pattern
is symmetrical with respect to the centerline axis for the �rst operating point OP-16-0-2,
which has only purge air �ow through the ICS. With increasing jet �ow from the centered
nozzle an asymmetrical pattern develops at OP-16-0-2 and increases for OP-13-5-0, where
it a�ects the shape of the combustion zone.

The RANS results are compared quantitatively to the particle-image velocimetry (PIV)
measurements provided by CNRS [Kings et al., 2015, Mazur et al., 2015a] in �g. 8.11 for
the mean velocities and in �g. 8.12 for the turbulence velocities obtained at OP-16-0-2 and
in �gs. 8.13 and 8.14 for OP-13-5-0. For comparison with the PIV measurements of the
rms-velocities, the turbulent kinetic energy k from the RANS results was post-processed
by evaluating

u′rms =

√
2

3
k, (8.5)

which implies isotropic turbulence. As later shown for the interpretation of the comparison
between simulated and measured combustion noise spectra, the in�uence of the turbulent
length and time scales is dominant when using the spectral combustion noise models.
Therefore it would be desirable to have a direct comparison of them from simulation and
experiment. Since turbulent length scales were not provided by CNRS [Kings et al., 2015,
Mazur et al., 2015a] they are estimated following the derivation by Hirsch [2018]. The
estimation for the turbulent length and time scale is based on the k-ε theory in conjunction
with the assumption of equilibrium shear layers, where the turbulent production Pk equals
the turbulent dissipation ρε, i.e. Pk = −〈ρ〉ũ′′i u′′j∂ũi/∂xj = ρε. Inserting the Boussinesq
approach (2.17) and the turbulent viscosity (2.18) into the equilibrium assumption and
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Figure 8.10: Distribution of the mean axial velocity ũ, [m/s] (left) and mean temperature
T̃ , [K] (right) in the (x, y)-center plane.

expressing the turbulent kinetic energy k = 3/2u′2rms and dissipation ε = u′3rms/lt in terms
of the rms-velocity yields for the turbulent length and time scale [Hirsch, 2018]:

lt = clt
u′rms
|∂ū/∂x|

, (8.6)

τt = clt
1

|∂ū/∂x|
. (8.7)

Then the turbulent length and time scale are connected by the relation τt = lt/u
′
rms. In the

eqs. (8.6) and (8.7) the constant of proportionality clt = 4/(9cµ) ≈ 4.94 was introduced.
Applying the same length scale estimation for both the experimental and the RANS data
the ratios of the turbulent length and time scales between experiment and simulation are
estimated below. Based on the turbulent length and time scale ratios together with the
scaling fp ∼ 1/τt and Pa(f) ∼ (fτt)

−2 · u′7|∂ū/∂x|−5, the ratio between the simulated and
experimental peak frequency, the acoustic power and the spectral fall-o� can be estimated
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as [Hirsch, 2018]

(fp)RANS
(fp)exp

=
(τt)exp

(τt)RANS
, (8.8)

(Pa)RANS
(Pa)exp

=
((u′rms)RANS

(u′rms)exp

)7

·
( (∂ū/∂y)exp

(∂ū/∂y)RANS

)5

, (8.9)

(dSPL/df)RANS
(dSPL/df)exp

=
(fp)exp

(fp)RANS
=

(τt)RANS
(τt)exp

. (8.10)

These scaling rules provide a good basis for the interpretation of the spectral comparison,
which is given later in subsec. 8.2.5.

In general the mean axial velocities are not correctly predicted by the RANS simulation
in the core region and the annular jet, cf. �g. 8.11. The agreement between the simulation
and experiment is far better for the radial velocities. The deviations observed between
the RANS and PIV results increase in downstream direction. In conclusion the RANS is
not capable to accurately predict the axial velocities in the core of the inner recirculation
zone. The rms-velocities shown in �g. 8.12 are overpredicted by the RANS in the inner
core region, while the rms-velocities in the jet are underestimated in comparison to the
experiment. The di�erences between the rms-velocities obtained from RANS simulations
and PIV measurements are even larger for the operating point OP-13-5-0 but the mean
pro�les match reasonably well, cf. �gs. 8.13 and 8.14. This operating condition results
in the highest broadband noise levels which is directly linked to the highest rms-values.
The large deviations between the RANS results and PIV measurements are most probably
to be explained by the high unsteadiness of the �ow in the combustor, which cannot be
captured by steady RANS simulations. These deviations directly a�ect the accuracy of the
combustion noise source spectra, which in turn in�uence the quality of the �nal acoustic
results, which is estimated in the subsequent paragraph.

To estimate the turbulent length and time scales, the rms-values and mean �ow gradi-
ents are compared with each other. In the shear layer region 10 mm ≤ r ≤ 15 mm, where
the reaction takes place in �g. 8.11, the gradient of the experimental mean velocity pro�le
is approximately twice that of the RANS simulation, i.e. (∂ū/∂y)RANS/(∂ū/∂y)exp ≈ 0.5 .
In �g. 8.12 the simulated rms-velocity is approximately 75 % of the experimental values
so that (u′rms)RANS/(u

′
rms)exp ≈ 0.75 . According to the eqs. (8.6) and (8.7) this deliv-

ers (lt)RANS/(lt)exp ≈ 1.0 and (τt)RANS/(τt)exp ≈ 2.0 for the ratios of the length and
time scales between the simulation and experiment in case of operating point OP-16-0-2
[Hirsch, 2018]. Concerning OP-13-5-0 the gradient values of the mean axial velocity in
the shear layer region 7 mm ≤ r ≤ 15 mm in �g. 8.13 are approximately the same as
in the RANS simulation (∂ū/∂y)RANS/(∂ū/∂y)exp ≈ 1 . The mean level of the simulated
turbulence intensity in this zone in �g. 8.14 is approximately 0.56 of the experimen-
tal value (u′rms)RANS/(u

′
rms)exp ≈ 0.56 . Then the ratios of the length and time scales

between the experiment and simulation for OP-13-5-0 are (lt)RANS/(lt)exp ≈ 0.56 and
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OP-16-0-2 - Mean velocities
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Figure 8.11: Reacting Flow OP-16-0-2: Comparison PIV and RANS results in several axial
evaluation planes. Top: mean axial velocity ũ, [m/s], bottom: mean radial
velocity ṽ, [m/s].

(τt)RANS/(τt)exp ≈ 1.0 . The ratios for OP-16-2-0 and the other operating points are sum-
marized in tab. 8.4.

The ratios of the length and time scales between the experiment and simulation are used
to estimate the deviation between the predicted and measured peak frequency, peak ampli-
tude and spectral fall-o� according to the eqs. (8.8) - (8.10). For operating point OP-16-0-2
the evaluation of eq. (8.8) delivers a ratio of the peak frequencies of (fp)RANS/(fp)exp = 0.5 ,
implying an underprediction of the peak frequency by the LNSE. The estimation based on
eq. (8.9) yields an approximately 6 dB higher peak amplitude of the simulation in compar-
ison to the experiment. Using eq. (8.10) the predicted spectral decay is twice as the exper-
iment. For OP-13-5-0 the evaluation of the eqs. (8.8) - (8.10) yields the following ratios be-
tween the simulation and experiment: (fp)RANS/(fp)exp = 1.0 , (Pa)RANS/(Pa)exp = −17 dB,
(dSPL/df)RANS/(dSPL/df)exp = 1 .0. In this case the de�ciency of the simulated turbu-
lence data results in a length scale, which is about 0.5 that of the experiment. As the
simulated turbulence intensity is also about 50 % of the experimental value, the character-
istic time scale and with it the predicted peak frequency and spectral fall-o� are expected
to �t the experimental data. Due to the erroneous rms-prediction a signi�cant underpre-
diction of the acoustic amplitudes is expected. The ratios of the peak frequency, acoustic
power and spectral decay of operating point OP-16-2-0 are not explicitly given here. They
are summarized in tab. 8.4 together with the data for the other two operating points. In
subsec. 8.2.5 these estimations are compared to the real values obtained from the LNSE

113



Combustion Noise Generation and Propagation

OP-16-0-2 - Rms velocities
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Figure 8.12: Reacting Flow OP-16-0-2. Turbulence Statistics: Comparison PIV and RANS
results in several axial evaluation planes. Top: axial rms-velocity u′rms, [m/s],
bottom: radial rms-velocity v′rms, [m/s].

simulations and measurements.

Finally, the variances of the temperature and mixture fraction are analyzed for the op-
erating point OP-13-5-0. As shown in �g. 8.15(b) signi�cant temperature variations are
observed in the core region of the �ame. This indicates a strong axial �uctuation of the
�amefront, since the mixture fraction �uctuations are zero there, cf. 8.15(d). Mixture frac-
tion �uctuations are seen in the swirler region in the premixing duct and quickly disappear
further downstream before reaching the �ame. This �nding con�rms that the considered
�ame behaves like an almost perfectly premixed �ame regardless of the additional air in-
jection of the axial center jet. This implies that entropy waves should not be present in
the combustor downstream of the �ame. The comparison between the mean temperature
variance and mean mixture fraction variance revealed that temperature variations are no
suitable criterion to distinguish between perfectly premixed and non-premixed �ames as
they are present in both cases. The analysis of the mixture fraction and its variance also
provided support for the idea to de�ne the source term ˆ̇ωz of non-premixed �ames as a
function of the mean mixture fraction variance as proposed in eq. (4.70) in the present
thesis.

114



8.2 CESAM-HP Combustor

OP-13-5-0 - Mean velocities
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Figure 8.13: Reacting Flow OP-13-5-0: Comparison PIV and RANS results in several axial
evaluation planes. Top: mean axial velocity ũ, [m/s], bottom: mean radial
velocity ṽ, [m/s].

OP-13-5-0 - Rms velocities
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Figure 8.14: Reacting Flow OP-13-5-0. Turbulence Statistics: Comparison PIV and RANS
results in several axial evaluation planes. Top: axial rms-velocity u′rms, [m/s],
bottom: radial rms-velocity v′rms, [m/s].
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Ratio Simulation/Experiment OP-16-0-2 OP-16-2-0 OP-13-5-0

Mean velocity gradient (∂ū/∂y)RANS
(∂ū/∂y)exp

(-) 0.5 0.5 1.0

Rms-velocity (u′rms)RANS
(u′rms)exp

(-) 0.75 1.0 0.56

Turbulent time scale (τt)RANS
(τt)exp

(-) 2.0 2.0 1.0

Turbulent length scale (lt)RANS
(lt)exp

(-) 1.5 2.0 0.56

Peak frequency
(fp)RANS
(fp)exp

(-) 0.5 0.5 1.0

Acoustic power (Pa)RANS
(Pa)exp

(dB) 6.9 5.5 − 17.6

Spectral fall-o� (dSPL/df)RANS
(dSPL/df)exp

(-) 2.0 2.0 1.0

Table 8.4: Estimation of turbulent length scale, time scale as well as the peak frequency,
peak amplitude and spectral decay based on the rms-velocity and mean velocity
gradient.

