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Abstract

The fundamental understanding of high frequency instabilities and the un-
derlying thermoacoustic flame response mechanisms are crucial to predict
and mitigate this highly destructive type of instability in Multi-Jet Combus-
tors in rocket and gas turbine engines. The thesis provides experimental in-
sights into hydrogen and natural gas’s perfectly premixed flame response by
phase-locked OH∗ chemiluminescence images. The dominant flame response
mechanisms are extracted from the experimental results. Alongside the es-
tablished flame compression and displacement mechanism, coherent vortex
shedding is demonstrated as a dominating convective flame response mech-
anism for high frequency instabilities due to a strong injector coupling of
the first transverse mode with the injector tubes. Combustor stability analy-
sis in the low frequency limit, including injector coupling, is well predictable
by two-port network models and basic acoustic theory. In the high frequency
case numerical methods are the state-of-the-art. However, theory and low or-
der models become increasingly important for the interpretation of exper-
iments and high-fidelity LES simulations. In this context, a novel two-port
network modelling approach and a consistent theory for high frequency in-
stabilities in can combustors is deduced, including a convective flame re-
sponse model. Validation is carried out for the acoustic transfer matrices us-
ing a generic test setup. The local flame transfer function is validated with the
phase-averaged OH∗ chemiluminescence images of the multi-jet combustor.
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Kurzfassung

Das grundlegende Verständnis hochfrequenter Instabilitäten und der zu-
grundeliegenden thermoakustischen Flammenantwortmechanismen ist von
entscheidender Bedeutung für die Vorhersage und Dämpfung dieser stark de-
struktiven Instabilitäten in Strahlflammen von Raketen- und Gasturbinen-
triebwerken. Die vorliegende Arbeit liefert experimentelle Erkenntnisse über
das Verhalten von Wasserstoff und Erdgas in perfekt vorgemischten Flam-
men durch phasengemittelten OH∗-Chemilumineszenzbilder. Die dominan-
ten Mechanismen des Flammenverhaltens werden aus den experimentellen
Ergebnissen extrahiert. Neben dem etablierten Mechanismus der Flam-
menkompression und -verschiebung wird die kohärente Wirbelablösung
als dominierender konvektiver Flammenantwortmechanismus für hochfre-
quente Instabilitäten aufgrund einer starken Injektorkopplung der ersten
Transversalmode mit den Injektorrohren nachgewiesen. Im niederfrequenten
Bereich ist die Stabilitätsanalyse der Brennkammer, inklusive der Injektorkop-
plung, mit Hilfe von Zwei-Tor-Netzwerkmodellen und der grundlegenden
akustischen Theorie gut vorhersagbar. Im Hochfrequenzbereich werden hü-
fig numerische Methoden eingesetzt. Theorie und Modelle niedriger Ord-
nung werden jedoch immer wichtiger für die Interpretation von Exper-
imenten und LES-Simulationen. Daher wird in dieser Arbeit die Model-
lierung der niederfrequenten Thermoakustik durch Zwei-Tor-Netzwerke auf
den hochfrequenten Bereich verallgemeinert. Eine konsistente Theorie für
hochfrequente Instabilitäten in zylindrischen Brennkammern, inklusive eines
konvektiven Flammenantwortmodells, wird vorgeschlagen. Die Validierung
der akustischen Transfermatrizen wird mit Hilfe eines generischen Versuch-
saufbaus durchgeführt. Die lokale Flammenübertragungsfunktion wird mit
den phasengemittelten OH∗-Chemilumineszenzbildern der Strahlflammen
validiert.
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ĝx Amplitude of the Axially Upstream Propagating Acoustic Wave [Pa1/3]

xiv



Nomenklatur
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1 Introduction

The energy transition in power generation and aviation is crucial due to the
high amount of greenhouse gas emissions. Full electrification or the use of
fuel cells is limited to medium-sized aeroplanes. Moreover, the volatility of
wind and solar energy requires flexible solutions to avoid temporary loss in
power generation. Modern premix gas turbines provide a robust and flexi-
ble solution to reach the goal of net-zero carbon dioxide production. Low
emissions and fuel flexibility between pure natural gas and hydrogen oper-
ation are required. Besides carbon dioxide emissions, the formation of NOx

must be maintained at current levels or even reduced, although turbine in-
let temperatures are increasing for higher thermodynamic efficiency. The lean
premixed combustor concept addresses these challenging technical require-
ments. Specifically, Multi-Jet-Combustor (MJC)’s are a promising combustor
concept for hydrogen application due to their reduced risk of flame flashback
and low NOx emissions.

1.1 Combustor Concept

MJC’s are a lean premixed, low emission, gas turbine combustor concept origi-
nating from the FLOX®-concept with flameless oxidation of premixed fuel and
air. Multiple, small, premixed jets are assembled in a can combustor yielding
much lower residence times (i.e. low NOx) than the established single swirl-
stabilised flames. Under conditions similar to gas turbine engines, however,
flameless oxidation cannot be achieved. Instead, deflagrative turbulent flame
stabilisation in the shear layer yields multiple jet flames with fast burnout and
low combustor residence time [1,2]. In the present thesis, a low-emission MJC
with gas turbine similar operation conditions is designed and investigated ex-
perimentally under perfectly premixed conditions. The advances of lean pre-
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Introduction

mixed combustor concepts with increased turbine inlet temperatures include
significant technical difficulties. Susceptibility to instabilities, such as flame
flashback or thermoacoustic instabilities, increases for lean premixed flames.
Flashback and Low Frequency (LF) thermoacoustic instabilities have been re-
searched in gas turbine engines for decades [3, 4]. High Frequency (HF) ther-
moacoustic instabilities, however, reveal a substantial lack of knowledge con-
cerning gas turbine combustors.

The considered MJC configuration is sketched in Fig. 1.1 including the plenum
(index: P), eight injector tubes (index: T) and the combustion chamber (in-
dex: C). The relevant geometrical parameters depicted in Fig. 1.1 contain the
plenum, injector tube and combustion chamber lengths LP ,LT ,LC and diam-
eters dP ,dT ,dC . Moreover, the position of each individual injector tube is in-
dicated by the radial displacement from the centre line rT and the azimuthal
angle θT . Technical MJC configurations in gas turbine and rocket engines con-
sist of multiple rows of injector tubes [2,5]. In order to obtain optical access to
the flame response of the investigated MJC, a number of eight injector tubes
is chosen that are evenly distributed in azimuthal direction within a single
row. Especially the acoustic low order modelling approach in the present the-
sis depends primarily on the indicated geometrical parameters and is, there-
fore, applicable to multi-injector can combustors in gas turbines and rocket
engines.

1.2 High Frequency Combustion Instabilities

Thermoacoustic instabilities are an interdisciplinary, thermo-fluid-dynamical
scientific field, where complexity further increases considering HF modes.
The occurrence of thermoacoustic instabilites depends on several factors,
such as the type of combustion (premixed, diffusion, laminar, turbulent
flames), the aerodynamics of the combustor (jet flow, swirl flow, pressure
drop, turbulent dissipation) and the boundary conditions (combustor geom-
etry, temperature gradients). Gas turbine combustors using premixed swirl
flames of recent decades have shown less susceptibility to HF instabilities.
Therefore, the existing literature is predominantly limited to LF thermoacous-
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Figure 1.1: Sketch of the investigated MJC of the present thesis with the
plenum, eight injector tubes and a combustion chamber of the re-
spective lengths LP ,LT ,LC and diameters dP ,dT ,dC and the individ-
ual injector tube position rT ,θT .

tic instabilities [3,6,9]. Modern premixed low-emission MJC’s featuring higher
power density and turbine inlet temperature show increased susceptibility
to HF thermoacoustic instabilities [10], which might further increase using
hydrogen. The knowledge of the underlying thermoacoustic driving mech-
anisms is crucial to developing predictive combustor design tools account-
ing for HF thermoacoustic instabilities. In this context, the RoboFlex project
is funded by BMWK and Siemens Energy within the AG Turbo collaboration
to investigate the fundamental HF flame-acoustic feedback mechanisms and
provide predictive tools for the gas turbine industry.

HF thermoacoustic instabilities are a well-known threat in non-premixed
rocket combustors with a similar MJC concept using multiple injectors ar-
ranged in several rows at the front plate. In particular, the Appollo mission
rocket engine exhibited self-sustained HF combustion instabilities [7] . The
high pressure gradients of the HF thermoacoustic mode lead to catastrophic
consequences for the engine within seconds, as depicted on the left side of
Fig. 1.2. Similar high-cycle fatigue failure of the space shuttle rocket engine’s
injector plate [8] yielded severe damage, as shown on the right side of Fig. 1.2.
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Figure 1.2: Apollo mission rocket combustor (left) and space shuttle injector
face plate (right) after the occurrence of HF thermoacoustic insta-
bility during engine testing.

The acoustic boundary conditions are a crucial aspect considering the growth
rate of thermoacosutic instabilities [3, 6, 10, 11]. Rocket engine combustor
walls provide highly reflective boundary conditions in radial direction. The ex-
tremely high temperature gradient from unburned to burned gas conditions
in rocket combustors favours evanescent, i.e. exponentially decaying, acous-
tic pressure mode shapes in the axial direction [16–18]. The variation in cut-
on frequency for increased temperature yields the evanescent HF mode shape
with highly reflective acoustic boundary conditions in axial direction, result-
ing in increased susceptibility for HF combustion instabilities in rocket en-
gines. Similar highly reflective axial boundary conditions for evanescent wave
propagation are present in gas turbine combustors if the temperature gradient
and, thus, the variation in cut-on frequency is sufficient. Additionally, possible
secondary air inlets are omitted in lean premixed gas turbine concepts, which
further contribute to reflective boundary conditions in the radial direction.
Thus, susceptibility to HF thermoacoustic instabilities increases [10].

Besides the acoustic boundary conditions, the proper prediction of the acous-
tic pressure mode shape p ′ and the local flame response, i.e. the HRR density
fluctuations q̇ ′, are of first-order importance. The volume source in acoustic
energy driving the instability is determined by the local Rayleigh index p ′q̇ ′
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[12], i.e. the product of acoustic pressure and HRR density fluctuations. Exten-
sive experimental and numerical investigations of HF instabilities in rocket
engines emphasise the significance of coherent acoustically triggered vortex
shedding in the flame shear layer [5,13–16] to the flame response and thus the
local Rayleigh index p ′q̇ ′. LES results of Urbano et al. [17, 18] further indicate
a substantial decrease in the flame length during the thermoacoustic limit cy-
cle due to increased transverse velocity fluctuations. Consequently, the flame
becomes convectively more compact, leading to a higher global gain of the
convective driving mechanisms in the HF regime due to a lower compensa-
tion of positive and negative HRR fluctuations in main flow direction. Con-
cerning lean premixed gas turbine combustors, HF instability driving mecha-
nisms are a relatively new field. Existing experimental and numerical investi-
gations for swirl-stabilised flames [19–21] revealed a periodic displacement
and compression of the flame in phase with the transverse acoustic field.
Acoustic flame displacement and acoustic flame compression are identified
as possible HF driving mechanisms solely dependent on the instantaneous
acoustic field [22,23]. However, the open literature on HF instabilities in rocket
engines and recent experimental results on lab-scale gas turbine combustors
emphasise the importance of additional convective driving mechanisms that
may dominate the flame response. The existing literature on possible convec-
tive driving mechanisms for HF thermoacoustic instabilities is reviewed in the
next section with focus on perfectly premixed fuel and air in gas turbine en-
gines.

1.3 Convective Flame Response

The convective flame response is the predominant thermoacoustic driving
mechanism in the LF regime [3, 6]. Acoustic velocity fluctuations at the dump
plane are the origin of the perfectly premixed flame response, leading to re-
action rate fluctuations at the flame front. Premixed combustion modelling
splits the reaction rate in the flame surface density and a laminar or turbu-
lent flame speed [24]. Therefore, the superimposed contribution of turbulent
flame speed and acoustic flame area perturbations is often proposed concern-
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ing combustor stability analysis in literature [3,25]. Turbulent flame speed and
flame area perturbations originate from the acoustic velocity fluctuations at
the dump plane. Acoustic velocity fluctuations induce a direct acoustic dis-
placement of the flame surface. Acoustically triggered large-scale vortex shed-
ding at the dump plane yields an indirect perturbation of the flame since a
transfer of the acoustic velocity into local coherent vortical velocity fluctua-
tions is required. The acoustic and vortical coherent velocity fluctuations are
both convected with the mean flow along the flame surface, resulting in local
reaction rate fluctuations. Two main approaches to model the convective re-
action rate fluctuations are present in literature: kinematic flame area modells
and the semi-empirical n −τ−σ approach.

The existing literature on kinematic flame area response models provides fun-
damental insights into the non-compact flame response of jet flames. First
models were developed for laminar flames by Fleifil [26, 27] and extended
to turbulent flames by Dowling et al. [28]. The kinematic model provided by
Ducruix et al. [29] in the LF limit is extended by Schuller et al. [30] to cap-
ture the gain and phase of the flame transfer function for higher frequencies.
Although a single laminar jet flame with longitudinal acoustic forcing is con-
sidered by Schuller et al., the extracted insights on the HF limit of the flame
response are particularly interesting concerning the modelling objectives of
the thesis for turbulent jet flames in MJC’s. The results of Schuller et al. stress
two main effects to be considered for higher frequencies: 1. the convective
non-compactness of the flame and 2. the variation in the mean flow field
along the flame length. The convective compactness may be characterised
by the convective wavelength λconv = ū/ f given by the frequency f and the
predominant axial mean flow velocity ū in relation to the flame length LFl.
For higher frequencies, the convective wavelength is smaller than the flame
length λconv ≪ LFl and the phase of the convective HRR density fluctuations
varies along the extent of the flame, which is crucial for the global flame re-
sponse gain and phase.

The semi-empirical n −τ−σ approach accounts for the interaction of coher-
ent velocity fluctuations and the heat release by an empirically determined
interaction index n. Dowling [28] derives the analytical expression for the in-
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teraction index based on a kinematic flame area response model. However, the
gain is commonly obtained by an empirical fit to experiments. The flame is as-
sumed acoustically compact λa ≫ LFl such that solely the integral heat release
fluctuations are measured. The time delay is generally predictable with knowl-
edge of the mean flow field and the mean flame position. Although acousti-
cally compact, the flame might be convectively non-compact λconv ≈ LFl. The
convective non-compactness is accounted by the distribution of the time de-
lay with the varianceσq̇ around the mean time delay τ̄q̇ [9,31,32]. The present
thesis proposes a generalised, semi-empirical approach regarding fully non-
compact flame dynamics.

Although the convective flame response is a primary driving mechanism for
HF combustion instabilities in rocket engine combustors [17, 18], they are of-
ten assumed negligible for HF dynamics in premixed gas turbine engines. This
assumption might be justified by the high degree of dissipation of convec-
tive fluctuations in the injector section with an increasingly shorter convec-
tive wavelength and the associated decreasing gain of the flame transfer func-
tion [32]. Instead of convective response mechanisms, local coupling mod-
els for HF flame dynamics, namely flame displacement and compression,
are established mechanisms deduced from premixed experiments on swirl
flames [20–23]. Recent experimental results, however, emphasise the impor-
tance of coherent vortex shedding for HF instabilities in gas turbine com-
bustors. Buschhagen et al. [33] provide experimental insights on the con-
tribution of flame area perturbation due to acoustic velocity fluctuations or
due to coherent turbulent velocity fluctuations for a longitudinal instability.
The Strouhal number, i.e. the frequency dependency of a longitudinal self-
sustained combustion instability in a single jet flame test rig, reveals acous-
tic velocity perturbations as the dominant flame response at low frequen-
cies. However, large-scale vortex structures dominate the flame response at
higher frequencies, leading to coherent turbulent velocity fluctuations at the
flame front. Buschhagen et al. investigated a single jet flame at elevated pres-
sure [34] that exhibits a self-sustained first transverse thermoacoustic insta-
bility including heat release fluctuations caused by coherent vortex shedding.
Philo et al. [35] provide experimental results of a self-sustained first transverse
combustion instability in a rectangular MJC under elevated pressure associ-

7



Introduction

ated with strong injector coupling, resulting in convective heat release rate
fluctuations due to coherent vortex shedding. McClure et al. [36] investigated
a self-sustained first transverse mode in an atmospheric rectangular reheat
combustor jet flame. Coherent shear layer modulation is identified as the root
cause of the self-sustained first transverse mode. Experimental results with
compact hydrogen flames in an atmospheric multi-slit combustor test rig by
Lee et al. [37] show a self-sustained first transverse mode. The MJC investi-
gated by the German Aerospace Center (DLR) group, as presented by Lam-
mel et al. [1], exhibits a self-sustained transverse instability when operated
with certain amounts of hydrogen-natural gas mixture at elevated pressure
as also numerically investigated by Grimm et al. [38]. Additional numerical
LES studies of Sharifi et al. provide insights into a single jet flame with a self-
sustained first radial mode [39, 40] and the presence of a possible convective
driving mechanism. Shipley et al. [41] investigated the rectangular MJC used
by Philo et al. and demonstrated the dominant contribution of coherent vor-
tex shedding due to transverse and axial acoustic velocity fluctuations to the
flame response.