X

Y

Z

300 717.778 1135.56 1553.33 1971.11

(a) Mean temperature [K]

X

Y

Z

5000 149444 293889 438333 582778

(b) Mean temperature variance [K2]

X

Y

Z

0.005 0.09 0.175 0.26 0.345 0.43 0.515

(c) Mean mixture fraction [-]

X

Y

Z

5E­05 0.00115 0.00225 0.00335 0.00445

(d) Mean mixture fraction variance [-]

Figure 8.15: OP-13-5-0: Distribution of the mean temperature T̃ , [K], and its variance T̃ ′′2,
[K2], on the left column. The right column shows the mean mixture fraction
z̃ and its variance z̃′′2 in the (x, y)-center plane.
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8.2.4 Combustion Noise Source Spectra

The postprocessing of the RANS simulations using the statistical noise model by Hirsch
et al. [2006, 2007] delivers integral heat release spectra as shown in �g. 8.16(a). It can be
seen that the model by Hirsch et al. [2006, 2007] predicts similar peak frequencies of the
�uctuating heat release spectra, which are between 110 Hz and 130 Hz for the three di�er-
ent operating points. The highest peak amplitudes of the source spectrum are obtained
for the operating point OP-13-5-0, which is in line with the rms-values predicted by the
RANS. The spectral decay rates of the di�erent operating points converge towards each
other and are equal beyond 400 Hz.

In the following modi�cations to the statistical noise model by Hirsch et al. [2006, 2007]
are introduced in order to estimate how the noise model would perform if it was based on
more accurate RANS predictions. As shown above the steady RANS cannot fully capture
the highly unsteady behavior of the �ow in the CESAM-HP combustor, which is re�ected
in an underprediction of the rms-values in particular for operating point OP-13-5-0, cf.
�g. 8.14. Among others the lower turbulence intensity results in lower amplitudes of the
heat release source spectra and so of the combustion noise spectra. As already indicated in
subsec. 8.2.3 using the estimations (8.8) - (8.10) and as shown in the next subsection, these
de�ciencies in the simulation of the underlying turbulence will result in deviations of the
acoustic spectra obtained from LNSE and experiment. These deviations are especially rel-
evant for OP-13-5-0. The quality of the combustion noise source spectra and the resulting
acoustic spectra signi�cantly depends on the quality of the turbulence quantities obtained
from RANS. To show this the model constants of operating point OP-13-5-0 were modi�ed
as explained in the following to compensate the errors of the RANS mean �ow simulation.
The ratios of the predicted and experimental turbulence intensities and turbulent length
scales are (u′rms)RANS/(u

′
rms)exp ≈ 0.5 and (lt)RANS/(lt)exp ≈ 0.5 . As demonstrated by

Jörg [2015] the peak frequency of the combustion noise spectrum scales with fp ∼ cτ/τt =
(cτ/cl)(u

′
rms/lt). Then the ratio between the simulated and experimental peak frequency

becomes (fp)RANS/(fp)exp = (cτ/cl) · [(u′rms)RANS/(u′rms)exp] · [(lt)exp/(lt)RANS]. The require-
ment (lt)RANS = (lt)exp yields for the modi�ed length scale constant c∗l = 2cl to compensate
the erroneous RANS length scale prediction. Equal peak frequencies (fp)RANS = (fp)exp are
realized by the modi�ed constant for the turbulent time scale c∗τ = 1/2cτ . The integrated
spectrum obtained from these modi�ed constants with c∗l = 1.0 and c∗τ = 0.25 is plotted
in �g. 8.16(b) and is referred to as �modi�ed constants�. In this �gure the heat release
spectrum obtained form the �standard-constants� is based on the constants as introduced
by Hirsch et al. [2006, 2007] in subsec. 4.3.1. The modi�cation of the scaling constants
results in an increase of the turbulent Damköhler number by a factor of approximately 8 .

Finally the RANS data was postprocessed at the University of Cambridge (UCAM)
with the model by Liu et al. [2014] who kindly provided the integral heat release spectrum
plotted in �g. 8.17. The Liu et al. [2014] model delivers higher peak frequencies, higher
peak amplitudes and a smaller spectral decay rate compared with the model by Hirsch et al.
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Figure 8.16: Spectra of �uctuating heat release Q̇c(f), [W/Hz] associated with the com-
bustion noise for all three operating points, obtained from the statistical noise
models by Hirsch et al. [2006, 2007].
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[2006, 2007]. The model by Liu et al. [2014] deviates from the Hirsch et al. [2006, 2007]
model by a prefactor ρ0Yf,0Hlcd(ε/k) as de�ned in eq. (4.66). Although the additional
factor ε/k does not contain an explicit dependence on frequency, regions of high turbulent
shear are weighted much stronger. As a consequence the modi�ed model by Liu et al.
[2014] delivers larger amplitudes for higher frequencies and therefore a smaller spectral
decay.
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Figure 8.17: Spectra of �uctuating heat release Q̇c(f), [W/Hz] associated with the com-
bustion noise for operating point OP-13-5-0, obtained from statistical noise
model by Hirsch et al. [2006, 2007] and the modi�ed version by Liu et al.
[2014].

8.2.5 Direct Noise Prediction Using Statistical Noise Modeling

The acoustic pressure predicted by the LNSE simulation is evaluated at the wall at an
axial location of x = 122.5 mm and compared with the measurements from CNRS [Kings
et al., 2015, Mazur, 2017, Mazur et al., 2015a]. The position of the evaluation in the
simulation model and experiment is visualized in �g. 8.5(a). The time-series data of the
dynamic pressure measurements provided by CNRS are postprocessed in Matlab using
the pwelch-algorithm [Welch, 1967] in conjunction with a Hanning window with 50% over-
lap [MathWorks, 2017]. The power spectral density of the pressure signal is normalized by
the reference pressure to obtain the spectrum of the Sound Pressure Level (SPL), de�ned
by eq. (5.1).

In the following discussion only the broadband contributions to the noise spectra of
the di�erent operating points are regarded. As later shown several eigenfrequencies at
130 Hz, 260 Hz, 390 Hz and 520 Hz are observed in the experimental pressure spectrum of
OP-16-0-2, while slightly higher eigenfrequencies are obtained for the OP-16-2-0. Also the
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spectrum of OP-13-5-0 contains some eigenfrequencies, which are covered to a signi�cant
extend by a much higher broadband noise contribution in comparison to the �rst two oper-
ating points. The studies by Mazur [2017] and by Lapeyre et al. [2017] showed that these
eigenfrequencies are most likely associated with thermoacoustic modes caused by instabili-
ties of the swirling �ow in the mixing duct. These thermoacoustic modes are not treated in
this thesis as the simulation of them requires the introduction of a �ame transfer function,
which describes the feedback e�ect from the acoustics on the �ame. The �ame-acoustic
interactions should be investigated in further studies. The wording �peak frequency� and
�peak amplitude� used in the following paragraphs refers to the broadband noise content
but not to the distinct thermoacoustic eigenfrequencies.

The results obtained by the statistical noise model by Hirsch et al. [2006, 2007] are
given in �g. 8.18 for the operating points OP-16-0-2 and OP-16-2-0. The peak fre-
quency and peak amplitude of the broadband spectra are captured by the simulation
with fairly good agreement. For OP-16-0-2 a peak frequency of 86 Hz is predicted by the
LNSE in comparison to approximately 129 Hz in the experiment. Therefore the ratio of
(fp)RANS/(fp)exp = 0.66 between the predicted and experimental peak frequency matches
well with the estimated ratio of (fp)RANS/(fp)exp = 0.5 in subsec. 8.2.3. The LNSE simula-
tion delivers about 10 dB higher peak amplitudes in comparison to the experiment. This is
in line with the scaling ratio (8.9), which yield a 6 dB higher peak amplitude of the LNSE
simulation. The spectral fall-o� predicted by the simulation is about twice the experimen-
tal one. This leads to an increasing deviation between the simulation and measurement
beyond approximately 500 Hz. The comparison of the combustion noise spectra with the
heat release source spectra of the previous subsec. 8.2.4 shows that they follow the same
trend. So it can be concluded that the spectrum of the source term directly a�ects the
pressure spectrum.
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Figure 8.18: Pressure spectrum of OP-16-0-2 (left) and OP-16-2-0 (right) evaluated at
fourth microphone position x = 122.5 mm.
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The experimental and predicted pressure spectrum of OP-13-5-0 is shown in �g. 8.19.
Although the thermal power of the �ame is constant for all operating points, the measured
peak amplitude of OP-13-5-0 is approximately 20 dB higher in comparison to OP-16-0-2
and OP-16-2-0. This is caused by the injection of a signi�cant amount of air in the axial
jet, which leads to a highly unsteady behavior of the �ame and much higher rms-values in
comparison to the �rst two operating points. For OP-13-5-0 maximum rms-amplitudes of
u′rms ≈ 15 m/s are found close to the centerline axis, while the rms-values are limited to
u′rms ≈ 9 m/s for OP-16-0-2, cf. �gs. 8.12 and 8.14. The impact of the rms-amplitudes on
the combustion noise source amplitudes can be estimated using the volume source term
ŝV derived in this thesis. As stated by the eqs. (4.48) and (4.50), the local spectral am-
plitude depends on the squared reaction progress variable �uctuation. When assuming
a direct proportionality between reaction progress variable and velocity �uctuations, the
doubling of the local rms-values leads to an increase of the local source term amplitude
around 12 dB for OP-13-5-0. This local estimation does not contain any summation of the
di�erent sources, which will lead to an additional increase of the integral source spectrum
and the resulting pressure amplitudes.
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Figure 8.19: Pressure spectrum of OP-13-5-0 evaluated at fourth microphone position x =
122.5 mm.

In the following the LNSE simulation results are compared against the measurements
in �g. 8.19 for operating point OP-13-5-0. As described in subsec. 8.2.3 the e�ects of
the erroneous turbulent length scale and time scale prediction by the RANS cancel each
other out leading to the same peak frequencies in the simulation and experiment. This
estimation is con�rmed by the simulation result shown in �g. 8.19, where the peak fre-
quency and spectral fall-o� predicted by the LNSE simulation together with model by
Hirsch et al. [2006, 2007] match the experiment. According to the estimation in subsec.
8.2.3 the di�erences in the turbulence quantities between the RANS and experiment would
lead to an underestimation of the SPL values of about 17 dB. This estimation corresponds
well with acoustic amplitudes predicted by the LNSE, where a throughout underestima-
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tion by approximately 20 dB is observed. When applying the model by Hirsch et al. [2006,
2007] with the modi�ed constants as introduced in the previous subsec. 8.2.4 the spectrum
�modi�ed constants� is obtained, which is seen to match the measured spectrum quite well.
In conclusion it can be stated that the spectral model perform only as good as the quality
of the underlying simulated turbulence data. This could be demonstrated by modifying
the model constants, which compensated the de�ciencies of the simulated turbulence �eld
of OP-13-5-0.

As illustrated in �g. 8.20 the predicted peak frequency and the peak amplitude matches
the experimental data when applying the model by Liu et al. [2014]. The higher peak
amplitude is caused by the additional prefactor ρ0Yf,0Hlcd(ε/k) in eq. (4.66) in comparison
to the model by Hirsch et al. [2006, 2007]. The frequency slope is underpredicted leading
to an overestimation of the noise amplitudes beyond approximately 375 Hz. As implied
by the analysis above, the model by Liu et al. [2014] presumably leads to a signi�cant
overprediction of the noise amplitudes for all operating points when feeding the model
with more accurate RANS simulation data.
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Figure 8.20: In�uence of combustion noise model on the pressure spectrum of OP-13-5-0
evaluated at fourth microphone position x = 122.5 mm.

8.2.6 Direct Noise Prediction Using LES Source Terms

In the following LNSE results based on incompressible LES source spectra are presented.
The combustor investigation is extended to the high frequency range above 1000 Hz, where
the noise spectrum is controlled by the system eigenfrequencies to a signi�cant extent. Also
several additional in�uences on the direct combustion noise spectrum are identi�ed.

The LES was carried out by Technische Universität Darmstadt using the LES solver
PRECISE-UNS, which was developed by Rolls-Royce Deutschland. In several studies the
potential of PRECISE-UNS to deliver highly accurate �ow prediction was demonstrated
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[Anand et al., 2013, Raynaud, 2015]. The LES was postprocessed by Rolls-Royce Deutsch-
land to evaluate combustion noise source terms [Ullrich et al., 2018]. The time-averaged
LES mean �ow �elds and the source terms were kindly provided by TU Darmstadt and
Rolls-Royce Deutschland. The results presented in the subsequent paragraphs are based
on the joint-publications by Ullrich et al. [2017, 2018]. The analysis below is restricted to
the last operating point OP-13-5-0 as it provides the most stable operating conditions with
respect to tonal combustion instabilities.

Heat Release Spectrum

The LES model is only brie�y introduced, while it is referred to the publications by
Lackhove et al. [2017] and Ullrich et al. [2018] for further details. The PRECISE-UNS
solver is based on the incompressible form of the �ltered Favre-averaged Navier-Stokes
equations, which are solved along with transport equations for the mixture fraction and
progress variable. Turbulence on the unresolved small-scales is accounted for by the dy-
namic Smagorinsky subgrid turbulence model. Combustion is modeled using the Flamelet
Generated Manifold (FGM) method together with premixed �amelets. The �amelets are
based on the GRI-3.0 mechanism and are computed and tabulated prior to the simulation.

The integral volume source spectrum is extracted from LES using the approach described
in subsec. 4.3.3. After the spatial redistribution of the integral source spectrum, the local
sources are imposed on the linearized continuity eq. (4.38) in the isentropic formulation of
the LNSE. Using eq. (4.28) the integral volume source spectrum SV (f) can be rewritten in
terms of an equivalent heat release spectrum Q̇c(f), both of which are shown in �g. 8.21.
The instantaneous spatial distribution of the local source term is visualized in �g. 8.22.
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Figure 8.21: Absolute value of the integral spectra of the mass source ρ̄|SV (f)|, [kg/s/Hz]
and equivalent heat release |Q̇c(f)|, [W/Hz] determined by incompressible
LES simulations [Ullrich et al., 2018].
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Since time domain LES simulations are performed the source spectrum contains both
the information about the absolute value and the phase i.e. the source spectra SV (f) and
Q̇c(f) are complex valued. This allows to study the impact of the phase on the resulting
combustion noise spectrum.

0.01 0.1 1.0 10 100 1E3

Figure 8.22: Instantaneous spatial distribution of |∂ρ/∂t|, [kg/(m3s)] for OP-13-5-0, ob-
tained from the LES. Picture kindly provided by TU Darmstadt.

In�uence of the Spectral Source Model on Direct Noise

In �g. 8.23 the results for the quasi 2D and 3D model based on the LES source term are
given. For comparison the result of the 3D simulation obtained with the statistical noise
model by Hirsch et al. [2006, 2007] with modi�ed constants is also plotted. When using the
statistical noise model the simulation su�ciently matches the experimental data up to a
frequency of about 1200 Hz. Increasing deviations between the simulation and experiment
are observed for higher frequencies. Signi�cant improvement of the prediction of the direct
noise spectrum is achieved when using the LES source term, which holds in particular for
the high frequency range. In this case the numerical simulations are in good agreement
with the measurements over the entire frequency range. The quasi 2D model and the 3D
model deliver very similar results with high accuracy in the low frequency range up to
1000 Hz. Only for very low frequencies below 50 Hz the quasi 2D model performs much
better than the 3D model, which overestimates the noise amplitudes in this frequency range.

Concerning the combustor eigenfrequencies the 3D model delivers better results as the
quasi 2D model. The �rst eigenmode at 2960 Hz predicted by the 3D model matches the
measurements. The second eigenmode at 3300 Hz is weaker and located closer to the �rst
mode in comparison to the quasi 2D model. The �rst and second eigenmodes are visualized
in terms of the acoustic density ρ̂ in the �g. 8.24 for the quasi 2D and 3D model. It can be
seen that the acoustic modes obtained from the quasi 2D and 3D model have a similar shape
except for the swirler and perforated screen regions. In these regions the acoustic modes
almost disappear in the quasi 2D model. In both models the �rst eigenmode represents
the λ/2-mode in the combustion chamber, while the second eigenmode is related to the
λ-mode in the premixing duct. In the 2D model not all coupling e�ects between acoustic
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8.2 CESAM-HP Combustor

and vorticity waves are included due to the assumption of axis-symmetry ∂/∂θ = 0. These
acoustic-vorticity interactions are in particular relevant in the strong rotational �ow in
the premixing duct, where the second eigenmode establishes. The neglection of some
interaction e�ects in the 2D model might lead to a higher transmission of the acoustic
waves from the premixing duct into the combustion chamber, where the noise is evaluated.
Therefore the second eigenmode presumably becomes more visible in the 2D model. In
conclusion the 3D model leads to a more accurate prediction of the acoustic behavior in
the combustor. A more detailed discussion of the eigenmodes is given by Ullrich et al.
[2018].
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Figure 8.23: Quasi 2D vs. full 3D simulation [Ullrich et al., 2018].

(a) f = 3001 Hz (b) f = 3598 Hz

(c) f = 2960 Hz (d) f = 3300 Hz

Figure 8.24: Acoustic density distribution <{ρ̂}, [kg/(m3)] for the quasi 2D (top) and 3D
model (bottom) at their respective eigenfrequencies, based on the RANS mean
�ow �eld.
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In�uence of Mean Flow Field on Direct Noise

The in�uence of the mean �ow �eld on the acoustic pressure spectrum is assessed by
performing additional 3D simulations based on the time-averaged LES �ow �eld. The cor-
responding results are compared in �g. 8.25 to the numerical solution based on the RANS
mean �ow �eld. In both mean �ow cases shown in �g. 8.25 the combustion noise source
term spectra were still determined from the incompressible LES. The simulations based on
the LES mean �ow �eld deliver a constantly higher amplitude of approximately 2 dB-4 dB
in comparison to the RANS-based simulation. The shape of the spectrum is almost not
a�ected by the mean �ow �eld. The di�erent acoustic amplitudes between the RANS and
LES-based simulations can be explained by the di�erent acoustic impedances. As derived
theoretically by Strahle [1971] or Crighton et al. [1992] the acoustic power emitted by
a �ame is proportional to the inverse of the acoustic impedance (ρ̄c̄) of the surrounding
medium, cf. eq. (4.10). The acoustic impedance is given by the mean temperature level
T̄ and pressure p̄, i.e. (ρ̄c̄) = p̄

√
κ/(RT̄ ). Since the pressure is almost constant inside the

combustor (isobaric �ame with p̄ = const.) di�erences in the acoustic pressure amplitudes
are predominantly caused by di�erences in the mean temperature levels. Averaging the
acoustic impedance over the combustor volume delivers (ρ̄c̄)LES = 310.81 kg/(m2 s) for the
LES and (ρ̄c̄)RANS = 390.62 kg/(m2 s) for the RANS simulation. Therefore the average
factor of 20 log10

[
(ρ̄c̄)RANS/((ρ̄c̄)LES)

]
≈ 2 dB between the acoustic impedances of the LES

and RANS mean �ow �eld presumably explains the deviations of the acoustic pressure
amplitudes. The �rst eigenmode is predicted at a higher frequency of 3070 Hz when using
the time-averaged LES mean �ow �eld. This is caused by the higher mean temperature
level of T̄ = 2037.6 K in the combustor due to adiabatic wall boundary conditions used for
the LES. Since the second eigenfrequency is related to the λ-mode in the premixing duct,
it is not a�ected by the higher mean temperatures of the LES mean �ow �eld. The mode
shapes predicted by the LES-based 3D simulation are shown in �g. 8.26. As expected
they are almost identical to the modes based on the RANS mean �ow �eld (�g. 8.24).
The pressure amplitude inside the combustor is not only controlled by the amplitude of
the heat release �uctuations but also by the acoustic impedance of the surrounding mean
�ow. The in�uence of the acoustic impedance on the noise level is of minor importance in
comparison to the in�uence of the heat release source spectrum. Excellent agreement with
the experimental pressure spectrum is found over a broad frequency range, which applies
to both simulation models based on the RANS and LES mean �ow �elds.

Also the in�uence of the aerodynamic mean �ow convection and shearing on the direct
combustion noise spectrum is identi�ed by additional simulations based on the inhomoge-
neous Helmholtz eq. (3.23). The results obtained from the isentropic LNSE and Helmholtz
simulations are compared with each other in �g. 8.27. Both numerical solutions rely on the
LES source term spectra. As demonstrated in �g. 8.27 almost the same broadband pres-
sure spectrum is obtained for the Helmholtz equation. Slightly lower pressure amplitudes
are delivered by the LNSE simulation, which is most probably caused by the damping due
to viscous and �ow shearing. These e�ects are not incorporated by the Helmholtz equation.
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Figure 8.25: Full 3D simulation: RANS vs. LES mean �ow [Ullrich et al., 2018].