In summary, fundamental experimental insights on HF instabilities in gas tur-
bine combustors are provided within the review by O’Connor et al. [10] and
also within more recent literature [33–36, 39, 41, 42]. The mentioned investi-
gations emphasise the significance of convective driving mechanisms for HF
combustion instabilities in premixed gas turbine combustors and the crucial
role of injector coupling in MJC. Moreover, the results outline the predomi-
nant occurrence of the T1 mode. The T1 mode is the first transverse HF mode
with the lowest cut-on frequency, which outlines a low pass behaviour typical
for convective driving mechanisms. However, the provided results are limited
to generic rectangular, annular or can-annular combustors. In these cases,
it is unclear whether the observed effects are representative of HF modes in
can combustors. Also, non-linear limit cycle behaviour highly determines the
flame response of self-sustained experiments and LES simulations. Therefore,
additional experimental insights on the forced flame response are required to
deduce linear thermoacoustic driving models for combustor stability analysis,
as provided in the present thesis.
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1.4 Combustor Stability Analysis

As reviewed above, cost-intensive, brute-force numerical LES simulations or
experiments yield detailed insights into HF thermoacoustic instabilities. Low
order modelling frameworks are required to adequately interpret LES sim-
ulations and experiments. Moreover, thermoacoustic instabilities are one of
many technical challenges in combustor design and therefore, efficient ana-
lytical pre-design tools are necessary.

Two efficient and established methods to predict thermoacoustic insta-
bilities early in design exist: the hybrid Computational Fluid Dynam-
ics/Computational Aeroacoustics (CFD/CAA) and the low order network
method, both considered in the thesis. The state-of-the-art stability analysis
method covering transverse modes is the hybrid CFD/CAA method. The lin-
earised Navier-Stokes equations, the Euler equation or the Helmholtz equa-
tion are solved numerically [43–46] covering three-dimensional acoustic wave
propagation. In the LF regime, low order networks using measured or analyt-
ical two-port transfer matrices are an established modelling approach in the
acoustic literature [47] and have become common practice in the last decades
for longitudinal thermoacoustic modes in can combustors [6, 48]. The low or-
der network method is extended to cans in annular combustors using three-
dimensional acoustic wave numbers [49–52]. Progress concerning the ana-
lytical prediction of thermoacoustic instabilities in annular and can-annular
combustors is reviewed by Bauernheim et al. [53]. The current status of sci-
ence concerning the HF thermoacoustic instabilities in can combustors is re-
viewed by O’Connor et al. [10]. It is noted that progress in analytical mod-
elling concerning HF mode coupling in multi-injector can combustors and
the flame response is required. Dowling et al. [54] and You et al. [55] provide
a notable contribution concerning analytical methods on HF thermoacoustic
in gas turbine combustors. However, the modelling of HF transfer matrices is
limited to multi-port transfer matrices [56, 57] yielding rather complex ther-
moacoustic models [55]. These multi-port transfer matrices include various
unknowns that have to be determined and interpreted. Thus, the application
of low order network models to HF thermoacoustic combustor stability anal-
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ysis requires improvement. Therefore, an extended two-port transfer matrix
theory covering HF modes in can combustors is suggested in the present the-
sis.

Both the low order network and the hybrid CFD/CAA method require a flame
response model covering the HRR density fluctuations, i.e. the local fluctua-
tions in heat release rate per unit volume, which are not yet fully understood.
The investigation of fundamental thermoacoustic driving mechanisms and
the deduction of local driving models coupling the acoustic field variables,
acoustic pressure and velocity to the heat release rate fluctuations are major
challenges. HF modes require a locally distributed flame response model to
adequately predict the driving potential of the instability. Distributed time de-
lay models are an established approach in the LF limit to model the convective
non-compact yet acoustically compact flame response as reviewed by Polifke
et al. [9]. Locally distributed models in the LF case are limited to the coupling
of multiple compact flames [58] or numerical CFD/CAA models assuming a
constant gain and phase over the extent of the flame [44–46, 59].

The prediction of the combustor acoustics covering the wave propagation
through ducts, area changes and the boundary conditions is a crucial open
aspect considering low order models for HF modes. In complex real-engine
applications theory and analytical methods, paradoxically, become increas-
ingly important for the interpretation of experiments and LES simulations
and for the extraction of possible mitigation strategies for thermoacoustic in-
stabilities [11]. The reviews of O’Connor et al. [10] and Bauerheim et al. [53]
provide insights on analytical methods for HF instabilities and stress the im-
portance of the dominant convective flame response mechanism, similar to
rocket engines [17, 18]. Nevertheless, a fundamental lack of knowledge on re-
duced and analytical modelling and a consistent theoretical framework on HF
combustion instabilities, especially concerning multi-injector can combus-
tors, is present in the literature.
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1.5 Thesis Outline

The present thesis contributes to the fundamental understanding of HF ther-
moacoustic instabilities in can combustors. The thesis can be divided into
three main contributions on perfectly premixed HF jet flame dynamics,

1. the derivation and validation of a distributed convective flame response
model,

2. the derivation and validation of a generalised low order network model
and

3. the experimental investigation of the flame response to the forced T1
mode.

The transverse to longitudinal injector-coupling and the resulting convective
flame response of natural gas and hydrogen jet flames is investigated in a
forced response, atmospheric MJC experiment. Special emphasis is on the de-
velopment of analytical low order methods for HF thermoacoustic combus-
tion instabilities.

The thesis begins with the necessary fundamentals for understanding HF
thermoacoustic instabilities concerning premixed jet flames in MJC’s in Chap-
ters 2 and 3. Chapter 4 includes the common experimental and numerical
methods used in this work and provides the post-processing of the phase-
locked images, the acoustic field reconstruction using the dynamic pres-
sure measurements and the CFD/CAA methodology. Chapter 5 contains the
derivation of the flame response model including the locally resolved convec-
tive reaction rate fluctuations at the flame front, extending the existing n−τ−σ
approach to HF thermoacoustics. The flame response model is applied to the
CFD/CAA method and the HF network model derived in Chapter 6. The gener-
alised network theory in Chapter 6 includes HF transfer matrices for a straight
duct, an area change and a flame. The non-reactive transfer matrices are vali-
dated in Chapter 7. The experimental investigation of the perfectly premixed
forced flame response in Chapter 8 reveals the significant HF driving mecha-

11



Introduction

nisms in the atmospheric MJC. The detailed validation of the axially resolved
flame response model is provided in Chapter 9.
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2 Governing Equations

The relevant theoretical fundamentals for the experimental investigation and
the modelling are provided in this section. The Navier-Stokes equations, i.e.,
the conservation of mass and momentum as well as the energy and species
conservations, are introduced in their non-linear, general form. Correctly es-
timating the unburned and burned gas properties is crucial for evaluating the
experiments and the proposed coupling models. Therefore, the global, one-
step combustion reaction equation and the estimated adiabatic flame tem-
perature and gas properties are discussed briefly. The chapter concludes with
the c-equation approach of premixed combustion modelling, providing the
basis for the convective flame response model in the present thesis.

2.1 Governing Conservation Equations

The governing equations are given by the conservation of mass and momen-
tum expressed via the density ρ, the velocity ui , the pressure p, the stress ten-
sor τi j and external forces fi

dρ

dt
+ρ∂ui

∂xi
= 0, (2.1)

ρ
dui

dt
+ ∂p

∂xi
= ∂τi j

∂x j
+ρ fi . (2.2)

The material derivative denoted with d
dt in a Lagrangian frame of reference im-

plies a local unsteady and convective transport term d
dt = ∂

∂t +u j
∂
∂x j

in the Eu-

lerian frame of reference. For a Newtonian fluid the stress tensor is expressed

via the dynamic viscosity µ = ν
ρ

which yields τi j = µ
(
∂ui
∂x j

+ ∂u j

∂xi
− 2

3δi j
∂uk
∂xk

)
. The

stress tensor term in the Navier-Stokes equations yields the common simplifi-

13



Governing Equations

cation τi j = µ
∂ui
∂x j

for an incompressible Newtonian fluid. The conservation of

species in the form of the mass fraction Yi yields

dYi

dt
+Yi

∂u j

∂x j
= ∂

∂x j

(
Di
∂Yi

∂x j

)
+ Mi

ρ
Σrνi ω̇r︸ ︷︷ ︸
ω̇i

, (2.3)

which includes the convective transport, molecular diffusion and a volumet-
ric source term ω̇i due to chemical reaction. In general, finite rate chemistry
predicts the local reaction rate by the change in molar concentration dci

dt of

a species i by the sum of all chemical reactions dci
dt = Σrνi ω̇r weighted with

the stoichiometric coefficient νi . The energy conservation accounts for the
change of the internal energy u depending on the translational, rotational
and vibrational energy stored on the molecular level and the kinematic en-
ergy stored on the continuum, fluid dynamical level:

ρ
du+ 1

2u2
i

dt
+ ∂u j p

∂x j
=−∑

r
ω̇r

∑
i

∆hiνi︸ ︷︷ ︸
q̇r

+ ∂

∂x j

(
λcond.

∂T

∂x j

)
+ ∂(τi j u j )

∂xi
. (2.4)

The left-hand side of the energy conservation contains the unsteady change
in internal and kinetic energy and the energy flux. The right-hand side con-
tains the volumetric heat release rate due to chemical reaction, heat conduc-
tion and vicous losses. Note that sources of heat radiation and external forces
are neglected. The HRR density due to chemical reaction q̇r is coupled to the
species balance

q̇r =−∑
r
ω̇r

(∑
i

∆hiνi

)
︸ ︷︷ ︸

∆r h

, (2.5)

via the weighted sum of the formation enthalpies ∆hi by the stochiometric
coefficients νi of all species in all chemical reactions, which yields the reaction
enthalpy ∆r h.

Various forms of the energy equation exist, expressed by the enthalpy, the en-
tropy, temperature or pressure. The pressure form is particularly helpful in

14



2.2 Global Combustion Reaction

numerical [4, 60] and analytical thermoacoustic modelling [3, 6]. The deriva-
tion of the energy conservation in pressure form [4] requires the subtrac-
tion of the kinetical energy balance, i.e. the momentum conservation mul-
tiplied by ui from the total energy Eq. 2.4 and the substitution of the inter-
nal energy by du = cv dT for an ideal gas p = ρRsT . Use of the relation of the
ideal gas constant to the isochoric and isobaric mass-specific heat capacities
Rs = cp − cv = cv (κ−1) by the heat capacity ratio κ = cp/cv yields the internal

energy as function of the pressure ρdu = dp
κ−1 and the energy conservation in

pressure form

1

κ−1

dp

dt
+ κp

κ−1

∂u j

∂x j
= q̇r + ∂

∂xi

(
λcond.

∂T

∂x j

)
+τi j

∂(u j )

∂xi
(2.6)

is obtained. Equation 2.6 contains the dependency of the local pressure on the
heat release rate.

The Navier-Stokes equations Eqs. 2.1 and 2.2 provide the fundamentals for
the entire linearised acoustic and hydrodynamic stability analysis framework
in the present thesis. The species conservation Eq. 2.3 is used in the following
to obtain the C-equation for premixed combustion at the end of this Chapter.
The pressure form of the energy conservation according to Eq. 2.6 provides
the coupling of the local pressure to the local volumetric heat release rate and
is thus used to deduce the inhomogeneous thermoacoustic wave equation in
Chapter 3.

2.2 Global Combustion Reaction

The single-step global combustion reaction is a highly simplified yet bene-
ficial physical model of the complex reaction mechanisms associated with
combustion. The assumption of full conversion is justified for the engine-
similar conditions in the present thesis with burned gas temperatures of Tb ≈
2000 K.

The global combustion reaction considering a gas mixture of methane,
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ethane, propane and hydrogen yields

Cn Hm +νH2 H2 +λ
(
n + m

4
+ νH2

2

)(
O2 + 79

21
N2

)
⇌ nCO2 +

(m

2
+νH2

)
H2O

+
(
n + m

4
+ νH2

2

)(
79

21
N2

)
+ (λ−1)

(
n + m

4
+ νH2

2

)(
O2 + 79

21
N2

)
. (2.7)

The minimal molar air requirement l̃min

[
kmolair
kmolF

]
and the equivalent minimal

molar exhaust amount ṽex,min

[
kmolex,min

kmolF

]
l̃min =

(
n + m

4
+ νH2

2

)(
1+ 79

21

)
, (2.8)

ṽex,min = n + m

2
+νH2 +

(
n + m

4
+ νCO

2
+ νH2

2

) 79

21
, (2.9)

are introduced to reduce the integral balance equations to the dependency
on the air excess ratio λ and one lumped fuel and exhaust component. The
mass-specific minimal air requirement and minimal amount of exhaust lmin =
l̃min

Mair
Mu

, vmin = ṽex,min
Mex
Mu

is helpful to determine the mass and energy conser-
vation in the following. The overall mass flow rate ṁ is obtained from the con-
servation of mass considering Eq. 2.7 and thus a complete conversion of the
unburned mass flow ṁu to the burned mass flow ṁb which yields

ṁ = ṁF (1+λlmin)︸ ︷︷ ︸
ṁu

= ṁF

(
vex,min + (1−λ) (lmin)

)︸ ︷︷ ︸
ṁb

. (2.10)

The enthalpy conservation at constant pressure yields the local adiabatic
flame temperature

Tb = Tu −
∆r h0 +∆r cp (Tu −T0)

∆r cp,b
(2.11)

including the temperature correction of the reaction enthalpy ∆r h = ∆r h0 +
∆r cp (Tu −T0) using the stoichiometrically weighted species heat capacities
∆r cp = ∑n

i=1νi · cp,i and the stoichiometrically weighted burned gas heat ca-
pacities∆r cp,b = (λ−1) l̃mincp,air+ṽex,mincp,ex.. Since the heat capacities depend
on the temperature, an iterative solution is used to estimate the adiabatic
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2.3 Premixed Turbulent Flames

flame temperature. The equivalent expression using mass-specific heat ca-
pacities and the temperature-corrected lower heating value Hu =−∆r h

MF
reads

Tb = Tu + YFHu

cp,b
, (2.12)

dependent on the unburned gas fuel mass fraction YF = ṁF
ṁ and the heat ca-

pacity of the burned gas.

The global combustion reaction according to Eq. 2.7 is used to evaluate the
unburned and burned gas temperature, density, heat capacity ratio and the
speed of sound at adiabatic conditions in the present thesis. The natural gas
composition provided in the App. A.1 is used. The estimates are required for
both the numerical simulations and the post processing of the experimental
data. The associated adiabatic flame temperature is of particular interest for
the proper evaluation of the speed of sound in the burned gas, which is cru-
cial for the prediction of the acoustic field in the combustor. Moreover, the
unburned gas density used to estimate the injector tube velocity is essential
for the analysis of the experimental results and the modelling. The assump-
tion of adiabatic conditions is justified with a steady-state, zero-dimensional
heat loss estimation in App. A.3. The heat loss estimation includes convective
heat transfer and heat radiation. For the investigated MJC operating condi-
tions above a thermal power of ≈ 150 kW the heat loss results in a decrease in
burned gas temperature of less then ≈ 5% considering natural gas combustion
at λCH4 = 1.8 and a preheat temperature of Tu = 673 K.

Similar to the global combustion reaction equation, the simplified premixed
combustion modelling approach describes the conversion of unburned fuel to
burned gas with a single progress variable to access the locally resolved heat
release of the flame, as discussed in the next section.

2.3 Premixed Turbulent Flames

Concerning HF thermoacoustics, a locally resolved flame response model is
required, which is based on the C-equation for premixed combustion. The

17



Governing Equations

fundamentals of the C-equation are discussed in this subsection according
to premixed turbulent combustion literature [4, 24, 61].

The complexity of finite rate chemistry accounting for multiple reactions is
reduced to a single non-dimensional reaction progress variable

Cr =
YF −YF,u

YF,b −YF,u
, (2.13)

defined by the mass fraction of the fuel species YF. The flame is modelled as
a propagating iso-surface of constant reaction progress. An irreversible one-
step mechanism F +O → P of the chemical reaction from unburned fuel (F)
and oxidizer (O) to burned products (P) is assumed. Inserting Eq. 2.13 into the
species conservation Eq. 2.3 yields the non-dimensional species conservation

dCr

dt
= ∂

∂x j

(
DF

∂Cr

∂x j

)
+ Ω̇r . (2.14)

The normalisation of the source term due to chemical reaction of the fuel
species (Eq. 2.3) with the unburned fuel mass fraction ω̇F

YF,u
= MF

YF,uρ
ΣrνF ω̇r in

combination with the molar fuel concentration cF,u = ρ

MF
YF and the stoichio-

metric coefficient of the fuel νF = −1 for the one-step mechanism yields the
normalised molecular reaction rate Ω̇r = − ω̇F

cF,u
introduced in Eq. 2.14. The

right-hand side of Eq. 2.14 is rewritten, introducing the displacement speed
sd to finally obtain

∂Cr

∂t
+u j

∂Cr

∂x j
=

∂
∂x j

(
DF

∂Cr
∂x j

)
+ Ω̇r∣∣∣∂Cr

∂x j

∣∣∣︸ ︷︷ ︸
sd

∣∣∣∣∂Cr

∂x j

∣∣∣∣ . (2.15)

The transport equation of the progress variable is referred to as the C-equation
(Eq. 2.15). The progress variable field represents the non-dimensional cumu-
lative probability density distrbution of the reaction zone. Thus, the flame sur-
face density

σFl =
∣∣∣∣∂Cr

∂x j

∣∣∣∣=
√(

∂Cr

∂x j

)2

, (2.16)
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2.3 Premixed Turbulent Flames

corresponds to the non-dimensional spatial probability density distribution
of the flame surface [24]. Moreover, the flame surface normal vector nFl is in-
troduced

nFl, j =−
∂Cr
∂x j√(
∂Cr
∂x j

)2
, (2.17)

which describes the spatial orientation of the iso-scalar surface Cr . The C-
equation can be expressed via Eqs. 2.16 and 2.17, which yields

∂Cr

∂t
= (sd +u j nFl, j︸ ︷︷ ︸

un

)σFl. (2.18)

Thus, the C-equation describes the propagation of the iso-scalar surface Cr

with the propagation speed of the flame surface given by the kinematic re-
lation of the flame displacement speed sd and the flame front normal con-
vection velocity un = u j nFl, j . Concerning turbulent combustion, the statistical
time-average of the progress variable in the C-equation 2.15 has to be consid-
ered. In the turbulent case, the diffusion coefficient DF might be dominated
by turbulent transport which is accounted by the turbulent flame speed st , ne-
glecting curvature and molecular diffusion [24,61]. The turbulent flame speed
st and the flame surface density σFl yield the normalised turbulent reaction
rate

Ω̇t = stσFl, (2.19)

as the volume source term in the C-Equation (Eq. 2.15). The right-hand side
of the energy conservation (Eq. 2.4 and 2.6) is commonly expressed with the
normalised turbulent reaction rate considering a turbulent Lewis-number of
unity [4,24,61] according to Eq. 2.19 which yields the local HRR density closure

q̇ = ρΩ̇t YF Hu, (2.20)

based on the turbulent flame speed and the flame surface density as fre-
quently used in thermoacoustic low order models [25, 32, 62]. The local HRR
density q̇ depends on the density ρ, the normalised turbulent reaction rate Ω̇t ,
the fuel mass fraction YF and the caloric heating value Hu =−∆r h

MF
.

The fundamentals of the turbulent premixed combustion modelling based on
the C-equation (Eq. 2.15) yields a simplified relation of the local normalised

19



Governing Equations

turbulent reaction rate to the local HRR density (Eq. 2.20) that provides the
starting point of the locally resolved flame response model in Chapter 5.
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3 Linearised Disturbance Equations

The solution of the general, non-linear form of the conservation equations re-
quires cost-intensive numerical methods. However, the linear or weakly non-
linear approximation of the governing equations can be solved by efficient
analytical and numerical approaches, and therefore, the linearised conserva-
tion equations and relevant assumptions are provided in this section. The dis-
turbance energy, the Rayleigh criterion, and the inhomogeneous wave equa-
tion are introduced. The chapter concludes with the analytical solution of HF
acoustic modes in cylindrical can combustors.

3.1 Linearised Conservation Equations

Efficient thermoacoustic modelling employs the linearisation of the pressure,
velocity and HRR density, since the direct solution of the non-linear conserva-
tion equations requires cost-intensive numerical methods. The linearisation
of the variable φ to first order φ= φ̄+φ′ yields the time invariant mean φ̄ and
the fluctuation φ′, which yields for the pressure, velocity and HRR density re-
spectively:

p = p̄ +p ′, (3.1)

u = ū+u′, (3.2)

q̇ = ¯̇q + q̇ ′. (3.3)

Suitable assumptions are inevitable for the numerical solution and especially
for possible analytical solutions. First, the restriction to small, linear perturba-
tions concerning the solution of the instantaneous acoustic pressure fields is
common practice in linear stability analysis. Second, neglecting entropy fluc-
tuations reduces the required set of differential equations to the momentum
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Linearised Disturbance Equations

and energy balance. The mass balance becomes redundant with the energy
balance due to the isentropic relation of density and pressure p ′ = ρ′c̄2. Al-
though combustion is associated with an increase in entropy, the assumption
of isentropic propagation of the acoustic fluctuations is still valid. Third, the
stochastic turbulent fluctuations cancel out for statistically stationary acous-
tic experimental data and are thus only concerned with the mean flow prop-
erties. Fourth, heat conduction, radiation and external volume forces are ne-
glected. Thus, heat release due to the unburned, ideal gas mixture is consid-
ered as the dominant source in the energy conservation.

Linearisation of the conservation of the mass, momentum and energy consid-
ering a steady mean flow field yields

d̄ρ′

dt
+u′

j

∂ρ̄

∂x j
+ρ′∂ūi

∂xi
+ ρ̄ ∂u′

i

∂xi
= 0, (3.4)

ρ̄

(
d̄u′

i

dt
+u′

j

∂ūi

∂x j

)
+ρ′ū j

∂ūi

∂x j
+ ∂p ′

∂xi
=
∂τ′i j

∂x j
, (3.5)

d̄p ′

dt
+u′

j

∂p̄

∂x j
+ κ̄

(
p̄
∂u′

j

∂x j
+p ′∂ū j

∂x j

)
= (κ̄−1) q̇ ′, (3.6)

denoting the mean material derivative of the fluctuations d̄
dt = ∂

∂t +ū j
∂
∂x j

. Con-

sidering a homogeneous mean flow, i.e. no gradients in density or velocity and
neglecting viscous dissipation yields

d̄ρ′

dt
+ ρ̄ ∂u′

i

∂xi
= 0, (3.7)

ρ̄
d̄u′

i

dt
+ ∂p ′

∂xi
= 0, (3.8)

d̄p ′

dt
+ κ̄p̄

∂u′
j

∂x j
= (κ̄−1) q̇ ′. (3.9)

The linearised conservation equations account for acoustic and vortical dis-
turbances and provide the governing equations for the linear acoustic network
model in Chapter 6 and the linear hydrodynamic transport model in Section
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3.2 Acoustic Disturbance Energy and Rayleigh Criterion

5.3.1. Moreover, the linear combination of the momentum and energy con-
servation Eqs. 3.7 and 3.9 yields the inhomogeneous wave equation and the
acoustic disturbance energy equation discussed in the following section.

3.2 Acoustic Disturbance Energy and Rayleigh Criterion

Coherent flame dynamics originating from the acoustic fluctuations in com-
bustors are associated with a volumetric source in disturbance energy, which
might generally originate from acoustic, turbulent or entropic disturbances
[67–69]. The relation of the volumetric source to the flux in disturbance energy
entering and leaving the combustor determines the thermoacoustic stability
of the system.

In the present thesis, the disturbance energy conservation accounting solely
for the isentropic acoustic disturbances is considered, neglecting any losses.
The acoustic disturbance energy conservation is derived from the combina-
tion of the linearised momentum 3.8 and the linearised energy conservation
3.9 equations, which yields

∂

∂t

(
p ′2

2ρ̄c̄2
+ ρ̄

2
u′2

j

)
+
∂p ′u′

j

∂x j
= κ̄−1

κ̄p̄
p ′q̇ ′, (3.10)

for negligible mean flow effects in the low Mach number limit. Integration over
the control voloume V and employing the Gauss’ integral theorem to obtain
the aocustic power flux across the closed system surface A yields∫

V

∂

∂t

(
p ′2

2ρ̄c̄2
+ ρ̄

2
u′2

j

)
dV +

∮
p ′u′

j n j dA = κ̄−1

κ̄p̄

∫
V

p ′q̇ ′dV. (3.11)

The first term on the left-hand side of Eq. 3.11 contains the integral unsteady
change in acoustic energy

Ea =
∫

V

∂

∂t

(
p ′2

2ρ̄c̄2
+ ρ̄

2
u′2

j

)
dV , (3.12)

the second term describes the flux of the acoustic energy across the system
boundaries

Fa =
∮

A
p ′u′

j n j dA. (3.13)
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Linearised Disturbance Equations

The term on the right-hand side of Eq. 3.10 is the integral source of acoustic
energy

Ṡa = κ̄−1

κ̄p̄

∫
V

p ′q̇ ′dV. (3.14)

The local formulation provided by Eq. 3.10 reveals detailed insight regarding
the local coupling of the isentropic acoustic pressure and unsteady heat re-
lease associated with the Rayleigh index ri = p ′q̇ ′ [12]. The integral formu-
lation according to Eq. 3.11 yields the global Rayleigh Integral

∫ ∫
p ′q̇ ′dV dt

that reveals the resulting driving potential of a thermoacoustic instability. The
thermoacoustic system becomes unstable if the integral source outperforms
the acoustic power transmitted from the system boundaries [3].

The Rayleigh integral is used in the present thesis to estimate the driving po-
tential of the experimental results in Chapter 8. Schuermans et al. [32] shows
for the LF case that the Rayleigh Integral is expected to be always positive for
statistically stationary data if the acoustic pressure is adequately measured,
which has to be considered for the experimental results. Moreover, as a lin-
ear combination of the linearised momentum and energy balance, the distur-
bance energy conservation Eq. 3.10 provides the basis for the low order mod-
elling approach accounting for the power transmitted at a sudden area change
or a flame in Chapter 6.

The inhomogeneous wave equation discussed in the next section is an alter-
native linear combination of momentum and energy conservation.

3.3 Inhomogeneous Convective Wave Equation

The common derivation of the inhomogeneous convective wave equation ac-
cording to the thermo- and aeroacoustic literature [70–72] contains the fol-
lowing steps. First of all, the momentum and energy conservation is linearised
as shown in Section 3.1. Second of all, the conservation equations are com-
bined by subtracting the gradient ∂

∂xi
of the momentum conservation from the

material derivative of the energy conservation d
dt combined with the speed of

sound for an ideal gas ρc2 = κp. The momentum and energy conservation ac-

24



3.3 Inhomogeneous Convective Wave Equation

cording to Eqs. 3.5 and 3.6 include gradients of the mean flow velocity that
can be accounted for by the choice of proper boundary conditions as shown
by Heilmann et al. [72]. However, the focus of the present thesis is on the in-
homogeneous source term rather than the contribution of the mean flow and
therefore a homogeneous mean flow field may be assumed. In the case that a
homogeneous mean flow field is assumed, Eqs. 3.8 and 3.9 are used to obtain
the inhomogeneous convective wave equation

d̄2p ′

dt 2
− ρ̄c̄2 ∂

∂xi

(
1

ρ̄

∂p ′

∂xi

)
= (κ̄−1)

d̄q̇ ′

dt
. (3.15)

Here, the second derivative of the mean material derivative reads d̄2p ′
dt 2 =

∂2

∂t 2 +2ū j
∂
∂x j

∂
∂t + ū2

j
∂2

∂x2
j
. The inhomogeneous convective wave equation is trans-

formed to the frequency domain, which yields the inhomogeneous convective
Helmholtz equation

ω2p̂ −2iωū j
∂p̂

∂x j
− ū2

j

∂2p̂

∂x2
j

+ ρ̄c̄2 ∂

∂xi

(
1

ρ̄

∂p̂

∂xi

)
=− (κ̄−1)

(
iω ˆ̇q + ū j

∂ ˆ̇q

∂x j

)
, (3.16)

see also Heilmann et al. [73]. Acoustic velocity boundary conditions might be

applied by the acoustic flux term ∂
∂xi

(
1
ρ̄

∂p̂
∂xi

)
using the linearised momentum

conservation at the boundaries (Eq. 3.5) accounting for mean flow effects,
see [73]. In the low Mach number limit the velocity boundary conditions are
applied via

ûi =− 1

iωρ̄

∂p̂

∂xi
(3.17)

and the non-dimensional impedance boundaries accounting for the area nor-
mal acoustic velocity:

z = p̂

ρ̄c̄ûi
. (3.18)

The inhomogeneous wave equation contains the volumetric source term due
to unsteady HRR associated with thermoacoustic instabilities and can only
be solved by numerical methods for arbitrary geometries as discussed in Sec-
tion 4.3. For technically relevant combustion chambers in gas turbines and
rocket engines, analytical solutions of the wave equation can be deduced, as
described in the next section.
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3.4 Acoustic Wave Propagation in Tubes

The solution of the wave equation in cylindrical coordinates of the acoustic
pressure p ′ is obtained by the general three-dimensional separation ansatz
employing the Bessel function Jn, azimuthal counter- and clock-wise spinning
waves and up- and downstream travelling f- and g-waves [74] as frequently
used for combustor stability analysis (e.g. [3,10,75]). Employing the linearised
momentum conservation for low Mach number flow (Eq. 3.17) results in the
axial acoustic velocity field. The obtained mode shapes p ′ =ℜ[

p̂e iωt
]

and u′ =
ℜ[

ûe iωt
]

generally depend on multiple complex amplitudes

p̂ = Âr Jn (r )
(

f̂θe−i mθ+ ĝθe+i mθ
)(

f̂xe−i k+x + ĝxe−i k−x) , (3.19)

ρ̄c̄û = Âr Jn (r )
(

f̂θe−i mθ+ ĝθe+i mθ
)(

f̂xκ+e−i k+x + ĝxκ−e−i k−x) . (3.20)

The azimuthal dependency of the acoustic cylinder mode

Pm(θ) = e−i mθ+Rθe+i mθ (3.21)

is used in the following derivations. Thus, the three-dimensional acoustic
mode shapes of acoustic pressure and axial velocity in a can combustor re-
duce to

p̂ = Jn(r )Pm(θ)
(

f (x)+ g (x)
)

, (3.22)

û = Jn(r )Pm(θ)

(
κ+
ρ̄c̄

f (x)+ κ−
ρ̄c̄

g (x)

)
. (3.23)

The axial dependencies on the f- and g-waves, f (x) = f̂ e−i k+x and g (x) =
ĝ e−i k−x , respectively, consider the lumped amplitudes f̂ = Âr f̂θ f̂x and ĝ =
Âr f̂θ ĝx . The Bessel function Jn(r ) implies rigid wall boundary conditions at
the combustor wall in the radial direction, otherwise, the Hankel function has
to be considered [71, 74]. The azimuthal function Pm(θ) depends on the con-
stant azimuthal mode number m = 1,2, ... and the azimuthal reflection coeffi-
cient Rθ = gθ

fθ
equivalent to a spin ratio in azimuthal direction. Thus, boundary

conditions in the azimuthal direction are applied by the azimuthal reflection
coefficient, which includes standing (Rθ = 1), spinning (Rθ = 0) and mixed
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3.4 Acoustic Wave Propagation in Tubes

(0 < Rθ < 1) mode wave propagation in azimuthal direction. The axial wave
numbers generally include mean flow effects

k± = 1

1−M2

(
−Mk ±

√
k2 −k2

mn

(
1−M2

))
, (3.24)

which simplifies for a low Mach number M = ū
c̄ ≪ 0.2 to k± = ±√

k2 −k2
mn.

Normalisation with the acoustic wave number k = 2π f
c yields the non-

dimensional axial wave numbers κ± = k±
k . The wave number kmn = αmn

r de-
pends on the radial position. The argument of the Bessel function Jn(αmn) is
obtained by the reflective boundary condition at the tube wall and depends
on the radial and azimuthal mode number (e.g. T1 mode: αmn = 1.841). The
equations provided in this section include longitudinal and transverse mode
wave propagation, since the LF case is obtained for αmn = 0.

The self-similarity of the cross-sectional dependency of acoustic pressure and
axial velocity is used to define the four poles of the two-port transfer matrices
by normalisation with the ansatz functions in cross-sectional direction. This
yields the modal acoustic pressure p̂mn and the modal axial acoustic velocity
ûmn which read

p̂mn(x) = p̂

Jn(r )Pm(Rθ,θ)
= f (x)+ g (x), (3.25)

ûmn(x) = û

Jn(r )Pm(Rθ,θ)
= κ+
ρc

f (x)+ κ−
ρc

g (x). (3.26)

The similarity of the modal acoustic pressure (Eq. 3.25) and the modal axial
acoustic velocity (Eq. 3.26) is used in the following Chapter 6 to extent the two-
port transfer matrix method to HF acoustics in cylindrical geometries. The
distinction between the locally resolved acoustic pressure and axial acoustic
velocity according to Eqs. 3.22 and 3.23, respectively, and the modal acoustic
pressure and modal axial acoustic velocity (Eq. 3.25 and 3.26) is crucial for the
derivation of the low order model in Chapter 6.
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4 Experimental and Numerical Methods

The experimental and numerical methods applied in the present thesis work
are provided in this section. First, the general procedure to obtain phase-
averaged HRR images is described. Second, the Multi-Microphone-Method
(MMM) in the azimuthal and axial direction and the reconstruction of axial
transfer matrices is discussed. Third, the numerical CFD/CAA method based
on the weak formulation of the Helmholtz equation is provided.

4.1 Phase-Locked OH∗ images

The core of the phase-locking routine is similar to the one described by Mc-
Clure et al. [36]. Phase-averaging eliminates stochastic turbulent fluctuations
from the OH∗ chemiluminescence signal [76]. The high-speed camera record
signal triggers the measured acoustic pressure to obtain simultaneous acous-
tic and optical data for the phase-averaging routine. The shutter signal of the
image intensifier is used to assign the instantaneous images to the respective
time in the acoustic pressure time series. In order to obtain information on
the driving potential of the HRR fluctuations, the global Rayleigh integral or
the local Rayleigh index needs to be determined. Schuermans et al. [77] indi-
cate that a proper choice of the reference sensor for phase-locking is crucial
to obtain the correct phase relation of the HRR and the acoustic pressure fluc-
tuations associated with the Rayleigh integral. Therefore, an acoustic pressure
sensor C1 just downstream of the flames in the combustion chamber is used
for the optical investigations and referred to as p ′

C 1(t ) in the following. Addi-
tional post-processing of the measured acoustic pressure time series p ′

C 1(t ) is
necessary to access the phase ∠p ′

C 1(t ) at every instant t . The Hilbert Trans-
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4.1 Phase-Locked OH∗ images

form [78] is applied to the time series

p̂C 1 =H
[
p ′

C 1(t )
]

(4.1)

to obtain the complex-valued acoustic pressure amplitude p̂C 1 and the phase
ϕ(t ) at every instant in time. Several hundred of instantaneous images are
phase-locked to the chosen acoustic pressure reference time series and aver-
aged in discretised phase bins. One oscillation period is separated into nbin = 8
discrete, equally spaced phase bins to phase-average the respective chemi-
luminescence images. The local line-of-sight integrated, phase-locked HRR
density

q̇ = K ĪOH∗ (4.2)

is estimated by the scaling-factor

K = Pth∫
ĪOH∗dV

, (4.3)

which relates the phase-locked OH∗ intensity ĪOH∗ to the global thermal power
Pth. The difference between the phase-averaged HRR density and the tempo-
ral mean value yields the fluctuations

q̇ ′ = q̇ − ¯̇q (4.4)

and the normalisation with the mean value yields the normalised HRR fluctu-
ations

q̇ ′

¯̇q
= q̇

¯̇q
−1. (4.5)

An OH∗ intensity brightness cutoff of 2% is used to avoid an artificial increase
of the normalised HRR density fluctuations q̇ ′/ ¯̇q due to low OH∗ intensity
background signals.