(a) f = 3070 Hz (b) f = 3420 Hz

Figure 8.26: Acoustic density distribution <{ρ̂}, [kg/(m3)] for the 3D model at the eigen-
frequencies, based on the LES mean �ow �eld.

It is found that the aerodynamic �ow �eld has a negligible e�ect on the combustion noise
spectrum. This stands in contrast to the eigenfrequencies, which are signi�cantly in�u-
enced by the aerodynamic mean �ow. The same acoustic eigenfrequencies at approximately
3000 Hz and 3300 Hz are predicted by the Helmholtz-based simulations as compared with
the LNSE simulation. But the amplitudes at the eigenfrequencies are remarkably over-
predicted when using the Helmholtz equation. An additional eigenfrequency at 390 Hz is
obtained for the Helmholtz equation, which is not present in the experimental pressure
spectrum. A comparable low-frequency eigenmode at 550 Hz was predicted in the APE-
based study by Lackhove et al. [2017]. The analytical study by Mazur et al. [2015b] and
the numerical study by Lackhove et al. [2017] suggest that this eigenfrequency is related
to the λ/4-mode in the premixing duct and combustion chamber. Due to the incorpora-
tion of mean �ow damping e�ects, the LNSE simulations result in much better amplitude
predictions at the di�erent eigenfrequencies. The eigenfrequency at 390 Hz is not observed
in the LNSE-based model.
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Figure 8.27: In�uence of the aerodynamic mean �ow on the combustion noise spectrum
[Ullrich et al., 2017].

In�uence of Source Term Phase on Direct Noise

The LNSE and Helmholtz simulations shown so far are based on the absolute value of the
spectrum |Q̇c(f)|, cf. �g. 8.21. The in�uence of the phase of the source term is assessed
by performing additional simulations using the complex spectrum Q̇c(f) as the source
term. The excitation based on the complex spectrum is equal to the excitation with the
absolute spectrum apart from the phase. Therefore the same results are expected for the
complex source, which are only shifted by the phase di�erences. As the phase di�erences
are not included in the absolute pressure spectra, both source spectra should deliver the
same results. This theoretical consideration of the phase in�uence on the combustion noise
spectrum is proven in the following. As demonstrated in �g. 8.28 the simulations based
on the absolute and complex-valued source spectrum deliver almost identical results over
the entire frequency range. Therefore the phase of the combustion noise source term is
unimportant for the resulting pressure spectrum in the relevant frequency range. This
result justi�es the usage of absolute source spectra extracted from the LES simulations.
The outcome of this analysis strongly supports the validity of statistical noise models which
cannot predict complex-valued source spectra as they are fed by steady state mean �ow
�elds.

In�uence of Source Term Distribution on Direct Noise

The impact of the shape of the source region on the combustion noise spectrum is quanti�ed
in the following. For this purpose another simulation is conducted, in which the source
region is arbitrarily de�ned by a �ame sheet with thickness δf = 0.01 m and axial extensions
from 0.01 m to 0.02 m. Then the local heat release source term is deduced from the integral
spectrum by

ˆ̇ωT (f) =
1

Aδf
Q̇c(f), (8.11)
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Figure 8.28: In�uence of the source term phase on the combustion noise spectrum [Ullrich
et al., 2017].

where A de�nes the cross section area of the combustor. The heat release source term is
transformed to an equivalent volume source using eq. (4.28). The result obtained from
the simulation model above is referred to as �rectangular source region� in �g. 8.29. The
pressure spectrum is not in�uenced by the shape of the source region in the frequency
range up to 1000 Hz. This important �nding con�rms the validity of the compact �ame
assumption for the direct noise computation in the low frequency range and is in line
with previous numerical studies by Weyermann [2010]. The in�uence of the source region
increases with frequency but remains of minor importance even at 4000 Hz. When only
direct noise is considered, the shape of the combustion noise source region is arbitrary
to a certain extend but must obey the integral energy conservation. This requirement is
guaranteed by the model for the spatial source term distribution proposed in sec. 4.4 in
this thesis.
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Figure 8.29: In�uence of the spatial source term distribution on the combustion noise spec-
trum [Ullrich et al., 2017].
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In�uence of Source Term Model on Direct Noise

One of the most important result concerns the source term modeling, which has not been
considered yet. Several numerical studies on combustion noise are based on heat release
source terms ˆ̇ωT . This stands in contrast to the LNSE simulation model for the direct noise
predictions presented above, which achieves acoustic excitation by means of the volume
source term ŝV in the linearized continuity eq. (4.38). The theoretical basis for this source
model was provided in sec. 4.2 using the triple-decomposition approach. When using
incompressible LES instead of statistical modeling to determine the frequency content of
the source terms, the analysis above revealed that the volume source model is capable to
deliver highly accurate predictions of the resulting combustion noise spectrum.

Good agreement was found by Ullrich et al. [2017] between the LNSE simulations and the
simulations by UCAM using their acoustic network solver LOTAN. The LOTAN solver is
based on the LEE, which are excited by the heat release source term. Although an explicit
comparison is not shown here, the consistency between both solutions provides further
support for the volume source term approach presented in this thesis.

Summary

In a �nal analysis the results of the di�erent models above showed that:

• The accuracy of the LNSE combustion noise predictions based on the statistical noise
model by Hirsch et al. [2006, 2007] depends on the quality of the underlying RANS
mean �ow simulations.

• For the operating points OP-16-0-2, OP-16-2-0 and OP-13-5-0 deviations between the
predicted and experimental peak frequencies, peak amplitudes and spectral fall-o�s
can be explained by de�ciencies in the underlying RANS simulations.

• A signi�cant improvement of the prediction of the combustion noise spectrum of OP-
13-5-0 is achieved when applying the LNSE model in conjunction with incompressible
LES source terms.

• The shape of the resulting combustion noise spectrum is mainly driven by the heat
release source spectrum, so that the quality of the simulation result crucially depends
on the accuracy of the spectral model.

• The in�uence of the acoustic impedance of the surrounding �uid on the combustion
noise spectrum plays a minor role in comparison to the source term e�ect.

• The mean �ow convection and �ow shearing only weakly in�uence the shape of the
broadband combustion noise spectrum, whereas they have a signi�cant e�ect on the
damping of the eigenmodes.
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• The phase and spatial distribution of the combustion noise sources have a negligible
e�ect on the noise spectrum in the frequency range of interest.

• The volume source term approach applied in the frame of the isentropic LNSE sim-
ulation is a valid method for the prediction of direct combustion noise under the
isentropic assumption.

• The model for the spatial distribution of the integral heat release source spectra,
proposed in this thesis, is energy consistent and does not need any arbitrary source
volume de�nition.

8.2.7 Total Noise Prediction Using Di�erent Source Terms

The investigation of the CESAM-HP combustor is completed by the determination of the
total noise at the exhaust nozzle exit with particular focus on the impact of the combustion
noise source term modeling. For this purpose the strategy presented in subsec. 5.3.2 is
applied. The study is limited to operating point OP-13-5-0.

LNSE Combustor Simulation

Two source term formulations in the non-isentropic LNSE are investigated in the following.
The �rst one is the volume source term model ŝV for perfectly-premixed �ames implemented
in the linearized continuity eq. (4.38) and energy eq. (4.40), cf. subsec. 4.2.2. In the sec-
ond simulation the volume source term ŝV is only implemented in the linearized energy eq.
(4.40) to investigate its in�uence of the entropy wave generation and the total noise at the
exhaust nozzle outlet. The second model corresponds to the commonly applied approach
to model the combustion noise sources as arbitrary heat sources in the energy equation.
Each of the source term model is fed by the integral spectrum Q̇c(f) for premixed �ames,
which is computed using the spectral combustion noise model by Hirsch et al. [2006, 2007]
with modi�ed constants as introduced in sec. 8.2.4.

On the left of �g. 8.30 the pressure spectrum resulting from the two source term mod-
els are compared against the measurements. The trend as well as the amplitude is well
predicted by the hybrid approach. There are only marginal di�erences for the direct
combustion noise between both source term formulations. This stands in contrast to the
generation of entropy waves, which is demonstrated on the right in �g. 8.30 by considering
the line-of-sight integrated temperature spectrum evaluated at x = 122.5 mm

< T̂ > (x) =
1

b

∫ b

0

T̂ (x, y)dy. (8.12)

The LNSE results are compared with the line-of-sight integrated temperature spectrum
obtained from Laser interferometric Vibrometer measurements by Kings et al. [2016] and
Mazur [2017]. In the experiment almost no temperature �uctuations are measured, indi-
cating the absence of entropy waves in case of the premixed �ame. Some peaks are visible
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Figure 8.30: Pressure spectrum (left) and line-averaged temperature �uctuations (right),
evaluated at fourth microphone position x = 122.5 mm.

at the eigenfrequencies, which remain on a negligible level below 20 K in comparison to
the mean temperature level in the downstream part of the combustor. The LNSE compu-
tation based on the source term ŝV in the linearized continuity eq. (4.38) and energy eq.
(4.40) should ideally deliver no temperature �uctuations over the entire frequency range
since mean �ow gradients are neglected. As this is not the case the remaining averaged
temperature �uctuations with amplitude below 20 K indicate numerical errors and spu-
rious entropy wave generation. As discussed in subsec. 4.4, also the distribution of the
source terms over the �ame volume with constant phase might lead to an additional un-
physical entropy wave generation, although the volume source term should ideally produce
no entropy waves. When implementing the source term only in the energy eq. (4.40) of
the LNSE, represented by the orange line on the right in �g. 8.30, signi�cantly higher
averaged temperature �uctuations and entropy waves are obtained. This becomes evident
when evaluating the absolute temperature �uctuations instead of the line-averaged �uctu-
ations, which is shown on the left in �g. 8.31 for the location x = 17.5 mm.