Several parameters must be defined for the optical measurements. The reso-
lution of 1024×1024 pixel of the instantaneous images and the sample rate of
10000 Hz determine the maximum number of images stored on the internal
storage of the high-speed camera, which yields an amount of n ≈ 5000 images.
The shutter time must be sufficiently large to obtain a clear OH∗ intensity.
However, a sufficiently small shutter time is required to assign the instanta-
neous images to the respective phase in the time series correctly. This work
identifies an image intensifier shutter time of 80−40 µs as suitable.
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Experimental and Numerical Methods

4.2 Multi-Microphone-Method

The multi-microphone method is an established method to reconstruct
acoustic fields in straight ducts [47]. In the HF case, the axial and azimuthal
direction needs to be considered to capture the azimuthal mode shape, in-
cluding standing, spinning or flipping transverse modes as demonstrated by
Kim et al. [75,79]. The multi-microphone method is used to ensure a standing
mode shape of the forced response T1 mode in the optical and acoustical ex-
periments and to reconstruct the acoustic velocity fluctuations at the injector
tube exit.

4.2.1 Azimuthal Acoustic Pressure Field

The mode shape reconstruction in the azimuthal direction reveals insights
into the spinning or standing behaviour of transverse acoustic modes. In or-
der to resolve the temporal evolution of the spinning or standing transverse
mode, the MMM might be applied to the azimuthal and temporal resolved
pressure signals according to Kim et al. [75,79]. The azimuthal dependency of
the acoustic pressure field

p̂θ(θ)e iωt = [ f̂θe i mθ︸ ︷︷ ︸
fθ

+ ĝθe−i mθ︸ ︷︷ ︸
gθ

]e iωt (4.6)

is decomposed into the wave travelling in positive fθ and negative gθ az-
imuthal direction for the entire time signal. In order to calculate the spin ratio,
Eq. 4.6 is recast in matrix form p̂θ(θ1)e iωt

...
p̂θ(θn)e iωt


︸ ︷︷ ︸

Pθ

=

 e i mθ1 e−i mθ1

...
...

e i mθn e−i mθ4


︸ ︷︷ ︸

Mθ

×
[

f̂θe iωt

ĝθe iωt

]
︸ ︷︷ ︸

Xθ

. (4.7)

Here θ1 to θn describes the azimuthal position of the n sensors. The least-
square fit reveals

Xθ =
(
MT

θ Mθ

)−1
MT

θ Pθ, (4.8)
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4.2 Multi-Microphone-Method

where the vector MT
θ

means the transposed vector of Mθ. The time evolution
of the nodal line is evaluated

θm(t ) = j ·π− (∠( f̂θe iωt )−∠(ĝθe iωt ))

2m
, j = 1,3,5... (4.9)

which gives insight into the pressure field inside the combustion chamber.
The amplitudes f̂θ and ĝθ determine the Spin Ratio (SR)

SR =
∣∣ f̂θ

∣∣− ∣∣ĝθ∣∣∣∣ f̂θ
∣∣+ ∣∣ĝθ∣∣ . (4.10)

A perfectly standing mode corresponds to a Spin Ratio of SR = 0. On the con-
trary, a spin ratio of SR =±1 yields a perfectly spinning mode in a positive or
negative azimuthal direction. Mixed standing and spinning modes are identi-
fied by values of 0 < |SR| < 1, which account for mixed modes [75]. The spin
ratio and the nodal line position are used to characterise the standing mode
type of the investigated forced response experiments.

4.2.2 Axial Acoustic Pressure Field

The application of the MMM to at least two acoustic pressure sensors with
varying axial position and constant radial and azimuthal position yields the
axial acoustic pressure field

p̂mn(x) = f̂xe−i k+x + ĝxe−i k−x . (4.11)

The matrix representation of the acoustic pressure field for the different sen-
sor positions  p̂mn (x1)

...
p̂mn (xn)


︸ ︷︷ ︸

Px

=

 e−i k+x1 e−i k−x1

...
...

e−i k+xn e−i k−xn


︸ ︷︷ ︸

Mx

×
[

f̂x

ĝx

]
︸ ︷︷ ︸

X

(4.12)

is solved for the unknown vector X of the f- and g-wave amplitudes

X = (
MT

x Mx

)−1
MT

x Px . (4.13)

The acoustic pressure and the axial acoustic velocity are calculated according
to Eqs. 3.25 and 3.26, respectively.
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4.2.3 Axial Transfer Matrix Reconstruction

The reconstruction of the HF transfer matrices is required to validate the
analytical transfer matrices of the low order network model. Reconstructed
transfer matrices from CFD or experiments might also be used to model the
flame dynamics. Experimentally measured HF transfer matrices can be recon-
structed using the two-port network modelling approach once the acoustic
field is determined from the MMM.

The effective acoustic pressure Eq. 3.25 and axial acoustic velocity Eq. 3.26
normalised with the radial and azimuthal dependency are used to obtain a
quasi-two-port transfer matrix reconstruction for HF acoustics. The SR or az-
imuthal reflection coefficient Rθ needs to be determined for the normalisa-
tion in Eqs. 3.26 and 3.25 from the MMM in azimuthal direction. The two-
source location method [47] with Upstream Forcing (UF) and Downstream
Forcing (DF) (

p̂mn,UF p̂mn,DF

ûmn,UF ûmn,DF

)
do︸ ︷︷ ︸

=Ydo

= TMpu ·
(

p̂mn,UF p̂mn,DF

ûmn,UF ûmn,DF

)
up︸ ︷︷ ︸

=Xup

(4.14)

yields the transfer matrix in p,u-notation

TMpu = X −1
up Ydo (4.15)

from the effective acoustic pressure and axial velocity up- and downstream of
the transfer element obtained with the MMM.

4.3 Hybrid CFD/CAA Method

The inhomogeneous wave equation might be solved by the separation of
the mean flow field and the acoustic domain according to the CFD/CAA
approach. COMSOL Multiphysics is used to calculate the solution of the
Helmholtz Equation employing the Galerkin-FEM methodology, which solves
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the weak formulation of a Partial Differential Equation (PDE). The weak for-
mulation of a PDE requires less computational cost. However, the weak for-
mulation of the boundary conditions and the weak formulation of the differ-
ential equation have to be derived.

First, the weak-form-PDE is obtained by multiplication of the PDE with a test
function denoted with (̃) for discretisation. Second, the differential equation is
partially integrated to obtain the weak formulation. Third, the boundary flux
terms are expressed using Gauss’ theorem. Considering the inhomogeneous
Helmholtz equation 3.16 in the low Mach number limit, the weak formulation
reads∫

ω2p̂ p̃ − c̄2 (∇p̂
) ·∇p̃ dV +

∫
c̄2 (∇p̂

)
p̃ n⃗d A = iω

∫
V

(κ̄−1) ˆ̇qp̃ dV. (4.16)

For a more detailed derivation accounting also for convective effects, see Heil-
mann et al. [73]. Impedance boundary conditions are implemented according
to Eq. 3.18 in the flux term∫

c̄2 (∇p̂
)

p̃ n⃗d A =
∫

iωc̄
p̂

z
p̃ n⃗d A (4.17)

to express the acoustic velocity via the acoustic pressure, using the Euler equa-
tion in the low Mach number limit.

The inhomogeneous source term of the Helmholtz equation requires addi-
tional closure models to couple the local unsteady HRR to the acoustic ve-
locity and pressure. The instantaneous coupling to the acoustic pressure and
acoustic velocity is considered in the flame compression and displacement
model in the HF regime [20–23]. The convectively transported reaction rate
perturbations due to large scale coherent turbulent structures might be ac-
counted for by an additional transport equation for the progress variable,
which diminishes the advantage of solving one single acoustic equation. An
efficient approach is to account for the convective flame response mechanism
by the Flame Transfer Function (FTF) coupling the acoustic velocity fluctua-

tions at a reference position to the integral HRR fluctuations FTF = ˆ̇Qconv/ ¯̇Q
ûref/ūref

, ac-
cording to the n-τ-σmodelling approach in the LF regime [31,32]. The acous-
tic velocity fluctuations at the reference position ûref are constant in cross-
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sectional direction due to the longitudinal wave propagation. The spatial dis-
tribution of the time delays is obtained from the CFD mean field. The applica-
tion of the global FTF to the CFD/CAA method assumes a constant gain and
phase of the unsteady HRR fluctuations over the extent of the flame, which is
a reasonable assumption in the LF limit [43–46].

The assumption of both spatially invariant gain and phase of the flame re-
sponse is violated for HF thermoacoustics. Thus, instead of the global FTF, the
locally resolved Flame Transfer Function (ftf) has to be considered

ˆ̇qconv(x) =
¯̇q

ūref
ûrefftf(x), (4.18)

to obtain the local flame response. The local flame response according to Eq.
4.18 might generally include a three-dimensional resolved gain and phase of
the ftf. Moreover, the acoustic velocity varies in cross-sectional direction in
the HF case and locally due to the longitudinal to transverse/radial coupling
at the injector tube exit, which is covered by the acoustic solver. A hydrody-
namic transport model is required to couple the convective flame response
to the acoustic velocity fluctuations at the reference position, i.e. the injector
tube exit, to obtain the generalised, locally resolved flame response. Thus, in
similarity to the n-τ approach the locally resolved flame response might be
obtained by the local time delay τ(x) and the local gain n(x) to obtain the clo-
sure model ftf = n(x)e iτ(x). In first proximity, a straight flow path from the ref-
erence position to the flame is assumed for the considered MJC configuration,
which implies that τ is solely dependend on the axial coordinate, as used for
the numerical solution of the flame response in Section 9.2. Thus, the convec-
tive transport in main flow direction is assumed. Both the distribution of the
local gain and phase and turbulent dissipation become important for the HF
case due to the decreasing gain of the convective flame response. Therefore, a
distributed convective flame response model is deduced in the following sec-
tion, accounting for a local gain and phase and turbulent dissipation along the
flow path from the injector section exit to the end of the flame.
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5 Distributed Flame Response Model

The scope of this section is to discuss the dominant acoustic and convective
sources in unsteady heat release and the main assumptions of the convective
flame response model, i.e. perfectly premixed conditions and the transport of
coherent vortices in main flow direction.

The inhomogeneous convective acoustic wave equation 3.15 includes the
acoustic source term due to unsteady heat release, which is linearised con-
sidering solely acoustic perturbations:

d̄q̇ ′

dt
= ∂q̇ ′

∂t
+ ū j

∂q̇ ′

∂x j
. (5.1)

Consistent with the low Mach number assumption, the convective transport
of the HRR fluctuations ū j

∂q̇ ′
∂x j

in Eq. 5.1 is omitted in the following. In this

section, closure models are derived for the remaining local sources ∂q̇ ′
∂t of the

mean HRR. First, the local flame displacement and flame compression mech-
anisms are discussed. Second, a distributed convective flame response model
is deduced based on hydrodynamic stability analysis.

5.1 Linearised Heat Release Density

The local volumetric source term in HRR density is obtained from the lin-
earised heat release closure

q̇ ′ = ρ′ ¯̇Ωt ȲF H̄u + ρ̄Ω̇′
t ȲF H̄u + ... (5.2)

according to Eq. 5.2 dependent on the local density, the normalised consump-
tion rate, the fuel mass fraction and the lower caloric heating value. For per-
fectly premixed conditions local density and consumption rate fluctuations
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are the predominant sources. The density fluctuations obtained from the ideal

gas law ρ′
ρ̄
= p ′

p̄ − T ′
T̄

generally include a non-homentropic contribution T ′ ac-
counting for entropy waves convected downstream and generating acoustic
waves at the combustor exit nozzle [31, 80]. However, entropy waves in the
burned gas are non-existent for perfectly premixed combustion. Furthermore,

the local sources ∂q̇ ′
∂t in Eq. 5.1 might generally include local consumption rate

fluctuations originating from baroclinic torque due to the 90 degree orienta-
tion in space of the acoustic pressure and the mean density gradient. However,
the effect is merely negligible for low amplitudes [81]. Nevertheless, the baro-
clinic effect can have a noticeable impact for higher amplitudes and lead to an
amplitude-dependent dissipation, as shown by Hofmeister et al. [60].

The acoustic flame response due to the local acoustic pressure and velocity
fluctuations and the convective flame response mechanisms are discussed in
the following two sections.

5.2 Acoustic Flame Response

The acoustic flame response might be attributed to both the acoustic flame
compression and the acoustic flame displacement, since both depend on the
local, instantaneous acoustic field variables [22, 23, 72].

The linearised inhomogeneous convective wave equation provided by Eq. 3.15
is derived from the linear combination of the linearised momentum and en-
ergy conservation, as predominantly found in aero- and thermoacoustic liter-
ature [6,73,82]. Similarly, the gradient of the non-linear momentum conserva-
tion (Eq. 2.2) and the material derivative of the non-liear energy conservation
(Eq. 2.6) might be combined according to Poinsot et al. [4] to obtain a non-
linear inhomogeneous wave equation

d2p

dt 2
−ρc2 ∂

∂xi

(
1

ρ

∂p

∂xi

)
= (κ−1)

dq̇

dt
. (5.3)

The subsequent linearisation with respect to acoustic disturbances of Eq. 5.3
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for a homogeneous mean flow field, neglecting second order terms yields

d̄2p ′

dt 2
− ρ̄c̄2 ∂

∂xi

(
1

ρ̄

∂p ′

∂xi

)
= (κ̄−1)

(
d̄q̇ ′

dt
+u′

j

∂ ¯̇q

∂x j

)
. (5.4)

Mind that the linearisation of the material derivative in Eq. 5.4 inherently in-

cludes the acoustic displacement term q̇ ′
disp = u′

j
∂ ¯̇q
∂x j

. The source terms in the

inhomogeneous wave equation according to Eq. 5.4 inherently includes the
flame displacement mechanism, which is not the case if the source term ac-
cording to Eq. 5.1 is considered. The flame displacement source term in the
frequency domain reads

ˆ̇qdisp =− û j

iω

∂ ¯̇q

∂x j
, (5.5)

which accounts for the displacement of the flame due to the local acoustic ve-
locity field [22, 23]. The acoustic flame displacement accounts solely for the
acoustic velocity fluctuations interacting with the flame. Thus, with restric-
tion to acoustic velocity fluctuations in the low Mach limit, the linearised mo-
mentum conservation Eq. 3.17 couples the flame displacement model to the
acoustic pressure û j =− 1

iωρ̄
∂p̂
∂x j

.

The density fluctuations according to Eq. 5.2 contribute to the local HRR fluc-
tuations, i.e. the first term on the left-hand side of Eq. 5.1. The isentropic re-
lation of acoustic pressure and density fluctuations ρ̂ = p̂

c̄2 yields for the nor-

malised density fluctuations ρ̂

ρ̄
= p̂

ρ̄c̄2 . The mean speed of sound expressed by

the mean density and pressure using the ideal gas law ρ̄c̄2 = κ̄p̄ yields the nor-
malised, isentropic density fluctuations

ρ̂

ρ̄
= p̂

κ̄p̄
. (5.6)

Finally, combining Eq. 5.6 and Eq. 5.2 the flame compression mechanism is
obtained

ˆ̇qcomp = p̂

κ̄p̄
¯̇q, (5.7)

which directly couples to the local acoustic pressure mode shape to the HRR
density fluctuations.
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The acoustic flame displacement and compression mechanisms are estab-
lished flame response models depending on the local acoustic and mean heat
release rate field [22, 23]. The convective driving mechanism, however, re-
quires an additional transport model to couple the local acoustic pressure and
velocity to the convective source, as discussed in the following section.

5.3 Convective Flame Response

Figure 5.1 illustrates the considered generic setup of a perfectly premixed jet
flame. Full conversion rate from unburned Cr,u = 0 to burned gas conditions
Cr,b = 1 from upstream of the injector tube to downstream of the combustion
chamber is considered. The dump plane, i.e. the injector tube exit, is referred
to as the reference position in the following, see Fig. 5.1. Neglecting the effects
of molecular diffusion and curvature on the flame speed, the local normalised
turbulent reaction rate ¯̇Ωt (Eq. 2.19) yields the source term of the steady-state
C-equation 2.15 expressed by the turbulent flame speed and the mean flame
surface density

¯̇Ωt = ū j
∂C̄r

∂x j
= s̄t σ̄Fl. (5.8)

In the perfectly premixed case, the quasi-steady flame front stabilises due to
the kinematic balance of the turbulent flame speed st and the flame normal
velocity of unburned gas un = u j nFl, j . The flame front normal velocity is ex-
pressed with the flame front normal vector according to Eq. 2.17 as illustrated
in Fig. 5.1. In case of thermoacoustic instability, the local kinematic balance
of unburned gas velocity and turbulent flame speed is disturbed by acoustic
velocity fluctuations at the reference position. The resulting flame dynamics
are expressed via the linearised C-equation

ˆ̇Ωt = iωĈr + ū j
∂Ĉr

∂x j
+ û j

∂C̄r

∂x j
= ŝt σ̄Fl + s̄t σ̂Fl. (5.9)

The linearised C-equation according to Eq. 5.9 includes the unsteady change
of the progress variable, its convective transport and an additional sink or
source due to mean progress variable gradients and local coherent velocity
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dT

Cr,u = 0

Cr,b = 1

θ
r

x

xref LCLT

ūT dC
2

C̄r = 0.5

nFl

st

uv,n

Figure 5.1: Sketch of an axial cut through a cylindrical MJC with combustion
chamber diameter dC at the centre of a single injector tube with
diameter dT and a jet flame represented by the reaction progress
variable iso-contour Cr = 0.5 with deflagrative flame stabilisation
at the kinematic balance of the turbulent flame speed st and the
flame normal velocity of unburned gas un close to the core region
of the turbulent jet.

fluctuations. The equivalent split of the reaction rate fluctuations into flame
speed and flame area perturbations is provided on the right-hand side, as of-
ten proposed in literature. The solution of the linearised C-equation generally
requires numerical methods [28, 30, 83] including a local mean field and ac-
counting for a closure model for flame area σ̂Fl and flame speed ŝt perturba-
tion as considered by Hofmeister [60] or Romero Vega [84]. The scope of this
section, however, is to deduce a simplified analytical, low order model of the
convective flame response to reveal the main physics of the flame response.

Thus, additional assumptions are required to simplify Eq. 5.9, as discussed
in the following. Generally, the convective flame response might originate
from acoustic velocity fluctuations ûa, j and coherent vortical velocity fluc-
tuations ûv, j as introduced in Chapter 3. The purely acoustic velocity fluc-
tuations at the flame base generate unsteady flame front modulations that
are convected downstream, which may contribute to the convective flame re-
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sponse, besides coherent vortical fluctuations. The entire flame front is dis-
torted due to the acoustic velocity fluctuation ûa, j at low Strouhal-numbers

St = f dT
ūT

≪ 1 as accounted by kinematic flame response models in the low
frequency limit [28, 85]. However, coherent vortical velocity fluctuations ûv, j

dominate the entire convective flame response especially for fully turbulent
flows and high Strouhal numbers as also shown for a self-sustained instability
of a single jet flame by Buschhagen et al. [33]. Thus, solely the coherent vorti-
cal disturbances due to the acoustically triggered Kelvin Helmholtz instability
in the hydrodynamic shear layer of the jet flames, as depicted in Fig. 5.1, is
considered in the present thesis. Therefore, the coherent velocity fluctuations
û j in Eq. 5.9 are replaced by the coherent vortical velocity fluctuations ûv, j in
the following. The gradients in progress variable in Eq. 5.9 are expressed via
the flame surface denisty (Eq. 2.16) and the flame front normal vector (Eq.

2.17) for both fluctuating n̂Fl, j =−∂Ĉr
∂x j

/

√(
∂C̄r
∂x j

)2
and mean n̄Fl, j =−∂C̄r

∂x j
/

√(
∂C̄r
∂x j

)2

contribution. Thus, the normalised turbulent reaction rate fluctuations

ˆ̇Ωt = iωĈr − ū j n̂Fl, j σ̄Fl − ûv, j n̄Fl, j σ̄Fl (5.10)

are obtained. Consistent with the n-τ modelling approach [6, 25, 32], the first
and second term on the right-hand side may be neglected. Based on the an-
alytical approach of Hirsch et al. [62] a similar quasi-steady flame response
model is suggested by Hofmeister [60], accounting solely for the last term on
the right-hand side of Eq. 5.10. The first term on the right-hand side of Eq. 5.10
corresponds to the local unsteady change in the reaction progress. Neglection
of the first term yields a quasi-steady flame response model. The coherent ve-
locity fluctuations include, however, a time delay due to the hydrodynamic
transport from the reference position to the flame, as discussed in Section
5.3.1. The second term on the right-hand side of Eq. 5.10 covers the change in
the local flame front normal vector due to the coherent velocity perturbations.
The fluctuations in the flame front normal vector may be neglected consider-
ing small, linear perturbations. The flame front normal velocity fluctuations
ûv,n =−ûv, j n̄Fl, j yield

ˆ̇Ωt = ûv,nσ̄Fl. (5.11)

Thus, the local flame front normal velocity fluctuations due to the coherent
vortices determine the quasi-steady flame response by means of the reaction
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rate fluctuations according to Eq. 5.11. The reaction rate fluctuations at the
flame front (Eq. 5.11) are consistent with the commonly used n-τ models that
might be applied to the numerical CFD/CAA method [43–46].

The coherent vortical fluctuations propagate with the mean flow and require
an additional transport model. The hydrodynamic transport model is required
to couple the local HRR fluctuations, i.e. the local coherent vorticity (Eq. 5.11),
to the acoustic velocity fluctuations at the reference position, as discussed in
the next section.

5.3.1 Linear Hydrodynamic Stability Analysis

Concerning the flame response to LF acoustic modes, the n-τ approach yields
reasonable results, particularly for the phase between HRR fluctuations and
the acoustic pressure and thus the flame driving. In the HF case, however, both
the gain and phase vary significantly due to the convective non-compactness
of the flame and the classical n-τ approach fails. A distributed response model
is required to resolve the local coherent vortices and the associated vortical
velocity fluctuations normal to the flame surface ûv,n covering the hydrody-
namic shear layer instability. The quasi-steady model, according to Eq. 5.10,
is considered by Hofmeister [60]. The numerical solution of the linearised
Navier-Stokes equations provides the transport of the coherent vortical veloc-
ity fluctuations, which comes at a high computational cost. Therefore, the ob-
jective of the next section is to obtain an efficient analytical approach for the
transport model similar to Hirsch et al. [62].

The linearised momentum conservation Eq. 3.5 covers the material trans-
port of coherent velocity fluctuations. Therefore, the linear stability analysis
of the momentum conservation employing a normal mode ansatz for the pre-
ferred hydrodynamic mode provides a low order approach for the generation
and the convective transport of the coherent velocity fluctuations. The axial
gradient in fluctuating pressure is negligible in comparison to the convec-
tive transport of the coherent velocity fluctuations in unburned gas mixture
1
ρ̄

∂p̂
∂x ≪ ū ∂ûv,n

∂x j
in accordance to turbulent jet theory [86]. The convective trans-

port of the flame response is usually dominated by one main flow direction.
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For the case of MJC’s, the convective transport is dominated by the axial di-
rection ux

|u| ≫
uy

|u| ,
uz
|u| , see Fig. 5.1. Therefore, a quasi-one-dimensional transport

model in axial, main flow direction is deduced in the following. In order to in-
crease the complexity step-wise, three analytical convective transport models
are discussed in the following.

First, the linearised momentum conservation Eq. 3.17 reduces to the convec-
tive transport equation for ûv,n concerning negligible viscous dissipation, neg-
ligible mean velocity and fluctuating pressure gradients:

iωûv,n + ū
∂ûv,n

∂x
= 0. (5.12)

The solution to Eq. 5.12 reads

ûv,n(x)

ûv,n(xref)
= e−i kconv(x−xref) (5.13)

with the constant axial convective wave number kconv = ω
ū . Equation 5.13 is

an equivalent spatial expression of the n-τ model. Distributed response mod-
els assume a spatially constant amplitude of the velocity fluctuations over the
extent of the flame, which might be justified in the LF regime. However, con-
cerning the HF convective flame response, a spatially resolved amplitude of
the fluctuations becomes important due to the non-compactness of the flame.

Second, the effect of dissipation might become increasingly important in the
HF regime for increasing distance from the reference position and high tur-
bulence levels. The linearised momentum conservation 3.8 is employed ac-

counting for the diffusive term ν̄
∂2ûv,n

∂x2
j

with the diffusion coefficient ν= νt +νm

given by the turbulent and molecular diffusivity νt ,νm, respectively. An ana-
lytical solution can be derived if the diffusive contribution is assumed to orig-

inate from the gradients in axial direction ∂2ûv,n

∂x2 ≫ ∂2ûv,n

∂y2 , ∂
2ûv,n

∂z2 , which yields

iωûv,n + ū
∂ûv,n

∂x
= ν̄∂

2ûv,n

∂x2
. (5.14)

Solving the second order Ordinary Differential Equation (ODE) Eq. 5.14 leads
to a quadratic characteristic polynomial and thus the sum of two eigenfunc-
tions with two constants c±. The constants are determined from the boundary
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condition at the reference position ûv,n = ûv,n(xref) and at quasi-infinite dis-

tance L∞ downstream of the flame ∂ûv,n

∂x

∣∣∣
L∞

= 0. The proportionality constants

rapidly tend to their limits lim
x∞ →∞c+ = 0 and lim

x∞ →∞c− = 1. Therefore, the solu-

tion of Eq. 5.14 simplifies to

ûv,n(x)

ûv,n(xref)
= e−i kdiff(x−xref) (5.15)

kdiff = i ū

2ν̄

(
1−

√
1+ iω

4ν̄

ū2

)
, (5.16)

where the axial convective-diffusive wave number kdiff is introduced. The tur-
bulent viscosity yields dissipation of the coherent structures due to stochastic
turbulence and, thus, a decrease in coherent velocity fluctuations in the axial
direction. Turbulent jet theory might be employed to obtain a first principle
estimate of the axial increase in turbulent viscosity of the shear layer.

Third, gradients in the mean flow velocity according to Eq. 3.5 might amplify
the coherent velocity fluctuations due to turbulence production. The momen-
tum conservation accounting for velocity gradients yields

ûv,n

(
iω+ ∂ū

∂x
+ ∂ū

∂r

)
+ ū

∂ûv,n

∂x
= ν̄∂

2ûv,n

∂x2
. (5.17)

The solution of the ODE given by Eq. 5.17 is obtained similar to the solution of
Eq. 5.14 and reads

ûv,n(x)

ûv,n(xref)
= e−i kshear(x−xref) (5.18)

kshear = i ū

2ν̄

(
1−

√
1+

(
iω+ ∂ū

∂x
+ ∂ū

∂r

)
4ν̄

ū2

)
, (5.19)

Note that negative gradients yield an amplification of the velocity fluctuations
according to Eq. 5.19, which might be significant at small axial distance from
the reference position close to the injector tube exit, see Fig. 5.1. In particu-
lar, strong radial velocity gradients due to the high axial bulk velocity and the
low axial velocity of the surrounding exhaust gas are expected. The radial gra-
dients yield an amplification of the initial flow disturbance at the reference
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position since the radial gradients are negative due to the decrease of the flow
velocity in the radial direction. Thus, the initial coherent vortex formation due
to the acoustic velocity fluctuations at the reference position amplified by the
velocity gradients in the radial direction is covered by Eq. 5.19. However, de-
tailed information on the mean flow gradients are required to quantitatively
estimate the velocity fluctuations, which might be obtained from a CFD sim-
ulation or an empirical fit to experimental data.

The convective transport models of the coherent vortical velocity fluctuations
according to Eqs. 5.13, 5.15 and 5.18 require an acoustic - turbulence - closure
model, which may be expressed via the hydrodynamic gain na → v of the initial
flow disturbance

na → v =
ûv,n(xref)

ûref
. (5.20)

The acoustic velocity fluctuations at the reference position ûa(xref) are referred
to as ûref, for the sake of brevity. The hydrodynamic gain according to Eq.
5.20 accounts for the coupling of the coherent vortical fluctuations ûv,n(xref)
to the acoustic velocity fluctuations ûref at the reference position, which is
an empirical constant. The extensive experiments on ’orderly structure in jet-
turbulence’ provided by Crow and Champagne [64] reveal insights on the hy-
drodynamic gain na → v of acoustically forced coherent structures in a non-
reactive jet. The coherent velocity fluctuations due to the forced acoustic ve-
locity disturbance at the reference position are coupled by a Strouhal-number
and the spatio-temporal dependent gain na → v measured four tube diameters
downstream of the reference plane. The approximation of na → v = 1 holds only
in the low Strouhal number, i.e. LF limit. For higher Strouhal numbers, the lo-
cal gain in turbulence is generally forcing amplitude and frequency dependent
and might take values of up to na → v = 20 at the fundamental hydrodynamic
mode of the jet at St = f dT

ūT
= 0.3 [64]. Thus, the initial acoustic velocity fluctu-

ation is amplified by a generally non-linear hydrodynamic shear layer insta-
bility. Strouhal numbers of up to St = 0.5 showed a similar yet lower amplifica-
tion, which is of particular interest since the Strouhal numbers of the reactive
experiments conducted in this thesis are in the same order. The gain reaches
an asymptotic limit of na → v ≈ 0 for very high frequencies in the non-reactive
experiments of Crow et al. [64]. Note that results on the forced flame response
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of a swirl-stabilised flame show a similar behaviour [87]. For very high fre-
quencies f ≈ 10000 Hz no convective flame response is present and the flame
is entirely dominated by the local, instantaneous response mechanisms. Al-
though the dynamics of reacting flows might differ from the non-reactive ex-
periments of Crow et al. [64], the results provide insights into the spatial and
Strouhal number dependency of the hydrodynamic instability causing the
flame dynamics and a reasonable parameter space of the hydrodynamic gain.

5.3.2 Acoustics - Turbulence - Flame - Closure

The coherent turbulence - flame - closure of the local coherent vortical veloc-
ity fluctuations to the local HRR density fluctuations is provided by the lin-
earised HRR density Eq. 5.2 and the coupling to the local velocity fluctuations
via the linearised C-Equation 5.11 and yields

ˆ̇qconv =
ˆ̇Ωt

¯̇Ωt

¯̇q = ρ̄ûv,nσ̄FlȲF H̄u. (5.21)

The flame response due to coherent vortical velocity fluctuations (Eq. 5.21)
generally requires a spatially resolved solution of the coherent velocity fluctu-
ations, which might be obtained from the numerical solution of the linearised
Navier-Stokes equations, see Hofmeister [60]. Alternatively, the combination
with the hydrodynamic transport model according to Eqs. 5.13 and 5.18 as-
suming an empirical hydrodynamic gain (Eq. 5.20) yields an analytical model
for the coherent turbulent velocity fluctuations. Turbulent diffusion accord-
ing to Eq. 5.15 yields a decreasing gain over the length of the flame. The hy-
drodynamic transport model according to Eq. 5.18, however, emphasises the
generation of the coherent vortical disturbances within a finite distance from
the reference position, which is helpful for the interpretation of the upcom-
ing experimental flame response. Concerning the modelling objectives, the
assumption of a hydrodynamic gain (Eq. 5.15) is used in similarity to the n-
τ-σ approach with application to analytical models [6, 28, 31, 32, 51] and the
CFD/CAA method [43–46]. The resulting convective HRR density fluctuations
due to coherent velocity fluctuations yield the axially distributed flame re-
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sponse:
ˆ̇qconv

¯̇q
= n

ûref

ūref
e−i kdiff(x−xref). (5.22)

The local interaction index n of the flame response might take different val-
ues compared to the non-reactive experiments of Crow et al. due to the differ-
ences between the reacting mean flow and a non-reacting mean flow. Dowl-
ing et al. [6] suggest a parameter space of n = 0−10 in the linear regime for LF
thermoacoustics, which seems reasonable judged by the non-reactive experi-
mental insights of Crow and Champagne and Hussain et al. [64–66]. Instead of
the fixed initial hydrodynamic gain (Eq. 5.15), the third model (Eq. 5.18) might
be used if more detailed information on the mean flow field is provided.

The convective flame response model discussed in this section might be ap-
plied to the numerical CFD/CAA method. The mean CFD flow fields provide
information on the local turbulent viscosity and the mean flow field. However,
analytical methods are required to interpret numerical simulations and exper-
iments. Therefore, the convective flame response is integrated in a low order
network model, as discussed in the next section.
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Low order network models reveal physical insights on thermoacoustic system
stability in the early design phase of rocket and gas turbine combustion cham-
bers, mufflers and dampers. This section introduces a novel quasi-two-port
network modelling approach for HF acoustic mode propagation, including an
analytical HF flame response model. The goal is to derive generalised acous-
tic two-port network matrices for a straight duct, an area change and a flame
applicable to longitudinal and transverse mode propagation. First, the non-
reactive acoustic network model elements, i.e. ducts and area changes, are
provided. Second, the flame transfer matrix and function are derived.

6.1 High Frequency Transfer Matrix Method

The discussed transfer matrix method is based on the assumption of a given
cross-sectional mode shape, i.e. the T1 mode shape in can combustors in the
present thesis. This allows to determine the transfer matrices of any acous-
tic wave in a can combustor by a two-port transfer matrix. The assumption of
a certain cross-sectional mode shape (T1,T2,R1,...) might seem like a restric-
tive assumption at first glance. Note, however, that the assumption of a cross-
sectional mode shape is implicit in all LF lumped parameter models [88] since
a constant acoustic pressure and velocity mode shape is assumed. Also, the
well-established MMM inherently assumes a given mode shape in longitudi-
nal, azimuthal and radial direction considering transverse modes [47, 75, 79],
which is fitted to the measured dynamic pressure data. Thus, the assumption
of a given acoustical mode shape is an established and validated approach.
The generalisation to HF modes in can combustors is highly appealing since
the known theory for LF thermoacoustics might be slightly modified to cover
all cross-sectional acoustic mode shapes. The cross-sectional mode shape be-
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comes non-trivial, proceeding to the first transverse (T1) mode or the first ra-
dial (R1) mode. However, the similarity in the cross-sectional mode shape in
acoustic pressure and axial acoustic velocity allows defining the modal acous-
tic pressure and axial acoustic velocity Eqs. 3.25 and 3.26 normalised with the
transverse mode shape. Thus, a transfer matrix TMpu in p ′−u′ notation[

p̂mn,do

ûmn,do

]
= TMpu

[
p̂mn,up

ûmn,up

]
, (6.1)

is introduced. The transfer matrix TMpu describes the axial transfer behaviour
from up- to downstream of the acoustic element, i.e. an area change, a duct or
a flame. Another common formulation of the two-port transfer matrix is based
on the f- and g-waves. The modal acoustic pressure and modal acoustic veloc-
ity according to Eqs. 3.25 and 3.26, respectively, are employed to eliminate the
g- and subsequently the f-wave. The g-wave is obtained by multiplication of
Eq. 3.26 with ρc

κ+ and subtraction of Eq. 3.25. Similar, the f-wave is obtained by

multiplication of Eq. 3.26 with ρc
κ− and subtraction of Eq. 3.25, which yields

f (x) = f̂ e−i k+x = κ+
κ−−κ+

(
ρcûmn(x)

κ+
− ûmn(x)

)
, (6.2)

g (x) = ĝ e−i k−x = κ−
κ+−κ−

(
ρcûmn(x)

κ−
− p̂mn(x)

)
. (6.3)

The relations according to Eqs. 6.2 and 6.3 yield the equivalent f g -transfer
matrix: [

fdo

gdo

]
= TM f g

[
fup

gup

]
. (6.4)

The transfer matrix in acoustic pressure and velocity Eq. 6.1 and in f- and g-
wave Eq. 6.4 are two equivalent notations frequently used for the development
of low order network models of thermoacoustic systems.