The impact of the coherence of the entropy wave sources is estimated on the right in
�g. 8.31 for the model with source terms ŝV in the linearized continuity eq. (4.38) and
energy eq. (4.40). For fully coherent sources as given by the distribution model (4.81)
the remaining temperature �uctuation is below 35 K. The temperature �uctuations pro-
duced by an incoherent source are estimated using eq. (4.88). The coherence volume and
�ame volume are approximated from the RANS simulation to give Vcoh = 3.14 ·10-6m3 and
Vf = 1.12 · 10-4m3. According to eq. (4.88) this yields a factor of

√
Vcoh/Vf = 0.1676 be-

tween the temperature �uctuations generated by a coherent and incoherent entropy source.
Then the estimated temperature �uctuations due to an incoherent source term distribution
model are never exceeding 6 K, which is represented by the dark blue line on the right in
�g. 8.31. This result impressively demonstrates that no entropy waves are generated by
the premixed �ame when applying the incoherent volume source term model.
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Figure 8.31: Absolute temperature �uctuations |T̂ |, [K] evaluated at the �rst possible mi-
crophone position x = 17.55 mm (left). Estimation of the temperature �uc-
tuations when taking into account the incoherent entropy wave generation
(right).

In conclusion none of the source term models is able to predict zero temperature �uctu-
ations. But the implementation of the source term only in the energy equation leads to a
vast overprediction of the amplitudes of the temperature �uctuations. The volume source
model containing source terms in the continuity and energy equation results in quantita-
tively correct amplitudes apart from some remaining temperature �uctuations. Therefore
an accurate estimation of the temperature amplitudes can only be realized by applying
the model with source terms in the continuity and energy equation representing the per-
fectly premixed �ame. The remaining unphysical temperature �uctuations are presumably
caused by the distribution of the sources with constant phase in the entire �ame volume
and by numerical errors, which are growing at lower frequencies. These remaining temper-
ature �uctuations should be investigated in detail in further studies. Another important
outcome of the combustor simulation is that the source term model exclusively a�ects the
entropy generation, while the generation of acoustic waves is equal for both models, cf. left
in �g. 8.30.

The qualitative distribution of the acoustic and entropy waves predicted by the quasi
2D LNSE model including the volume source term is given in �g. 8.32 for the frequencies
of 100 Hz, 400 Hz and 1000 Hz. The entropy waves are most probably caused by numerical
errors in the model as the volume source term ŝV in the linearized continuity eq. (4.38)
and energy eq. (4.40) should ideally produce no entropy waves. None of the amplitudes
of the entropy waves is higher than 17.5 K so that they are still negligible in comparison
to the mean temperature level. The dispersion e�ect of these spurious entropy waves is
clearly visible and increases signi�cantly with frequency.
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(a) f = 100 Hz (b) f = 100 Hz

(c) f = 400 Hz (d) f = 400 Hz

(e) f = 1000 Hz (f) f = 1000 Hz

Figure 8.32: Qualitative pressure <{p̂}, [Pa] (left) and temperature distribution <{T̂}, [K]
(right) for di�erent frequencies and the volume source term model.

Nozzle Characterization

The nozzle is characterized in terms of the transmission and re�ection coe�cient for acous-
tic and entropy waves. As explained in detail in subsec. 3.8.3 the nozzle transfer functions
are determined by the two-source location method, which utilizes the quasi one-dimensional
LEE solver as implemented in the frame of the EWG test case.

The results for the acoustic and entropy transmission coe�cient are given in �g. 8.33,
where they are compared with results by the one-dimensional MarCan (ONERA) and
ANozzle (CERFACS) solvers [Huet et al., 2016]. Good agreement is found between all
solvers up to a frequency of approximately 1000 Hz, which applies to all four di�erent
coe�cients. As shown in the top left of �g. 8.33 the acoustic transmission coe�cient
increases from approximately 0.15 at 0 Hz to 0.2 at 1000 Hz, which represents the frequency
range of interest for direct and indirect combustion noise. Therefore only a small part of
the incident acoustic waves is transmitted through the nozzle, while the largest part is
re�ected by it. The acoustic re�ection coe�cient stays at 1.0 over the entire frequency
range. The bottom left of �g. 8.33 shows that the transmission of acoustic waves due to
an accelerated entropy wave slightly increases with frequency below 1000 Hz.

Combustion Noise At Exhaust Nozzle Outlet

The LNSE combustor simulations are postprocessed and combined with the nozzle transfer
functions in order to determine the combustion noise at the exhaust nozzle exit. This is
achieved by the application of the procedure introduced in subsec. 5.3.2.

The numerical results for the direct, indirect and total noise at the nozzle exit are com-
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Figure 8.33: Transmission coe�cients (left column) and re�ection coe�cients (right col-
umn) of the exhaust nozzle for operating point OP-13-5-0.

pared with the experimental pressure spectrum inside the combustion chamber in �g. 8.34
for both source models. In general it is seen that the noise amplitudes at the exhaust
nozzle outlet are about 20 dB lower in comparison to the location inside the combustion
chamber. This is explained by the acoustic properties of the nozzle. As indicated by the
upstream re�ection coe�cient Ru, the incoming acoustic waves are almost fully re�ected
by the nozzle, while only up to 20 % are transmitted through it below 1000 Hz. The re-
duction of the acoustic amplitudes across the nozzle can be easily estimated by means of
the upstream transmission coe�cient Tu, which yields 20 log10(Tu) ≈ − 16.5 dB. This is in
line with the data shown in �g. 8.34.

In the following the di�erent contributions to the total combustion noise at the exhaust
nozzle outlet are discussed in detail. As presented in the left of �g. 8.34 the indirect
noise never exceeds the direct noise at any frequency if the model with the source term
ŝV in the linearized continuity eq. (4.38) and energy eq. (4.40) is applied. The model,
which only contains the source term in the energy eq. (4.40), predicts higher indirect noise
levels as compared to the direct noise for frequencies up to approximately 200 Hz. In the
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Figure 8.34: OP-13-5-0: Comparison of numerical results at the nozzle exit and the mea-
surements inside the combustion chamber. LNSE results based on the statis-
tical noise model by Hirsch et al. [2006, 2007] with modi�ed constants.

recently published studies by Huet et al. [2016], Kings et al. [2016] and by Mazur [2017]
it is concluded that the indirect noise is of minor importance in comparison to the direct
noise in the CESAM-HP combustor. Their results can only be consistently reproduced if
the model with the source term in the continuity and energy equation as proposed in this
thesis is applied. Due to the almost perfectly premixed �ame in this con�guration only
small amplitude entropy waves are generated, which lead to a dominance of the direct noise
over the entire frequency range.
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Figure 8.35: Dependence of the noise ratio on the source model, evaluated at the nozzle
outlet.

The volume source model with sources in the continuity and energy equation still deliv-
ers a considerable contribution of the indirect noise to the total noise at low frequencies.
This is re�ected in the noise ratio at the exhaust nozzle outlet, which converges towards 1
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8.2 CESAM-HP Combustor

for low frequencies as shown in �g. 8.35. The indirect noise contribution is overpredicted
by the model due to the summation of errors during the simulation and postprocessing
process: First, the neglection of phase di�erences between the source terms spread over
the �ame volume leads to an underestimation of the entropy shear dispersion e�ect, al-
though these volume sources should theoretically produce no entropy waves. Beside of
this, numerical errors might result in an overestimation of the entropy waves reaching the
combustor outlet and impinging on the nozzle. The third important source of errors, which
support the unphysical indirect noise contribution, is the wave extraction at the combustor
outlet. As described in sec. 5.3.2 the extraction of the acoustic and entropy waves is based
on area-averaged quantities and the one-dimensional solution of the LEEs. This may lead
to considerable errors in retrieving the amplitudes of the acoustic and entropy waves at
certain frequencies. With given nozzle properties, the noise contributions and the noise
ratio at the exhaust nozzle outlet only depend on the quality of the wave extraction.

The noise ratio at the exhaust nozzle outlet was also computed for the LNSE model
including the LES source term. The comparison of the numerical results based on the
LES source and the statistical noise model by Hirsch et al. [2006, 2007] is given in �g.
8.35. While the amplitudes of the acoustic and entropy waves are considerably a�ected by
the spectral source model, the noise ratio is not in�uenced by it. Hence the noise ratio is
mainly controlled by the source term modeling approach but independent from the source
spectrum.

Summary

The main �ndings of the total combustion noise predictions using di�erent source terms in
the non-isentropic LNSE can be summarized as follows:

• The nozzle transfer functions predicted by the quasi one-dimensional LEE are in good
agreement with the results presented by Huet et al. [2016] in the frequency range of
interest.

• The generation of entropy waves by combustion crucially depends on the source term
model applied in the LNSE.

• The LNSE model, which only contains the source term in the energy equation leads
to a vast overprediction of the temperature �uctuations. The model with source
terms in the continuity and energy equation delivers more realistic results, which
are, however, still overpredicted as compared to the measurements. The tendency
to overpredict entropy amplitudes represents an inherent limitation of the LNSE
approach, which does not feature an isentropic solution in case of non-isentropic
mean �ows as indicated by eq. (4.32) in subsec. 4.2.2.

• The noise ratio predictions based on the herein proposed volume source model, con-
taining the source term in the continuity and energy equation, are consistent with
the �ndings of the studies by Huet et al. [2016], Kings et al. [2016] or Mazur [2017].
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• The simulations based on the model with the source term in the energy equation
result in a dominance of the indirect noise below 200 Hz, which is not in line with
experimental observations by Kings et al. [2016] or Mazur [2017].

• The semi-analytical volume source model for perfectly premixed �ames proposed in
this thesis signi�cantly improves the predictions of the �ame behavior with respect
to entropy wave generation. As it still produces unphysical entropy waves the model
needs further improvements and calibration to allow quantitatively correct entropy
predictions.

• An estimation showed that no entropy waves are generated by the premixed �ame
when applying the proposed volume source term model with an incoherent source
term distribution model.

• The noise ratio is independent of the source spectrum as it represents a relative
measure between entropy and acoustic wave generation by combustion, as long as
constant nozzle properties are assumed.

8.3 Liquid Kerosene Fueled Combustor

The last test case in the current thesis deals with a liquid fueled combustor, which incor-
porates important characteristics of a real aero engine combustor, namely

• the non-premixed spray combustion of Jet A-1 kerosene, and

• the downstream boundary condition representing the turbine impedance.

After the introduction of the test rig and the simulation models, the results of the mean
�ow and the acoustics are presented. The analysis is completed by the determination of
the noise ratio inside the combustor, which is discussed in detail in subsec. 8.3.5.

8.3.1 Con�guration and Operating Conditions

The considered test rig represents the atmospheric single-burner test rig installed at the
Lehrstuhl für Thermodynamik at TUM. The test rig can be operated under di�erent con-
ditions. In the present work one operating point is considered, which is referred to as Climb
in the following. The operating point is speci�ed in tab. 8.5.