The scattering matrix SM f g[
fdo

gup

]
= SM f g

[
fup

gdo

]
, (6.5)

reveals physical insights into the scattering processes and is derived from the
f- and g-waves given by Eq. 6.4. The scattering matrix SM f g is deduced from
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Eq. 6.5, which yields

SM f g =
 TM f g ,11 − TM f g ,12·TM f g ,21

TM f g ,22

TM f g ,12

TM f g ,22

−TM f g ,21

TM f g ,22

1
TM f g ,22

 . (6.6)

The next section provides the transfer matrix of a rigid duct for HF and LF
acoustics. Afterwards, the integral jump conditions covering an area expan-
sion and a flame and the resulting transfer matrices are presented.

6.2 Duct Transfer Matrix

The acoustic HF transfer matrix from upstream xup = 0 to downstream xdo = L
of a rigid duct of constant cross-section is derived from the solution of the
Bessel differential equation, see Section 3.4. The solution of the modal acous-
tic pressure (Eq. 3.25) and the axial acoustic velocity (Eq. 3.26) at the down-
stream side xdo = L yields

p̂mn(xdo = L) = f̂ e−i k+L + ĝ e−i k−L, (6.7)

ûmn(xdo = L) = κ+
ρc

f̂ e−i k+L + κ−
ρc

ĝ e−i k−L. (6.8)

According to Eqs. 6.2 and 6.3, the complex amplitudes f̂ and ĝ of the up- and
downstream travelling waves f (x) = f̂ e−i k+x and g (x) = ĝ e−i k−x , respectively,
are obtained from the upstream side of the duct

f̂ = κ+
κ−−κ+

(
ρcûmn(xup = 0)

κ+
− p̂mn(xup = 0)

)
, (6.9)

ĝ = κ−
κ+−κ−

(
ρcûmn(xup = 0)

κ−
− p̂mn(xup = 0)

)
. (6.10)

The f- and g-wave amplitudes according to Eqs. 6.9 and 6.10 are inserted into
Eqs. 6.7 and 6.8 and rearranged in transfer matrix notation, which yields the
transfer matrix of a rigid duct of constant cross-section:

TMpu,D =
[ − κ−

κ+−κ− e i k+L + κ+
κ−−κ+ e i k−L − ρc

κ+−κ− e i k+L − ρc
κ−−κ+ e i k−L

1
ρc

(
κ−κ+
κ+−κ− e i k+L + κ+κ−

κ−−κ+ e i k−L
)

κ+
κ+−κ− e i k+L + κ−

κ−−κ+ e i k−L

]
. (6.11)
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The equivalent f- and g-wave transfer matrix according to Eq. 6.4 yields

TM f g ,D =
[

e−i k+L 0
0 e−i k−L

]
. (6.12)

Very similar transfer matrices are given in the literature for can annular com-
bustors [50,89]. Simplification of the transfer matrix TMpu,D is obtained with a
low Mach number assumption κ±

κ∓−κ± =−1
2 . However, the TMpu,12 and TMpu,21

elements still contain frequency-dependent normalised wave numbers in the
low Mach limit. Note that the longitudinal and transverse/radial wave propa-
gation is included in Eq. 6.11 depending on the argument of the Bessel func-
tion with αmn = 0 for LF and αmn ̸= 0 for HF wave propagation. In the LF, low
Mach number case, the wave numbers further reduce to k± =±k and the clas-
sical duct transfer matrix is obtained.

Contrary to the acoustic wave propagation in a straight duct, the derivation
of the acoustic area change transfer matrix and thermoacoustic flame transfer
matrix requires integral conservation equations, which are discussed in the
next section.

6.3 Integral HF Acoustic Jump Conditions

The linearised conservation of mass, momentum and energy are the govern-
ing equations for any analytical jump condition. However, different strategies
exist in aero-/thermoacoustic literature to obtain integral acoustic jump con-
ditions from the governing equations.

The linearised momentum conservation in the low Mach number limit yields
an acoustic pressure coupling condition for acoustic network elements. The
proper choice of the conservation equation concerning the acoustic velocity
transfer function, however, is less trivial and a discussion of the state-of-the-
art is worthwhile. The linearised acoustic mass (Eq. 3.7), energy (Eq. 3.9) or
disturbance energy (Eq. 3.10) conservation are possible choices used in lit-
erature. The LF acoustic literature is dominated by the use of the linearised
mass conservation for the acoustic velocity transfer function across an area
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change [47, 71, 74]. The use of the linearised energy conservation Eq. 3.9 is
common practice for the derivation of LF thermoacoustic jump conditions
across a flame [3,4,6]. Both the linearised mass and energy conservation yield
the volume velocity

∫
u′

x dA = const. as the conservation quantity across area
changes and flames. Generally, the conservation of the acoustic disturbance
energy has to be considered as indicated by Pierce et al. [88] which implies the
acoustic power flux p ′u′. In the LF limit, the acoustic power flux p ′u′ transmit-
ted across a sudden area expansion also yields the volume velocity as the con-
servation quantity since p ′ = const. applies. Thus, the jump condition is in-
dependent of the choice of the linearised mass, energy or power conservation
for an LF acoustic area expansion. In the HF limit, axial acoustic compactness
p ′

mn(x) = const. is a reasonable approximation particularly close to the cut-
on frequency. However, the acoustic mode shape in the cross-sectional direc-
tion needs to be taken into account. Thus, the integral linearised momentum
conservation and the integral disturbance energy conservation according to
Chapter 3 are employed to obtain the acoustic jump conditions across sud-
den area expansions and flames, with the restriction to low Mach numbers.
The linearised momentum conservation and the integral disturbance energy
conservation read in frequency domain∫

iωρ̄ûi dV +
∮

p̂ni dA = 0, (6.13)∫
∂

∂t

(ℜ[p̃∗p̃]

2ρ̄c̄2
+ ρ̄

2
ℜ[û∗

j ũ j ]

)
dV +

∮
ℜ[p̃∗ũ j ]n j dA = κ̄−1

ρ̄c̄2

∫
ℜ[p̃∗ ˜̇q]dV , (6.14)

where the frequency domain representation of the acoustic disturbance en-
ergy conservation is given by the period average of the real-valued disturbance
energy conservation (Eq. 3.11) [4]. Note that the period average of the non-
linear product of two complex numbers z1, z2 is given by the real value of
the product with the complex conjugate 1

T

∫ T
0 z1z2dT = 1

2ℜ[z∗
1 z2]. The time-

dependent amplitude of the acoustic pressure p̃(t ) = p̂eαg t , acoustic velocity
ũ j (t ) = û j eαg t and the HRR density ˜̇q(t ) = ˆ̇qeαg t fluctuations generally depend
on the growth rateαg , assuming their time scale is large 1/αg ≫ 1/ f compared
to the acoustic time scale, i.e. the period T = 1/ f [4].

The first term on the left-hand side of the integral momentum conserva-
tion Eq. 6.13 accounts for the unsteady change of momentum in the control
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volume, i.e. the oscillating mass. The second term is the pressure force, i.e.
the momentum flux at the boundaries of the control volume. Similarly, the
period-averaged disturbance energy conservation Eq. 6.14 accounts for the

unsteady change of the acoustic energy Ea = ∫
∂
∂t

(
1

2ρ̄c̄2ℜ[p̂∗p̂]+ ρ̄

2ℜ[û∗
j û j ]

)
dV

(Eq. 3.12) in the control volume ,i.e. the growth of the instability, by the first
term on the left-hand side and the acoustic power flux Fa = ∮ ℜ[p̂∗û j ]n j dA
(Eq. 3.13) over the system boundaries via the second term and an additional
source term Sa = κ̄−1

ρ̄c̄2

∫ ℜ[p̂∗ ˆ̇q]dV (Eq. 3.14) due to unsteady heat release. In
the following a quasi-steady model for the area jump and flame transfer ma-
trices is derived, such that Ea vanishes. The objective is to obtain the modal
acoustic pressure jump condition from the integral momentum conservation
(Eq. 6.13) and the modal axial acoustic velocity jump condition from the dis-
turbance energy conservation (Eq. 6.14).

Before the resulting jump conditions for the specific cases of a flame and a
sudden area change are provided (see Secs. 6.4 and 6.5) the integration bound-
aries in cross-sectional direction of Eqs. 6.13 and 6.14 for HF modes are dis-
cussed, introducing the concept of effective acoustic modal areas Amn. There-
fore, the integration boundaries applied to the integral conservation equa-
tions (Eqs. 6.13 and 6.14) are obtained by the separation of the HF acoustic
mode at the acoustic pressure nodal lines p ′(r,θ) = 0 and the transverse/radial
acoustic velocity nodal lines u′

r,θ(r,θ) = 0. This corresponds to the separation
of the acoustic mode into multiple domains of constant positive or negative
sign of the real-valued acoustic pressure and the corresponding axial acoustic
velocity in cross-sectional direction. The resulting integration boundaries in
cross-sectional direction are, thus, determined by the transverse/radial nodal
lines of the acoustic power flux (p ′u′)(r,θ) = 0, which yields∮

ℜ[p̂∗û j ]n j dA =
rmax∫

rmin

θmax∫
θmin

ℜ[(p̂∗ûx)(xdo)]r dθdr−
rmax∫

rmin

θmax∫
θmin

ℜ[(p̂∗ûx)(θ, xup)]r dθdr.

(6.15)
Thus, the choice of the integration boundaries at (p ′u′)(r,θ) = 0 simplifies the
closed surface integral of the acoustic power flux in Eq. 6.14 to the difference
of the axial acoustic power flux from xup upstream to xdo downstream of the
acoustic element. The conditions for the integration boundaries u′

r,θ(r,θ) = 0
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and p ′(r,θ) = 0 simplify to

Jn(r )Pm(θ) = 0, (6.16)

∂Jn(r )

∂r
= 0, (6.17)

with restriction to cylindrical combustors, see Eq. 3.20 and 3.19. The integra-
tion boundaries in radial and azimuthal direction obtained via Eqs. 6.16 and
6.17 are indicated with rmin, rmax and θmin, θmax, respectively, in the following.
Making use of the modal acoustic pressure p̂mn (Eq. 3.25) and the modal axial
acoustic velocity ûmn (Eq. 3.26) the axial acoustic power fluxes (Eq. 6.15) are
split into the axial and cross-sectional dependency

ℜ[
∫

p̂∗ûx dA] =ℜ[(p̂∗û)mn(x)

rmax∫
rmin

θmax∫
θmin

Jn(r )2Pm(θ)2 r dθdr ]. (6.18)

For ease of notation the index applied to the bracket reads (p̂∗û)mn(x) =
p̂∗

mnûmn(x) in the following. The axial dependency (p̂∗û)mn(x) is of the dimen-
sion Wm−2. The cross-sectional integral

∫
A Jn(r )2Pm(θ)2dA is of the dimension

m2 since the radial and azimuthal ansatz functions of the acoustic field Jn(r )
and Pm(θ), respectively, are non-dimensional. Therefore, the effective modal
acoustic area Amn is introduced depending on the cross-sectional ansatz func-
tions of the acoustic field, which is further separated into

Amn =
rmax∫

rmin

θmax∫
θmin

Jn(r )2Pm(θ)2r dθdr =
θmax∫
θmin

Pm(θ)2dθ

rmax∫
rmin

Jn(r )2r dr . (6.19)

The effective modal acoustic area (Eq. 6.19) simplifies the notation of the
acoustic power flux in axial direction to

ℜ[
∫

p̂∗ûx dA] =ℜ[(p̂∗û)mn(x)Amn(r,θ)], (6.20)

which is used in the following derivations of the transfer matrices. The sep-
aration of the acoustic domain is illustrated in Fig. 6.1 for the investigated
configuration in the present thesis and a generic configuration with a sin-
gle injector tube showing the cross-sectional acoustic pressure mode shape
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of the T1 mode and the R1 mode, respectively. The cross-sectional injector
tube position is indicated at rT ,θT relative to the cylindrical coordinate sys-
tem. The vertical axis starting from the radial origin r = 0 in the centre of
the chamber is indicated as the azimuthal origin θ = 0. The injector tubes
are acoustically compact in transverse/radial direction for the considered T1
and R1 mode. Thus, the effective modal acoustic area simplifies to the dis-
cretised sum of the geometrical injector tube areas AT =π/4d 2

T weighted with
the transverse/radial acoustic field Amn,T =∑

i AT Jn(rT )2Pm(Rθ,θT )2 | at the in-
jector tube position rT ,θT within the cross-sectional integration boundaries
according to Eqs. 6.16 and 6.17. The integration boundaries in radial direc-
tion, illustrated with the R1 mode on the right-hand side of Fig. 6.1, are deter-
mined by the combustion chamber wall (Eq. 6.17) and the nodes of the Bessel
function J1(r ) = 0 (Eq. 6.16) indicated by the dashed circle at r = 0.63dC /2.
Solely the effective modal acoustic area (Eq. 6.19) of the inner circle of the
R1 mode A01,C = ∫ +π

−π P0 (θ)2 dθ
∫ 0.63dC /2

0 J1 (r )2 r dr and the single injector tube
A01,T = AT J1 (rT = 0)2 P0 (Rθ,θT = 0)2 have to be considered for the axial modal
acoustic velocity jump condition (Eq. 6.15). The nodal line θm of the T1 mode
is indicated by the horizontal dashed line and is given by θ1 = ±π/2. The
generalisation to higher azimuthal mode numbers m > 1 is straightforward
and yields the nodal line positions θm = ±π/2m. Thus, the azimuthal inte-
gration boundaries are determined solely by the azimuthal acoustic pres-
sure nodal line position Pm(θ) = 0 (Eq. 6.16), which yields θmin = −π/2m and
θmax =+π/2m. The radial integration boundaries are provided by the combus-
tor wall for the case of the T1 mode. The effective modal acoustic area ac-
cording to Eq. 6.19 yields A10,C = ∫ +π/2

−π/2 P1 (θ)2 dθ
∫ dC /2

0 J0 (r )2 r dr and for the 4
injector tubes in each half of the mode A10,T =∑4

i AT J0 (rT )2 P1 (Rθ,θT )2, which
have to be considered for the axial modal acoustic velocity jump condition
(Eq. 6.15) for the depicted case of the T1 mode.

The integral momentum and the quasi-steady acoustic disturbance energy
conservation according to Eqs. 6.13 and 6.14 are rewritten using the effective
modal acoustic area (Eq. 6.19), the modal acoustic pressure (Eq. 3.25) and the
modal axial acoustic velocity (Eq. 3.26), which yields

p̂mn(xdo)− p̂mn(xup) =−
∫

iωρ̄ûmn dx, (6.21)
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dC

0.63dC

dT

r
θ

rT

r
θ

θT

Figure 6.1: Cross-sectional acoustic pressure mode shape of the T1 mode for
the injector coupling at the dump plane of the MJC configuration
in the present thesis and for a generic configuration of a single
injector tube coupled to the R1 mode to illustrate the separation
of the acoustic domain at the transverse nodal lines and the com-
bustor wall to obtain the cross-sectional integration boundaries of
Eqs. 6.13 and 6.14.

ℜ[(p̂∗û A)mn(xdo)]−ℜ[(p̂∗û A)mn(xup)] = κ̄−1

ρ̄c̄2

∫
ℜ[p̂∗ ˆ̇q]dV , (6.22)

to deduce the transfer matrices according to Eq. 6.1. For the sake of briefty the
dependencies of the effective modal acoustic area on radial and azimuthal
coordinates are omitted such that Eq. 6.20 reads (p̂û A)mn(x), where the ax-
ial dependency originates from (p̂û)mn (Eqs. 3.25 and 3.26). The assumption
of cross-sectional compactness of the injector tubes in relation to the trans-
verse/radial acoustic field is used to obtain the momentum conservation ac-
cording to Eq. 6.21.

The next sections provide the thermoacoustic network elements covering a
straight duct, a sudden area expansion and a flame, making use of the integral
conservation equations according to Eqs. 6.21 and Eq. 6.22.