Preheated air is supplied through a plenum duct. The combustion of Jet A-1 kerosene
under lean conditions is established by the PERM injection system with a pre�lming air-
blast atomizer nozzle [Keller et al., 2015, Kern et al., 2011, Marinov et al., 2010]. The
injection system was developed by GE AVIO and the Karlsruhe Institute of Technology.
The products are accelerated up to transonic conditions in the nozzle at the combustor
outlet.
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8.3 Liquid Kerosene Fueled Combustor

Operating Point Climb

Air mass �ow (g/s) 39.5

Equivalence ratio (-) 0.618

Fuel mass �ow (g/s) 1.672

Adiabatic �ame temperature (K) 1951.80

Thermal power (W) 72,083

Total temperature inlet (K) 598

Mean static pressure (bar) 1.0325

Table 8.5: Investigated operating point.

8.3.2 Numerical Setup

The numerical models related to the mean �ow as well as the acoustic simulations are based
on the work of Gikadi [2014] and Ullrich [2012]. In contrast to the CESAM-HP simulations
the base �ow simulation model does not contain the exit nozzle. This was done in order
to apply an incompressible �ow and combustion model like the assumed PDF approach.
The nozzle is replaced by an appropriate boundary condition.

RANS Simulations

The RANS equations [ANSYS, 2011a] are solved in conjunction with a standard k-ε tur-
bulence closure model according to the eqs. (2.20) and (2.21). Near wall turbulence is
modeled using the standard wall function approach. The gaseous mean �ow is assumed to
be incompressible due to the low Mach numbers occurring in the combustor. Combustion
is accounted for by two combustion models. The �rst model is a presumed PDF approach,
where both the transport equations for the mixture fraction and its variance are solved
[Gerlinger, 2005, Poinsot and Veynante, 2005]. Once the mixture fraction �eld and its
variance are solved, the corresponding mean values of the species and temperature are
deduced from the assumed PDF β-distribution. Non-adiabatic cooling e�ects are taken
into account by evaluating the PDF for a number of discrete heat loss values [ANSYS,
2011a, chapter 8.2.3., page 235]. The second combustion model is the �nite-rate/eddy-
dissipation model (EDM), where four transport equations for kerosene C12H23, oxygen O2,
carbon dioxide CO2 and water H2O are solved according to the global reaction scheme:
C12H23 + 17.75

(
O2 + 79/21N2

)
↔ 12CO2 + 11.5H2O + 17.75 · 79/21N2. In this way the

in�uence of the combustion model on the resulting pressure spectrum is identi�ed.

The continuous gas phase and discrete kerosene droplets are described in an Eulerian-
Lagrangian framework, where the equations describing the particle motion are solved nu-
merically by time integration (trapezoid rule) at each �fth iteration step. The interaction
between the discrete and continuous phase is expressed in terms of source terms for the
mass, energy and momentum equations. Liquid kerosene droplets are injected at the pres-
sure swirl atomizer with prescribed temperature, mass �ow rate and spray and dispersion
angle. The linearized instability sheet atomization model developed by Schmidt et al. [1999]
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is applied to describe the primary droplet breakup and atomization [ANSYS, 2011a]. The
RANS equations are solved on a high quality hybrid mesh ensuring one-to-one connectivity
at its interfaces.

The plenum duct is modeled by adiabatic wall boundary conditions, while a constant
temperature of T̃w = 673 K is imposed on the combustor walls. Despite of the convective
cooling e�ect included in the model, it was found that in this setup the RANS simulation
still tends to predict too high temperatures in the combustion chamber. This is likely to be
caused by an underprediction of the heat losses. For this reason the e�ect of heat losses due
to non-luminous radiation is included in the model by the implementation of an energy
sink term q̇r in the enthalpy equation (2.4) [Poinsot and Veynante, 2005]. The PERM
injection system provides �ne droplet atomization and intense mixing, which prevents the
soot formation and results in blue �ames at atmospheric conditions. This justi�es to
exclude the thermal radiation from soot particles by applying a non-luminous radiation
model. Assuming a thin-optical medium of gray-gases and neglecting the turbulence-
radiation interaction, the mean sink term2 in the Reynolds-averaged form of eq. (2.4)
reads according to Siegel and Howell [1971]˜̇qr := −4σk̄p

(
T̃ 4 − T̃ 4

w

)
, (8.13)

with σ = 5.67 · 10-8W/(m2K4) being the Stefan-Boltzmann constant. k̄p = k̄p(p̄, Ỹi, T̃ ) rep-
resents the Plank mean absorption coe�cient, which is determined by the gas composition
(mole fractions X̃i) and the mean pressure p̄:

k̄p = p̄
n∑
i=1

X̃ikp,i(T̃ ) = p̄
[
X̃COkp,CO(T̃ ) + X̃CO2kp,CO2(T̃ ) + X̃H2Okp,H2O(T̃ )

]
. (8.14)

According to Baehr and Stephan [2006], Malalasekera et al. [2002], Viskanta and Mengüc
[1987] only the thermal radiation of CO, CO2 and H2O are relevant in the infrared range,
where ray scattering can be neglected as well. Consequently only these molecules are
accounted for in eq. (8.14). The di�erent Plank mean absorption coe�cients kp,i are
evaluated from the RADCAL database [Grosshandler, 1993] and are given in terms of
temperature-dependent polynomials [Barlow, 2004]. The sink term according to eq. (8.13)
was successfully applied in several numerical simulations [Barlow et al., 2001, Guo et al.,
1997]. In this study a wall temperature of T̃w = 673 K is assumed in eq. (8.13).

Statistical Noise Model Postprocessor

The RANS mean �ow simulations are postprocessed in order to determine the integral heat
release spectrum Q̇z(f) using the statistical noise model by Jörg [2015] for non-premixed

2Note that averaged values are inserted in eq. (2.4), but the exact formulation reads ˜̇qr =
−4σp̄

∫∞
−∞

∑n
i=1Xi(z, χ, ζ)kp,i(T (z, χ, ζ))

[
T (z, χ, ζ)4−T 4

w

]
p(z)p(χ)p(ζ)dzdχdζ [Marracino and Lentini,

1997]. Furthermore, turbulence-radiation interactions are neglected by assuming kpT ≈ k̄pT̄
4 and

T 4 ≈ T̄ 4 to reduce the computational e�ort [Molina, 2015], despite of their importance [Coelho et al.,
2003, Cumber, 2014, Hartick et al., 1996].
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�ames as introduced in detail in subsec. 4.3.2. Following the derivation of the local heat
release spectrum (4.70) proposed in this thesis, the mean heat release rate is computed
according to eq. (2.22) using the mean mixture fraction variance.

The resulting integral spectra of the heat release �uctuations Q̇z(f) obtained without
and with the thermal radiation model are presented in �g. 8.36 for the presumed PDF
approach and the �nite rate/EDM combustion model. The presumed PDF approach and
the �nite rate/EDM combustion model deliver very similar peak frequencies. The latter
model calculates a much lower peak amplitude of the �uctuating heat release rate. The
heat release spectra obtained by these two combustion models converge towards each other
for high frequencies. In conclusion the combustion model mainly a�ects the peak ampli-
tude of the heat release spectrum, while it has a negligible in�uence on the spectral shape
and peak frequency.

The application of the radiation model leads to a reduced peak amplitude, which is
shifted towards higher frequencies at the same time. This behavior applies to both com-
bustion models. To explain the impact of the thermal radiation model, di�erent mean
�ow quantities were area-averaged in several combustor cross-section areas downstream
of the airblast atomizer nozzle. The evaluation was done by taking the example of the
�nite rate/EDM combustion model. The mean volumetric heat release rate and the mean
temperature are shown on the left and right in �g. 8.37. It is seen that the thermal radi-
ation leads to a lower maximum of the volumetric heat release rate, which is shifted more
upstream in comparison to the simulation without radiation. The reduced heat release
rate results in a lower temperature level inside the combustor. Also the mean variance of
the temperature is remarkably reduced due to the thermal radiation, which is visualized
in �g. 8.38. The same applies to the generalized scaling constant cs, which is proportional
to the temperature variance according to eq. (4.61). Although not shown here, the ratio
ε2/3/κ between the turbulent dissipation and kinetic energy is decreased in case of thermal
radiation. According to the heat release spectrum (4.70) the e�ects of a reduced mean
heat release rate, generalized scaling coe�cient and ratio of the turbulent dissipation and
kinetic energy are multiplied with each other. Altogether these di�erent e�ects lead to
a signi�cant decrease of the peak amplitude of the combustion noise source spectrum in
the case of thermal radiation. In case of the �nite rate/EDM combustion model the peak
amplitude of the �uctuating heat release rate is reduced from 34 W/Hz to 19.5 W/Hz. This
peak amplitude reduction is in good agreement with the multiplication of the reducing fac-
tors for mean heat release of 0.84 , the generalized scaling constant of about 0.79 and the
ratio ε(2/3)/κ of 0.96 . The shift of the spectrum towards higher frequencies is caused by the
upstream movement of the �ame root. As shown in the right of �g. 8.39 in this case the
�ame is anchored in regions with higher turbulent frequencies due to stronger �ow shear-
ing in comparison to the case without thermal radiation. Also �g. 8.39 shows that main
parameters of the combustion noise model are not in�uenced by the thermal radiation, so
that the peak frequency shift is an exclusive e�ect of the upstream movement of the �ame
caused by thermal radiation. The same analysis of the mean �ow quantities can be applied
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(a) Presumed PDF approach
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(b) Finite rate/EDM model

Figure 8.36: In�uence of the thermal radiation on the spectrum of the �uctuating heat re-
lease Q̇z(f), [W/Hz] determined by the non-premixed combustion noise model
by Jörg [2015] for the Climb operating point. RANS simulations based on dif-
ferent combustion models.
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Figure 8.37: Area-averaged volumetric heat release rate (left) and temperature (right) pre-
dicted with and without thermal radiation in case of the �nite rate/EDM
combustion model.

on the PDF combustion model to identify the in�uence of the thermal radiation on the
combustion noise source spectrum. The thermal radiation again leads to a reduction of the
mean heat release and the temperature variance, but with greater extend in comparison to
the �nite rate/EDM combustion model. This in turn leads to a stronger reduction of the
peak amplitude of the �uctuating heat release spectrum. Finally it is concluded that the
following combustion noise model parameters were chosen independently from the combus-
tion model applied in the RANS simulation: cl = 0.275 , cµ = 0.09 , cτ = 1.35 , cd = 2.0 ,
α = 1.5 and β = 0.3 .