6.4 Area Change Transfer Matrix

The momentum conservation reduces to a local constant pressure jump con-
dition since only the open interface upstream and downstream of the area
jump has to be considered. The first term in the momentum conservation (Eq.
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6.21) represents the oscillating mass at the exit of a duct due to the acoustic in-
ertia at the area change, which yields an effective length correction of the duct∫

iωρ̄ûmn dx = iωρ̄ûmn,upLeff, (6.23)

similar to common LF acoustics [47, 88]. The effective length Leff might be
non-negligible concerning the predicted frequencies. The first term in Eq. 6.14
might be accounted equivalent to a reduced length [47]. However, assuming
an axially compact area jump the reduced length is negligible. Thus, the jump
conditions across a compact sudden area expansion obtained from the lin-
earised acoustic momentum and disturbance energy conservation yield

p̂mn,do = p̂mn,up − iωρ̄Leffûmn,up, (6.24)

(û A)mn(xdo) = (û A)mn(xup). (6.25)

The acoustic transfer matrix of a sudden area expansion neglecting convective
effects yields

TMpu,A =
[

1 −iωρ̄Leff

0
Amn,up

Amn,do

]
, (6.26)

a constant acoustic pressure and an axial acoustic velocity jump condition
dependent on the ratio of the effective modal acoustic areas

Amn,up

Amn,do
. The equiv-

alent expression according to Eq. 6.4 yields the f- and g-wave transfer matrix

TM f g ,A =


ρdocdo
ρupcup

Amn,up
Amn,do

κup+
κdo−−1

κdo+
κdo−−1

ρdocdo
ρupcup

Amn,up
Amn,do

κup−
κdo−−1

κdo+
κdo−−1

ρdocdo
ρupcup

Amn,up
Amn,do

κup+
κdo+−1

κdo−
κdo+−1

ρdocdo
ρupcup

Amn,up
Amn,do

κup−
κdo+−1

κdo−
κdo+−1

 , (6.27)

of the compact area change for Leff = 0. The major differences compared to the
LF case is the ratio of the effective, modal areas

Amn,up

Amn,do
instead of the geometri-

cal areas and the additional frequency dependency associated with the ratio of
the normalised wave numbers

κup±
κdo±

. The normalised axial acoustic wave num-

ber in the low Mach number limit κ± = k±
k =±

√
1−kmn/k2 depends on the ax-

ial acoustic wave number of the acoustic mode k± (Eq. 3.24) and thus on the
cross-sectional mode shape (T1,R1,...). Restriction to LF acoustics is applied
by the argument of the Bessel function αmn = 0, which implies kmn = αmn

r = 0
for longitudinal wave propagation.
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6.5 Flame Transfer Matrix

The Flame Transfer Matrix (FTM) captures the acoustic pressure and axial
acoustic velocity transfer function of the flame. The momentum conserva-
tion (Eq. 6.13) across the HRR zone of all flames reduces to a constant modal
acoustic pressure coupling condition

p̂mn,b(x) = p̂mn,u(x) (6.28)

considering Eq. 3.25 for the azimuthal mode number m and the radial mode
number n for a quasi-steady flame response in a duct of constant cross-
section. The quasi-steady assumption might be omitted for a generalised
model, solving the integral of the acoustic inertia on the left-hand side of Eq.
6.21 for the modal axial acoustic velocity mode shape ûmn. The non-compact
thermoacoustic driving potential of unsteady heat release is commonly eval-
uated by the Rayleigh integral [12] in the disturbance energy conservation.
Thus, in order to obtain a non-compact FTF, the integral disturbance energy
conservation (Eq. 6.22) is considered. Similar, to the acoustic inertia, the vol-
ume integral on the left-hand side of Eq. 6.22 might be solved for the modal
acoustic pressure and modal axial velocity mode shape in a duct of constant
cross-section (Eqs. 3.25 and 3.26). The disturbance energy conservation ac-
cording to Eq. 6.22 is used to obtan the acoustic energy volume flux down-
tream of the flame assuming constant gas properties

ℜ[(p̂∗û A)mn,b]−ℜ[(p̂∗û A)mn,u] = κ̄−1

ρ̄c̄2

∫
ℜ[p̂∗ ˆ̇q]dV. (6.29)

Although a quasi-steady flame response is assumed, the acoustic non-
compactness of the flame and thus the integral of the local Rayleigh indices
is still accounted by Eq. 6.29. Considering cylindrical combustion chambers
the thermoacoustic jump condition across the flame accounts for the cross-
sectional and axial non-compactness of the mode by the radial, azimuthal and
axial acoustic mode ansatz functions Jn(r ), Pm(θ) and f (x), g (x), respectively.

The mean gas properties are commonly expressed via the burned and
unburned gas temperature employing the integral thermal power ¯̇Q =
ρ̄ūu AuȲF H̄u [48]. The burned gas temperature at adiabatic conditions (Eq.
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2.12) yields c̄p(T̄b − T̄u) = ȲF H̄u which gives ¯̇Q = ρ̄ūu Au c̄p

(
T̄b − T̄u

)
. In or-

der to obtain the dependency on the heat capacity ratio κ̄ the isobaric heat
capacity c̄p = κ̄c̄v and the ideal gas law ρ̄uT̄u = p̄

Ru
is employed to obtain

κ̄−1
κ̄p̄ = ūu Au

¯̇Q

(
T̄b

T̄u
−1

)
which in combination with Eq. 6.29 yields

ℜ[(p̂∗û A)mn,b]

ℜ[(p̂∗û A)mn,u]
= 1+

(
T̄b

T̄u
−1

) ∫ ℜ[p̂∗ ˆ̇q]dV / ¯̇Q

ℜ[(p̂∗û A)mn,u]/(ū A)u
. (6.30)

In order to obtain a modal acoustic velocity jump condition from Eq. 6.30 a
duct of constant cross-section is considered, which implies Amn,u = Amn,b. In
combination with the acoustic pressure coupling condition p ′

mn,b = p ′
mn,u (Eq.

6.28) the ratio of the unburned and burned acoustic energy flux in Eq. 6.30

simplifies to
ℜ[(p̂∗û A)mn,b]
ℜ[(p̂∗û A)mn,u] =

ûmn,b

ûmn,u
. Thus, the transfer matrix coupling the modal

acoustic pressure and axial acoustic velocity ( Eq. 6.1) of the flame is obtained

FTM =
[

1 0

0
(
1+

(
T̄b

T̄u
−1

)
FTF

) ]
, (6.31)

where the FTF according to

FTF =
∫

p̂∗ ˆ̇qdV / ¯̇Q

(p̂∗û A)mn,u/(ū A)u
(6.32)

accounts for the local Rayleigh indices ri = p̂ ˆ̇q due to all possible flame driv-
ing mechanisms for longitudinal and transverse mode propagation. The real
part is omitted since (p̂∗û)mn,u at the unburned reference position xu = 0 and
Amn,u are real numbers and thus the imaginary part depends solely on the
Rayleigh integral. In the LF limit the acoustic pressure is constant over the
entire flame volume and the effective modal acoustic area is equal to the geo-

metrical cross-section and the FTF reduces to FTF = ˆ̇Q/ ¯̇Q
ûu/ūu

. For HF modes, the
local Rayleigh indices ri might be obtained from the pressure mode shape and
the local HRR density fluctuations to account for non-compact flame dynam-
ics.

The Rayleigh integral according to Eq. 6.32 might be separated into the ra-
dial, azimuthal and axial dependency considering can combustors. The modal
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acoustic pressure (Eq. 3.25) depends solely on the axial coordinate p ′
mn(x).

Considering compact flames with respect to the axial acoustic pressure mode
the FTF might be simplified to

FTF =
∫

Jn(r )Pm(θ) ˆ̇qdV / ¯̇Q

(û A)mn,u/(ū A)u
(6.33)

In similarity to the exiting LF thermoacoustic theory, the global modal HRR
fluctuations

Q̇ ′
mn =ℜ[

∫
Jn(r )Pm(θ) ˆ̇qdV ] (6.34)

might be interpreted as the acoustic pressure weighted, integral HRR fluctu-
ations for non-compact flames. The integral pressure weighted HRR fluctua-
tions Q̇ ′

mn = ∫
Q̇ ′

mn,xdx might be expressed via the cross-sectional integrated
modal HRR density fluctuations

Q̇ ′
mn,x =ℜ[

∫
Jn(r )Pm(θ) ˆ̇qdA] (6.35)

in the following.

The radial and azimuthal dependency Jn(r )Pm(θ) are crucial to obtain the cor-
rect non-compact flame response according to Eq. 6.34 since the phase of the
acoustic mode varies due the transverse/radial acoustic mode shape. The ax-
ial acoustic pressure mode shape is neglected in Eq. 6.33 assuming acoustic
compactness of the flame in axial direction. An axially acoustic compact flame
is justified for a small axial Helmholtz number Hex = LFlk± ≪ 1 given by the ax-
ial flame length LFl and the axial acoustic wave number k± (Eq. 3.24), which is
particularly reasonable close to the cut-on frequency of the HF mode (k± = 0).

The FTF is discussed in the following section with focus on the convective
flame response.

6.6 Axially Distributed Convective FTF in a MJC

This section provides the relation of the integral convective FTF to the radially

integrated but axially resolved FTFx based on ˆ̇Qmn,x in MJCs. A simplified in-
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tegral convective FTF for MJC’s is discussed to emphasise the dominant mean
flow dependency of the non-compact FTF.

The flame response might be expressed via an axially resolved FTFx based on
the axially resolved modal HRR fluctuations

FTFx =
ˆ̇Qmn,x/ ¯̇Qx

(û A)mn,u/(ū A)u
, (6.36)

using the cross-sectional integrated, yet axially resolved modal HRR density
fluctuations according to Eq. 6.35 and the cross-sectional integrated mean

HRR reads ¯̇Qx =
∫

¯̇qdA. Replacing ˆ̇Qmn,x in the integral FTF (Eq. 6.33) yields

FTF =
∫

x
ξ(x)FTFx(x)dx. (6.37)

The factor (û A)mn,u/(ū A)u vanishes due to the normalisation of the FTF. The
axial mean HRR density distribution

ξ=
¯̇Qx

¯̇Q
(6.38)

is introduced. The resulting global FTF (Eq. 6.37) is given by the convolution of
the FTFx with the axial mean HRR density distribution (Eq. 6.38). The convolu-

tion in cross-sectional direction is captured by ˆ̇Qmn,x (Eq. 6.35) in the FTFx (Eq.
6.36). Since the optical measurements of the flame dynamics by OH∗ chemil-
imunescence provide line-of sight integrated images, the axially resolved FTFx

can be estimated from the optical results for validation of the flame response
model in Chapter 9.4.

The objective in the following is to deduce the dependency of the axially re-
solved FTFx(x) and the global FTF on the locally resolved ftf(x,r,θ) to obtain a
simplified analytical convective FTF for MJC’s. Therefore, consider a MJC with
multiple injector tubes of the same diameter and length flush-mounted in a
planar front plate, as depicted in Fig. 6.2. The overall mass flow is split equally
to each jet flame resulting in similar fluiddynamical conditions at each flame.
Concerning negligible flame-flame interaction, symmetric flame stabilisation
results in the same reaction rate at each flame in cross-sectional direction. The
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Figure 6.2: Sketch of the investigated MJC configuration and the acoustic
pressure mode shape of the T1 mode and the expected convective
flame response to illustrate the dependency of the locally resolved
ftf(x,r,θ) to the axially resolved FTFx(x) and the global FTF.

locally resolved ftf yields the HRR density fluctuations ˆ̇qconv(x,r,θ) = ¯̇q
ūu

ûftf in
Eq. 6.35 for the axially resolved FTFx according to Eq. 6.36. The result for Eq.
6.35 yields

ˆ̇Qmn,x =
∫

A
Jn(r )Pm(θ)

ûu

ūu
· ¯̇qftf(x,r,θ)dA. (6.39)

The axial acoustic velocity ûu(xu,r,θ) at the fixed axial position xu upstream
of the flame at unburned conditions, see Fig. 6.2, is expressed via Eq. 3.26. The
modal axial acoustic velocity ûmn,u ̸= f (r,θ) upstream of the flame is constant
in cross-sectional direction, mind the normalisation with Jn(r )Pm(θ) in Eq.
3.26. The mean velocity ūu ̸= f (r,θ) is the same at each jet flame, for an even
mass flow split. Thus, the normalisation of the FTFx (Eq. 6.36) using Eq. 6.39,
yields

FTFx =
∫

Jn(r )2Pm(θ)2 · ¯̇qftf(x,r,θ)dA/ ¯̇Qx

Amn,u/Au
, (6.40)

since ûmn,u/ūu ̸= f (r,θ) vanishes. Considering acoustically compact flames
in transverse/radial direction, the integral, cross-sectional mean value of
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Jn(r )2Pm(θ)2 is used to simplify the cross-sectional integral in Eq. 6.39 to∫
Jn(r )2Pm(θ)2 · ¯̇qftf(x,r,θ)dA = Amn,u

Au

∫
· ¯̇qftf(x,r,θ)dV. (6.41)

Thus, the effective modal acoustic area Amn,u = ∫
Au

Jn(r )2Pm(θ)2dA and the
integral injector tube cross-section at the reference plane Au in Eq. 6.40 van-
ish, considering a duct of constant cross-section. The axially resolved FTFx

according to Eq. 6.40 simplifies to

FTFx(x) = 1
¯̇Qx

∫
¯̇q · ftf(x,r,θ)dA. (6.42)

Thus, the cross-sectional area average of the local flame transfer function
ftf(x,r,θ) weighted with the HRR density yields the axially distributed FTFx ,
i.e. the axial projection of the local, generally three-dimensional flame transfer
function according to Eq. 6.42. The integration of the local flame transfer func-
tion ftf in cross-sectional direction might generally include a variable phase,
i.e. time delay, of the locally resolved ftf. In this case, the axially distributed
FTFx might be modelled by the superposition of multiple flame transfer func-
tions of different time delay.

In the following, a local time delay model is considered ftf = n(x)e iωτ(x) =
n(x)e i kconv(x−xu). Similar fluiddynamical conditions by means of the Strouhal
number of the jet flames are assumed. In this case, the time delay of the lo-
cally resolved ftf is similar at each flame since the mean axial flow velocity
of the convective HRR density fluctuations averaged at each jet flame is the
same. Thus, the cross-sectional average of the konvective wave number at
each jet flame is invariant in cross-sectional direction kconv ̸= f (r,θ). Further-
more, for similar Strouhal numbers at each jet flame the hydrodynamic gain,
see Section 5.3.1, and thus the interaction index n of the locally resolved ftf is
assumed invariant in cross-sectional direction n ̸= f (r,θ). The axially resolved
FTFx (Eq. 6.42) simplifies to FTFx(x) = ftf(x), accounting for an axially resolved
gain and phase of the ftf.

Concerning the HF flame response, an axially distributed gain and phase of
the FTFx might become important as discussed in Section 5.3.1 for the con-
sidered MJC configuration depicted in Fig. 6.2. In the following, however,
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6.6 Axially Distributed Convective FTF in a MJC

the focus is put on the phase of the integral FTF. Thus, the gain is assumed
to be constant over the extent of the flame. Consistent with the n-τ-σ ap-
proach in LF thermoacoustics, a Gaussian distribution of the axial HRR den-

sity ξ ≈ 1p
2πσq̇

exp

(
−1

2

(
x−x̄q̇

σq̇

)2
)

is applied, such that the convolution integral

according to Eq. 6.37 can be solved analytically to obtain

FTF = ne−i kconvx̄q̇ e− 1
2 (kconvσq̇ )2

. (6.43)

Equation 6.43 is an equivalent spatial formulation of the distributed time de-
lay model in LF thermoacoustics and assumes an acoustically axial compact
flame. The FTF phase is given by the mean convective wave number and the
axial "centre of gravity" of the flame x̄q̇ , where the relation τ̄q̇ = x̄q̇ /ū yields
the mean time delay kconvx̄q̇ =ωτ̄q̇ . The product of the variance and the con-
vective wave number yields a decreasing slope of the gain for increasing fre-
quency, i.e. a low pass behaviour of the gain. The intuitive conclusion might
thus be that the integral convective heat release fluctuations are negligible
in the HF regime. However, the decreasing gain might be over-compensated
by an increasing flow velocity or decreasing flame length due to the Strouhal
number dependency of Eq. 6.43. The scaling of the FTF might be expressed
via the Strouhal number St = LFl

λconv
= f LFl

ū , obtained from the axial flame length
in relation to the convective wavelength. The variance might be expressed as
a fraction aσ = O (1) of the entire flame length σq̇ = aσLFl and the convec-

tive wave number as kconv = ω
ū , which yields FTF ∝ e− 1

2 (aσ2πSt)2
. The Strouhal

number represents the number of changes in the phase angle between zero
and π of the HRR fluctuations in axial direction, which lead to a decreasing
gain with increasing frequency. At the same frequency, but for increasing axial
mean flow, the convective wave length in axial direction increases and thus the
number of phase changes of the HRR within the flame length decreases and
the gain increases proportional to the change in the Strouhal number. Thus,
the ratio of flame length to convective wavelength, i.e. the Strouhal number, is
a parameter as crucial as the cut-on frequency of the HF mode for the low pass
behaviour, which operating conditions and injector design might influence
via the mean flow velocity and the flame length. Consequently, short flame
lengths, high convection velocities and low cut-on frequencies due to large
combustor diameters might overcompensate the low pass behaviour of the
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flame response at higher frequencies, leading to HF combustion instabilities.
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7 Validation of the Transfer Matrices

The non-reactive acoustic transfer matrices are validated by the results of
a generic acoustic experiment and verified by the equivalent numerical
Helmholtz model in this section.

7.1 Generic Experimental Setup

The derived transfer matrices are validated by the generic non-reactive forced
response injector-coupling experiment shown in Fig. 7.1. The geometrical pa-
rameters of the generic setup are provided in Tab. 7.1. Two tubes of diameter

Table 7.1: Geometry of the generic experiment in [mm]
dT rT dC LT LC

20 46 158 202.2 187

dT and length LT are coupled to a chamber of diameter dC and length LC at
the radial displacement of the tubes rT relative to the chamber centre. The
first transverse mode is forced upstream of the tubes and subsequently down-
stream of the chamber to obtain a set of two frequency sweeps for the trans-
fer matrix reconstruction according to Chapter 4.2. The acoustic pressure and
axial velocity fields are measured at three axial positions in the tube and the
chamber. Additionally, two pressure sensors C4 and C5 at the same axial po-
sition as sensor C1 reveal the transverse mode shape and the spin ratio of the
T1 mode. Similar to the transfer matrix reconstruction of the experimental re-
sults, the numerical transfer matrices are reconstructed from an equivalent
numerical forced response study of the generic setup employing the weak for-
mulation of the Helmholtz equation according to Section 4.3.
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Figure 7.1: Generic injector coupling experimental setup to validate the
acoustic transfer matrices with a forced response of the T1 mode
with upstream and downstream forcing and pressure sensors at
positions T1−T3 in the tube and C1−C5 in the cylindrical chamber.