LNSE Simulations

The acoustic simulations are based on a quasi two-dimensional axis-symmetrical model and
a fully three-dimensional model, in which the LNSE (4.41) - (4.43) are solved by means of
the GLS-FEM approach as given by eq. (5.12). Interactions between the turbulence and
the acoustic, vorticity and entropy waves are incorporated in the linearized momentum eq.
(4.42) and energy eq. (4.43) by the concept of the turbulent viscosity and turbulent heat
conductivity. Mean density gradients ∂ρ̄/∂xi are not accounted for to improve numerical
stability, which has no in�uence on the resulting pressure spectrum as demonstrated by
Zhang et al. [2014]. The quasi 2D domain is represented by an unstructured grid of 16,540
triangle elements with second order Lagrangian shape functions, whereas the 3D model
consists of 225,319 tetrahedral Lagrangian �rst order elements. The LNSE are excited by
the energy source term ˆ̇ωz in the linearized energy eq. (4.43) with discrete frequencies up
to 1000 Hz. The di�erent integral heat release spectra Q̇z(f) obtained by the statistical
noise model by Jörg [2015] for non-premixed �ames are redistributed to the local source
term ˆ̇ωz using the model in eq. (4.83). The simulation model is completed by the prescrip-
tion of suitable boundary conditions to match the experimental conditions in the best way.
All walls are described by the kinematic boundary condition (3.37). The nozzle at the
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Figure 8.38: Area-averaged temperature variance (right) predicted with and without ther-
mal radiation in case of the �nite rate/EDM combustion model.

outlet is not included in the simulation model and therefore replaced by the fully-re�ecting
condition (3.42). It should be noted that the nozzle boundary condition (3.42) is strictly
only valid for choked conditions. In the experiment the nozzle was not entirely choked but
reached transonic conditions with Mach numbers from 0.9 to 0.95 , so that the simulation
is likely to slightly overestimate the re�ections from the nozzle in the low frequency regime.
The inlet is modeled by the partially re�ecting impedance boundary condition (3.33), in
which the reduced impedance Z = (1 +Rexp)/(1−Rexp) is obtained from measurements of
the re�ection coe�cient by Gikadi [2014]. The re�ection coe�cient stays constant above
200 Hz at approximately 0.4 .

The discretizations of the quasi 2D and full 3D domain are visualized in the �gs. 8.40
and 8.41. The reasons for the application of the quasi 2D model are threefold: First, the
mean �ow �eld is almost axis-symmetrical except for the swirler channels of the PERM
injector. Second, only the low frequency regime is relevant to the combustion noise, where
only longitudinal modes are present. Finally, the computational time and requirements are
by far lower than those of the 3D model. The quasi 2D model is numerically less stable
than the 3D model, since it features no damping in circumferential direction. This might
lead to unstable modes in circumferential direction. Such numerical stability issues are
encountered below 100 Hz, so that the quasi 2D model is only solved for frequencies higher
than 100 Hz.

In order to separate the direct and indirect noise contributions from the total combustion
noise the procedure of subsec. 5.3.1 is applied to the combustor. A second simulation based
on the isentropic nozzle boundary condition (3.43) is performed to identify the direct noise
in the combustion chamber. Then subtracting the direct noise contribution from the total
noise yields the indirect noise and �nally the noise ratio. As discussed in sec. 4.4 the
indirect noise computations are likely to be overpredicted due to the generation of fully
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Figure 8.39: Area-averaged coherence volume (left) and turbulent frequency (right) pre-
dicted with and without thermal radiation in case of the �nite rate/EDM
combustion model.
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Figure 8.40: Quasi 2D LNSE model and the unstructured mesh of 16,540 elements, giving
170,520 degrees of freedom (dof).

coherent entropy waves over the �ame volume by the distributed source term ˆ̇ωz.

8.3.3 Mean Flow Simulations

The mean �ow simulations are carried out in a successive manner with increasing complex-
ity for the operating point Climb. First the preheated non-reacting �ow is computed. This
is followed by the injection of the liquid kerosene Jet A-1 particles without considering an
interaction between them and the gas phase. In a succeeding step the interaction between
both phases is included and delivers the reacting �ow �elds as shown in �g. 8.42. In the
current study the mean �ow �elds are normalized by their respective maximum values.

The application of the presumed PDF approach and the �nite-rate/EDM model delivers
similar high temperature levels if no radiation is considered. The latter model predicts
slightly higher temperature levels as compared to the former one. When applying the
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Figure 8.41: 3D LNSE model and the unstructured mesh of 225,319 elements, giving
224,665 degrees of freedom (dof).

Figure 8.42: Reacting �ow: Dimensionless mean axial velocity ũ/ũmax (left) and mean
temperature T̃ /T̃max (right) based on the PDF combustion model.

radiation model (8.13) the averaged temperature over the combustor volume is signi�cantly
reduced. These di�erent temperature levels have a signi�cant e�ect on the eigenfrequencies
of the combustor as shown later in the acoustic part.

8.3.4 Total Noise

The acoustic pressure spectra obtained from the di�erent LNSE models and underlying
mean �ow models are compared with the pressure measurements at the position at x =
0.67 m. All pressure spectra are given in terms of the SPL de�ned by eq. (5.1). The
experimental validation data were acquired in the frame of the work by Gikadi [2014].

146



8.3 Liquid Kerosene Fueled Combustor

In�uence of Combustion Model on Total Noise

In a �rst step the in�uence of the combustion model on the resulting pressure spectrum is
investigated without considering thermal radiation. The corresponding results for the pre-
sumed PDF approach and the �nite-rate/EDM model are compared in �g. 8.43 with each
other and with the measurements by Gikadi [2014]. The acoustic simulations are based on
the quasi 2D model. The trend is well represented by the numerical simulation for a broad
frequency range above approximately 100 Hz, which applies to both combustion models. In
general the shape of the pressure spectrum is only marginally a�ected by the combustion
model apart from the eigenfrequencies. When using the presumed PDF model the �rst
combustor eigenfrequency is predicted at 565 Hz, whereas the LNSE simulations based on
the �nite-rate/EDM model deliver 580 Hz. The �rst eigenfrequency is considerably over-
estimated for both combustion models in comparison to the experimental value of 510 Hz.
As later shown the �rst combustor eigenfrequency corresponds to the λ/2-mode in the
combustion chamber. The modeshape and the experimental and numerical eigenfrequency
predictions can be used to estimate the overprediction of the mean combustor tempera-
ture by the RANS simulation, which yields about ∆T̃ ≈ 290 K in comparison to the real
conditions. Therefore the heat losses of the RANS model due to convective cooling appear
to be too low regardless of the applied combustion model. In conclusion the application of
the �nite-rate/EDM model does not signi�cantly improve the solution with respect to the
�rst eigenfrequency.
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Figure 8.43: In�uence of combustion modeling without radiation on the pressure spectrum,
evaluated at the axial position x = 0.67 m for the quasi 2D model.

In�uence of Thermal Radiation on Total Noise

Remarkable improvement of the accuracy of the combustor eigenfrequency prediction is
realized by the implementation of the thermal radiation model. As demonstrated in �g.
8.44 excellent agreement between the measured and predicted eigenfrequency is obtained
when using the quasi 2D LNSE model in conjunction with the presumed PDF approach
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including thermal radiation. Furthermore the radiation model performs better in the low
frequency regime as compared to the model without radiation. In conclusion a correct re-
presentation of the heat losses and mean temperature levels in the combustor are essential
for a correct prediction of the eigenfrequencies and the shape of the pressure spectrum.
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Figure 8.44: In�uence of the radiation model on the pressure spectrum, evaluated at the
axial position x = 0.67 m for the quasi 2D model.

The eigenfrequencies can be estimated prior to the acoustic simulation by considering
the mean temperature levels predicted by the RANS simulation. In case of the presumed
PDF approach with thermal radiation model the averaged temperature is associated with
an average speed of sound in the combustor of c̄avg,rad = 735 m/s. Then, the �rst eigen-
frequency, representing the λ/2-mode of the combustor, with radiation model is estimated
by

f1 =
c̄

2l2
≈ 504 Hz.

A combustor length of l2 = 0.73 m was inserted. Without a radiation model the mean
temperature level in the combustor results in an eigenfrequency of f1 ≈ 570.86 Hz. These
values almost exactly correspond to the results obtained by the LNSE simulation.

In�uence of Model Dimension on Total Noise

In �g. 8.45 it is demonstrated that the simpli�ed quasi 2D model delivers comparable
results to the full 3D model apart from the eigenfrequency. Both simulation results are
based on the evaluation of the RANS with presumed PDF and thermal radiation model.
The �rst eigenfrequency is slightly shifted towards higher frequencies and is more damped
in the 3D model. The 3D model overpredicts the damping of the �rst combustor eigenfre-
quency, which might be caused by excessive acoustic vorticity interactions in the swirling
�ow. In general, the assumptions of the quasi 2D model are a valid approximation of the
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real conditions even if they are not exactly ful�lled in the PERM injector. The quasi 2D
model reduces the computational time by a factor of twelve at least.

 40

 60

 80

 100

 120

 140

 0  250  500  750  1000

S
o

u
n

d
 p

re
s
s
u

re
 l
e

v
e

l 
S

P
L

, 
d

B

Frequency f, Hz

Experiment
Quasi 2D LNSE

3D LNSE

Figure 8.45: In�uence of the model dimension on the pressure spectrum, evaluated at the
axial position x = 0.67 m for the quasi 2D model.

8.3.5 Noise Ratio

Once entropy waves are generated in the �ame, the indirect noise and therefore the noise
ratio only depend on the propagation of the entropy waves from the �ame zone to the
combustor outlet. In �g. 8.46 the propagation of the acoustic, entropy and vorticity waves
is evaluated at the �rst eigenfrequency at 510 Hz. The �rst eigenfrequency is caused by
the λ/2-mode in the combustion chamber, which is clearly visible in �g. 8.46(a). The
evolution of the entropy wave is visualized in �g. 8.46(b). Obviously the entropy wave is
almost dissipated after the half length of the combustor. The behavior at this frequency
is representative for a broad range of frequencies except for low frequencies below 100 Hz,
where a small part of the initial entropy waves impinges on the combustor outlet. Apart
from that, the entropy waves are not able to reach the nozzle and to release indirect noise
because of the high aerodynamic damping. Therefore the indirect noise turns out to be
negligible in this con�guration. Then the total and direct noise are almost equal over the
entire frequency range, which is not shown here.

However important modeling assumptions should be recalled when analyzing the results
for the indirect noise above. First, the distribution model (4.83) for the combustion noise
source term ˆ̇ωz generates entropy waves with the same phase in the entire �ame volume,
which leads to an overestimation of the generated entropy waves, cf. sec. 4.4. This
modeling limitation is presumably of minor importance for the regarded test case, where
the indirect noise contribution is anyhow close to zero. Second, the model does not include
the excitation of entropy waves due to the combustor wall cooling as density gradients
are neglected in the LNSE model. This implies that the entropy waves might have a
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(a)

(b)

(c)

Figure 8.46: Quasi 2D model: Qualitative distribution of the �uctuating pressure <{p̂},
[Pa] (top), entropy <{ŝ}, [J/(kgK)] (center), and circumferential vorticity
<{Ω̂θ}, [1/s] (bottom) at the �rst eigenfrequency of 510 Hz.

stronger e�ect in reality. Nevertheless even in this case the contribution of indirect noise
is expected to remain of minor importance. Finally, the combustor length of 0.73 m is not
representative for real annular aero engine combustors, where typically ratios between the
combustor length and height of l/b = 2 . . . 2.8 are found [Bräunling, 2009]. With the given
lateral combustor length of b = 0.15 m, the ratio l/b implies a realistic combustor length of
l = 0.3 m . . . 0.42 m. In this case of a shortened combustor, the indirect noise contribution
is by far more relevant because a signi�cant amount of the entropy waves is able to impinge
on the nozzle. Then the error introduced by the coherent entropy wave generation might
adversely in�uence the results, which was not the case in the considered elongated test rig.
These issues should be addressed in future investigations on the indirect noise generated
by liquid fueled combustion.

Summary

In conclusion the main �ndings of the analysis of the liquid fueled combustor test rig are
as follows:

• The shape of the heat release source spectrum is only weakly in�uenced by the
underlying combustion model when postprocessing the RANS simulation with the
statistical noise model for non-premixed �ames as proposed by Jörg [2015]. The
combustion model mainly a�ects the peak amplitude, while the peak frequency re-
mains unchanged.

• The heat release source spectrum depends on the mean temperature level and the
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heat losses predicted by the RANS combustor simulations. Higher heat losses due
to thermal radiation result in lower peak amplitudes and higher peak frequencies of
the heat release spectrum. Therefore the quality of the heat release source spectrum
obtained by the statistical noise model crucially depends on an appropriate prediction
of the heat losses in the combustor.

• The trend and amplitude of the resulting pressure spectrum is well-predicted by the
statistical noise model for non-premixed �ames by Jörg [2015] when it is applied on
the RANS simulation including the thermal radiation model.

• The quasi 2D and full 3D model deliver similar results apart from the low frequency
range below 100 Hz, where the 3D model is more robust.

• The indirect noise appears to be negligible in this con�guration as the entropy waves
are dissipated due to the aerodynamic �ow shearing before reaching the nozzle. The
noise ratio of the combustor test rig is exactly or close to zero regardless of the applied
combustion or radiation model.

• The considered combustion chamber length is not representative for aero engine com-
bustors, which are much shorter in realistic applications. In this case of a shortened
combustor length, the indirect noise might play a role as entropy waves are able to
reach the combustor outlet.
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9 Conclusion and Outlook

Reducing the pollutant and noise emissions of modern aero engines requires a thorough
understanding of the underlying physics and further development and validation of numer-
ical prediction tools. Considerable advances of the engine manufactures in reducing the
jet, fan and compressor noise were achieved during the last decades. This has led to an in-
creasing relevance of combustion noise, which holds in particular for take-o� and approach
conditions.

The objective of the present thesis is to contribute to the development of numerical tools
for the prediction of combustion noise emitted by con�ned premixed and non-premixed
swirling �ames. This is achieved by further developing an existing hybrid approach us-
ing reactive RANS mean �ow data with a frequency domain LNSE combustor simulation.
In this thesis stochastic sound sources are incorporated in the LNSE following a rigorous
derivation based on a triple-decomposition. The di�erent physics of entropy wave gen-
eration in perfectly premixed and non-premixed �ames are treated by a semi-analytical
modeling approach. Premixed �ames are modeled as a coupled volume source term in the
linearized continuity and energy equation, which prevents the generation of entropy waves.
Non-premixed �ames are described by a �uctuating heat release term in the linearized en-
ergy equation, which acts as a source of both acoustic and entropy waves whenever mixture
fraction �uctuations are present. The presented method is applied to two generic combus-
tion chamber test rigs with stepwise increasing complexity, corresponding to a premixed
pressurized gaseous �ame and a non-premixed kerosene �ame. Several modeling in�uences
on the resulting combustion noise spectra are identi�ed in each case. In a succeeding step
the contributions of indirect and direct combustion noise are separated. The di�erent sub-
models are validated in the frame of a hierarchy of di�erent test cases, beginning with the
transmission of direct sound through generic nozzle con�gurations and ending up with the
validation of the source models in an annular model combustor.

Based on the investigation of the di�erent test cases and models the following conclusions
are drawn:

• The direct combustion noise propagation through nozzles representing the turbine
NGV is properly captured using the RANS/LNSE approach. The transmission of
direct combustion noise increases monotonically with frequency.

• The validity of the hybrid approach for su�ciently accurate predictions of indirect
noise generation due to entropy and vorticity disturbances is demonstrated in the
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frame of the EWG and VWG test cases. The transmission of indirect noise arising
from entropy waves is strongly dependent on the model dimension, which is related
to the entropy shear dispersion e�ect. As a consequence the applicability of one-
dimensional models for indirect noise predictions without the consideration of mean
�ow shearing is questionable.

• The approach by Dowling and Mahmoudi [2015] to separate the direct and indirect
noise by varying the combustor outlet condition is implemented in the LNSE method-
ology. The procedure is validated by considering an annular model combustor, where
excellent agreement is found between LNSE and LOTAN simulations.

• A semi-analytical model based on a triple-decomposition approach is proposed in
this thesis in order to introduce turbulent stochastic combustion noise sources into
the LNSE and to discriminate between perfectly premixed and di�usion �ames with
regard to the entropy wave generation. The theoretical derivations are con�rmed in
the annular model combustor test case, where a minor in�uence of indirect noise was
obtained when using the model for perfectly-premixed �ames.

• An energy-consistent model is proposed, which distributes the combustion noise
source spectra over the entire �ame volume with equal phase. While the distribution
model does not a�ect the acoustic wave generation it leads to an overestimation of the
entropy wave generation as phase di�erences between the local sources are neglected.
Therefore the indirect noise computations for the non-premixed liquid kerosene �ame
are expected to be overpredicted.

• The statistical noise models by Hirsch et al. [2006, 2007] and by Liu et al. [2014]
are applied conjointly with the hybrid RANS/LNSE approach on the CESAM-HP
combustor. The quality of the computed combustion noise spectra based on the sta-
tistical noise models signi�cantly depends on the quality of the underlying RANS
simulations. Di�erences between the numerical and experimental combustion noise
spectra are explained by inaccuracies of the turbulence quantities predicted by the
RANS simulations. For OP-16-0-2 and OP-16-2-0 these inaccuracies of the RANS
simulations lead to deviations between the predicted and experimental peak frequen-
cies and peak amplitudes. In case of OP-13-5-0 the predicted peak frequency matches
the experimental one, while the acoustic amplitudes are constantly underpredicted by
the LNSE simulation. Signi�cant improvement of the quality of the LNSE prediction
is obtained when using sources extracted from incompressible LES.

• The application of the non-premixed noise model by Jörg [2015] to the liquid fueled
kerosene combustor delivers good agreement with measurements. The quality of
the prediction crucially depends on an appropriate modeling of heat losses in the
combustor, which is realized by introducing a thermal radiation model.

• In general the combustion noise spectrum is driven by the heat release spectrum,
while the spatial distribution and the phase of the combustion noise sources are of
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minor importance for the direct noise.

• The comparison of the numerical results obtained by the LNSE and Helmholtz equa-
tion revealed a negligible in�uence of the mean �ow in the combustor on the broad-
band direct noise spectrum.

• The application of the Helmholtz equation is su�cient for broadband direct noise
predictions whenever the combustor outlet region with high Mach numbers can be
replaced by appropriate boundary conditions. The prediction of the combustor eigen-
frequencies can be improved by incorporating the acoustic damping e�ects due to
mean �ow interactions. Then the isentropic LNSE are the appropriate choice for
the acoustic model. However, recent numerical studies by Hummel [2019] and by
Hofmeister et al. [2019] have shown that exact predictions of acoustic damping rates
require excessive mesh re�nement to incorporate the acoustic-vorticity interactions on
all di�erent scales, which leads to a signi�cantly increase of the computational e�ort
in particular for 3D simulations. Non-isentropic LNSE simulations are only necessary
if the indirect noise is of interest or other mechanisms of entropy wave generation
like dilution air or wall cooling air injections should be taken into account.

• The quality of indirect noise predictions is essentially determined by the physics
encoded in the source term model. In case of the premixed CESAM-HP combustor
physically reasonable and consistent results with experimental data are only obtained
when preventing the entropy wave generation by the �ame. This is mainly achieved
by the semi-analytical volume source model proposed in this thesis, which consists of
source terms in the linearized continuity and energy equation of the non-isentropic
LNSE. Both source terms are strictly coupled through the simpli�ed pressure-density
relation. The di�culties of an accurate modeling of the entropy wave generation in
premixed and non-premixed �ames are avoided by applying the Helmholtz equation
or isentropic LNSE if only direct noise is regarded.

• In both combustor test cases the indirect combustion noise is found to play a minor
role for the total noise spectrum. This is most probably explained by the premixed
�ame in the CESAM-HP combustor. In the liquid kerosene combustor the high
damping of entropy waves due to shear dispersion and the unrealistic length of the
combustor test rig itself are responsible for the negligible indirect noise contribution.

A complete methodology starting from the source term modeling and ending up with the
noise propagation, is established and validated in the frame of this thesis. However there
are a number of possible topics for future studies and improvements on the existing models,
which are the following:

• The source term distribution model for non-premixed �ames should be extended
to include phase-di�erences between the local entropy sources. By this means the
entropy shear dispersion e�ect is increased in the �ame volume, which presumably
leads to an improvement of the indirect noise predictions.
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• The limitations of the LNSE regarding the propagation of entropy waves should be
addressed by a deeper investigation of the e�ect of the linearization of convective
terms, which might lead to an unphysical entropy wave production in non-isentropic
mean �ows.

• The theoretically derived noise source terms in the continuity and energy equation
should be computed using either URANS simulations or even LES. Then the relation
between the two source terms does not need to be modeled for the special cases of
perfectly premixed and non-premixed �ames as done in this thesis. As the relation
between both source terms controls the entropy production the URANS or LES
computation should directly result in the correct behavior of the di�erent �ame types
with regard to entropy wave generation.

• Finally the transmission of direct noise and generation of indirect noise in the turbine
blade stages was not considered so far. This can be achieved for instance by extending
the models by analytical approaches such as the actuator-disc theory [Cumpsty and
Marble, 1977b].
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