7.2 Global and Area Change Transfer Matrix

The LF wave propagation in the tube TMpu,T = TMpu,D(LT ,αmn = 0), the
area change TMpu,A and the HF wave propagation in the chamber TMpu,C =
TMpu,D(LC ,αmn = 1.841), see Secs. 6.2 and 6.4, yield the transfer matrix from
up- to downstream of the generic experiment

TMpu = TMpu,T TMpu,ATMpu,C . (7.1)

The transfer matrix TMpu coupling the modal acoustic pressure and axial ve-
locity is non-dimensionalised to reveal the relative contribution of the four
transfer matrix elements on the overall response. The transfer matrix defined
by the non-dimensional modal acoustic pressure and axial velocity p̂mn/ρ̄c̄2

and ûmn/c̄ respectively yields the normalisation of the transfer matrix ele-
ments TMpu,12/ρ̄c̄ and TMpu,21ρ̄c̄ by the mean density and speed of sound.
The diagonal elements TMpu,11 and TMpu,22 remain unaffected by the normal-
isation.
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Figure 7.2: Validation of the analytical and numerical model of the transfer
matrix TMpu (Eq. 7.1) of the generic experiment Fig. 7.1 for the
forced T1 mode.

Figure 7.3: Validation of the analytical and numerical model of the scattering
matrix SM f g obtained from Eq. 6.26 with Eq. 6.6 of the generic ex-
periment Fig. 7.1 for the forced T1 mode.
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The analytical and numerical transfer and scattering matrices in Figs. 7.2 and
7.3 are in good agreement with the experimental results in the depicted fre-
quency range 1000− 2000 Hz around the T1 cut-on frequency at fT 1 = 1250
[Hz]. Below f < 0.9 fT 1 the experimental results of the transfer matrix ampli-
tude and phase deviate, however, the numerical model precisely agrees with
the analytical model.

Additionally, the reconstructed transfer and scattering matrix of the area
change are provided in Figs. 7.4 and 7.5. The transfer matrix elements TMpu,11

and TMpu,22 of the analytical and numerical model agree perfectly. Except for
the deviations below the cut-on frequency, the experiment’s results agree very
well. However, a slight offset to lower values than the analytical and numeri-
cal model is present. The deviation might be due to the neglection of acoustic
losses in the model. The transfer matrix element TMpu,12 = −iωρ̄Leff reveals
a noticeable influence on the phase and thus eigenfrequencies. The transfer
matrix element TMpu,21 is assumed to be zero in the analytical model, which
is reasonable since the numerical and experimental results reveal amplitudes
in the order of TMpu,21 =O (10−4) for frequencies f > 0.9 fT 1.

The corresponding scattering matrix elements SM f g ,11 and SM f g ,21 are in very
good agreement even below f < 0.9 fT 1, see Fig. 7.5. On the contrary, the scat-
tering matrix elements SM12 and SM22 show deviations in the frequency range
below the cut-on. Note that the injector tube transmission and reflection at
the area change are represented by SM f g ,11 and SM f g ,21, respectively, and the
chamber transmission and reflection at the area change is represented by
SM f g ,22 and SM f g ,12, respectively. Thus, the deviations below the cut-on fre-
quency are attributed to the f- and g-waves and, thus, the pressure field re-
construction in the chamber. The reason is a bad signal-to-noise ratio from
the downstream forcing experiment. The T1 mode is of evanescent type be-
low the cut-on frequency and decays exponentially from the downstream side
of the chamber to the area change.
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Figure 7.4: Validation of the analytical and numerical model of the transfer
matrix TMpu,A of the area change (Eq. 6.26) of the generic experi-
ment Fig. 7.1 for the forced T1 mode.

Figure 7.5: Validation of the analytical and numerical model of the scatter-
ing matrix SM f g ,A obtained from Eq. 6.26 with Eq. 6.6 of the area
change of the generic experiment Fig. 7.1 for the forced T1 mode.
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The scattering matrix shows two distinct regions below and above the cut-on
frequency. At fT 1 the transmission from tube to the chamber is at its maximum
SM f g ,11 = 2 and the reflection is close to SM f g ,21 = 0 for the analytical and
numerical model. The experimental results show lower values of SM f g ,11 =
0.55 and SM f g ,21 = 0.89, due to losses at the area change.
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8 Investigation of the Premixed Flame
Response

This section investigates the perfectly premixed flame response by line-of-
sight integrated OH∗ chemiluminescence and dynamics pressure measure-
ments. The phase-averaged images are provided for two test rig configura-
tions, with and without a swirl-stabilised pilot burner. Different operation
conditions using 100% natural gas and 100% hydrogen are provided to reveal
physical insights on the driving mechanisms for HF thermoacoustic instabili-
ties.

8.1 Experimental Setup With Pilot Burner

Figure 8.1 depicts the modular experimental setup used for the forced flame
response experiments. The geometrical parameters of the plenum, injector
tubes and combustion chamber are provided in Tab. 8.1. The nomenclature of
the geometrical parameters is similar to the sketch of the MJC configuration in
Fig. 1.1. The mixture of fuel and air enters the plenum of diameter dP through
a low Mach number perforated plate on the upstream side of the MJC. After
the flow passed the plenum length of LP , a mass fraction of Ypilot = 0.1 splits
to the swirl-stabilised pilot flame, while the remaining mass fraction Yjet = 0.9
flows through 8 jet flame injector tubes of diameter dT and variable length LT .
The length of the injector tubes is adjustable via a straight duct element stuck
between the rounded inlet section (plenum side) and the front plate (combus-
tion chamber side). The combustion chamber consists of a quartz glass sec-
tion of the diameter dC ,quartz with optical access to the flames and a metallic
combustion chamber of the diameter dC ,metallic with various ports for dynamic
pressure measurements. Note that the quartz glass length of LC ,quartz = 203
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Figure 8.1: Experimental setup for the integrated OH∗ images and simultane-
ous pressure measurements at the positions FP1−FP4, C1−C2 and
T1 −T2.

mm given in Tab. 8.1 includes two sealings at both ends of the quartz glass
chamber of 1.5 mm each. The length of the metallic combustion chamber
LC ,metallic considers the remaining flow path to the exit of the metallic combus-
tion chamber. After the metallic combustion chamber the burned gas enters
an approximately 1.6 m long exhaust section of a similar diameter. Acoustic

Table 8.1: Geometry of the MJC with pilot burner in [mm]
dP dT rT dC ,quartz dC ,metallic LT ≈ (1/2, 3/4)λT 1 LP LC ,quartz LC ,metallic

150 18 58.5 155 158 73.5, 110.5 453.5-LT 203 187

drivers (Monacor KU-516) at the top and the bottom of the front plate are used
to force the first transverse mode. The acoustic field is excited via two trian-
gular forcing inlets, one at the top and one at the bottom of the front plate.
The measurement data is acquired by two National Instruments USB-4432
analogue input cards with four input channels for acoustic pressure measure-
ments and one additional channel solely attributed for triggering. The front
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plate provides four positions FP1 −FP4 for acoustic pressure measurements.
In the metallic combustion chamber, the sensors at the positions C1 and C2

measure the axial acoustic pressure mode shape. Piezoelectric water-cooled
pressure transducers (PCB 106B, sensitivity ≈ 45±1% mV Pa−1) are used.

The operating condition of an unburned gas temperature of Tu = 673 K and
an air excess ratio of λCH4 = 1.8 with an air mass flow rate of ṁair = 120 g s−1

implies an injector tube bulk velocity of ūT = 114.7 ms−1, a thermal power
of Pth = 195 kW and an adiabatic flame temperature of Tb = 1880 K. The op-
eration condition of the experimental results presented within this section
is summarised in Tab. 8.2. The design of the swirl-burner to reach The pilot
massfraction of Ypilot = 0.1 is assured by the analytical design of the swirl-
burner based on a analytical model for the pressure drop provided in Ap-
pendix A.2. Moreover, the estimation of the exhaust gas temperature by the
adiabatic flame temperature is justified by a heat loss estimation including
convective and radiatice heat transfer in Appendix A.3.

Table 8.2: Operating Conditions for the MJC with Pilot Burner
fuel λF [-] Tu [K] Tb [K] Ypilot [-] ṁair [g s−1] ūT [m s−1] Pth [kW]

CH4 1.8 673 1880 0.1 120 114.7 192

Line-of-sight integrated OH∗ chemiluminescence images of the eight jet
flames are recorded by a Photron FastCam SAX-2 high-speed camera and
a Hamamatsu image intensifier. The raw chemiluminescence images are
cropped to the quartz glass combustion chamber using the length scales pro-
vided by a reference image. The resulting mean HRR density fluctuations for
the experimental setup with pilot burner (see Fig. 8.1) is shown in Fig. 8.2. The
absence of OH∗ signal at the beginning of the flame is due to a small metal-
lic step of 8 mm length at the outer radial position of the front plate, which
partially hides the flames from the camera. An initial pilot-burner-dominated
region of roughly 30 mm length is observed in the radially integrated HRR.
The LFl ≈ 200 mm long natural gas flames yield an axial maximum in the HRR
at ≈ 95 mm. The jet flames show a nearly symmetric HRR distribution in axial
direction, with the exception of the pilot burner region. The radial heat release
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Figure 8.2: Line-of-sight integrated mean HRR density distribution (top-left)
and the corresponding integral axial (bottom-left) and radial (top-
right) distribution for the MJC without pilot burner for the condi-
tions summarised in Tab. 8.2.

distribution of the natural gas flames indicates a clear overlap of the upper two
and the lower two flames since no clear local minimum in axially integrated
HRR is present.

Before the phase-locked results are presented, the differences in the acous-
tic response of the two designed injector tube lengths are discussed on the
basis of the experimental acoustic forced response (section 8.1.1) and a non-
reactive numerical Helmholtz model (section 8.1.2).
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8.1.1 Acoustic Forced Response Study

The injector tube length is a crucial design parameter of the combustor re-
garding the injector-coupling of the HF thermoacoustic instability [35, 90].
The variation of the injector tube length reveals insights into different levels
of axial and transversal velocity fluctuations at the injector tube exit to the
overall flame response. Two cases are referred to in the following. The case of

1. an acoustic pressure anti-node coupling (LT = 3/4λT 1) and

2. an acoustic pressure node coupling (LT = n ·1/2λT 1 with n = 1,2)

at the dump plane designed with the estimated cut-on frequency of the T1
mode λT 1 = cb

fT 1
for a constant preheat temperature of Tu = 673 K and a flame

temperature in the range of Tb = 1800−2100 K. Ideally, the pressure node cou-
pling case is dominated by axial acoustic velocity and the pressure anti-node
coupling, on the contrary, yields low axial acoustic velocity fluctuations at the
dump plane. The experimental forced response study discussed in this sec-
tion validates the distinct acoustic behaviour of the two injector tube lengths
for pressure anti-node and pressure node coupling at the injector tube exit.
An equivalent numerical model reveals detailed insights into the acoustic in-
jector coupling of the two cases to verify the injector tube design.

The forced response for both injector tube lengths is shown in Figs. 8.3 and
8.4. The forced response phase difference of the sensors in the front plate is
given relative to the fourth sensor FP4 on the top right side of the front plate.
The sensor FP3 is in-phase due to the position on the top left side, and the
two sensors FP1 and FP2 show a phase difference of π indicating a standing T1
mode in transverse direction. The pressure sensors in the metallic chamber
C1 and C2 show approximately the same amplitudes at the T1 peak for pres-
sure anti-node coupling. Consequently, the T1 mode extends into the metallic
combustion chamber and the 1.6 m long exhaust section. The phase differ-
ence of zero between the sensors C1 and C2 at the T1 eigenfrequency indicates
the axial wave number of approximately zero. Previous publications on swirl
flames and rocket engines show a substantial attenuation of the T1 mode to-
wards the downstream side.
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Figure 8.3: Experimental forced response of the MJC for pressure anti-node
coupling.

Figure 8.4: Experimental forced response of the MJC for pressure node cou-
pling.
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The increase in cross-sectional mean temperature in the combustion cham-
ber yields a thermal cut-off and, thus, an evanescent mode. However, the
forced response of the pressure anti-node coupled case reveals no attenuation
in the acoustic pressure towards the downstream side. The cross-sectionally
averaged temperature gradient is too small in the investigated configuration.
A clear difference in the forced response of the two injector tube lengths is an
additional peak at fT1 = 2925−2950 Hz for the acoustic pressure node coupled
injector tube, see Fig. 8.4. Note that this frequency is below the T1 cut-on, and
consequently, an evanescent, axially decaying T1 mode is observed. The de-
creasing amplitudes in the axial direction of the pressure sensors C1 and C2

confirm the evanescent type of the mode at fT1 = 2925− 2950 Hz. However,
no such mode is found in the case of the quarter wavelength injector tubes.
The cross-sectionally standing T1 mode shape is crucial for the upcoming op-
tical OH∗ results since the OH∗ intensities in the images as shown in Fig. 8.2
originate from two line-of-sight integrated jet flames. Therefore, a crucial as-
sumption is the standing transverse T1 mode shape, which is indicated by the
phase shift of π between the top and the bottom sensors in the front plate in
the forced response for variable frequency. However, a more detailed analy-
sis of the transverse mode shape for the investigated phase-locked OH∗ im-
ages is provided to ensure a similar phase of the acoustic injector coupling at
each of the two line-of-sight integrated flames. The angle of the nodal line θm

and the spin ratio SR are calculated as described in Section 4.2 with the data
of the simultaneous pressure measurements used for the phase averaged im-
ages for both investigated injector tube lengths. Fig. 8.5 depicts the angle of
the nodal line relative to the forcing inlets and the spin ratio for both injector
tube lengths. The pressure anti-node coupling and the pressure node coupling
yield a nodal line angle close to the dashed line in Fig. 8.5 corresponding to
θm =π/2 = 90◦ relative to the vertical axis. The spin ratio is close to the dashed
line of SR = 0. The spin ratio and the nodal line position confirm the required
standing T1 mode shape for both cases due to counter-phase forcing. Thus,
the coherent response of the line-of-sight integrated OH∗ chemiluminescence
is assured for the optical results of the HRR fluctuations in the following.
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Figure 8.5: Experimental results for the nodal line (left) and the spin ratio
(right) for pressure anti-node coupling and pressure node cou-
pling at f = 3100 Hz with zero angles at the triangular forcing inlet
at the top.

8.1.2 Numerical Helmholtz Model

The numerical Helmholtz model covers the entire geometry of the test rig,
see Fig. 8.6 [91], in order to verify the acoustic design and to reveal the dif-
ferences in injector coupling of the different injector tube lengths. The weak
formulation of the Helmholtz equation is solved numerically within the hy-
brid CFD/CAA framework, see Section 4.3. The mean speed of sound is es-

LT = 1/2λT 1

LT = 3/4λT 1

zup

ûx(xforce)

zdo

Figure 8.6: Numerical setup for pressure anti-node coupling (top) and pres-
sure node coupling (bottom) with the forced axial acoustic velocity
at xforce = 0.25LC and impedance boundary conditions according
to Tab. 8.3.

timated from the preheat temperature Tu = 673 K and the adiabatic flame
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temperature at Tb = 1880 K, which yields cu = 517 ms−1 and cb = 840 ms−1,
for the unburned and burned gas, respectively. Note that the axial extent of
the unburned core region of the flame is simplified by a cross-sectional area-
averaged speed of sound cb,av = 804 ms−1. The low Mach number of the perfo-
rated plate at the upstream side of the plenum yields an impedance boundary
condition of zup ≈ 2 [16]. The downstream impedance is set to zdo = 100, which
corresponds to the reflective boundary condition measured in the experimen-
tal forced response. The reflection coefficient in the azimuthal direction is set
constant Rθ = 1 corresponding to a spin ratio of SR = 0, see Section 3.4, repre-
senting the standing T1 mode shape of the experiment. The boundary condi-
tions are summarised in Tab. 8.3. Similar to the experiment, a forced response
study is carried out. The forcing is applied via an internal flux in axial acoustic
velocity u′

x at the position xforce.

Table 8.3: Numerical Domain and Boundary conditions
zup [-] zdo [-] cu [ms−1] cb [ms−1] cb,av [ms−1]

2 100 517 840 804

The computed mode shapes at the peak frequencies of the numerical forced
response analysis are provided in Fig. 8.7 [91]. Contrary to the pressure anti-
node coupling case, the injector tube length LT = 1/2λT 1 reveals two peaks
around the cut-on frequency shifted to slightly lower and higher frequencies.
The distinct differences in the acoustic pressure modes between the case with
a pressure node and anti-node coupling at the dump plane are explained by
the analytical acoustic area jump condition according to Eq. 6.24. The pres-
sure anti-node coupled case at the injector tube exit in combination with the
high axial acoustic wave number of the T1 mode yields an integral acoustic
energy flux coupling condition close to zero (p̂û A)mn = 0 since the gradient in
acoustic pressure and thus the modal axial acoustic velocity at the T1 mode
is very low. Thus, the case of a pressure anti-node at the injector tube exit
couples predominantly via the constant acoustic pressure p̂ = const. condi-
tion across the area change and perfectly supports the axial T1 mode shape
at the cut-on frequency. Contrary, the acoustic pressure coupling condition
for the pressure anti-node coupled case is close to zero p̂ = 0 due to the axial
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zup ûx(xforce) zdo

Figure 8.7: Numerical results of the acoustic pressure mode shapes at the
peak frequencies of the forced response simulation with pressure
anti-node coupling (LT = 3/4λT 1) at f = 3110 Hz (top) and with
pressure node coupling (LT = 1/2λT 1) at f = 3020 Hz (middle) and
at f = 3150 Hz (bottom) with the boundary conditions according
to Tab. 8.3.

acoustic pressure node. Precisely at the T1 cut-on the frequency, the acous-
tic energy flux coupling condition is also close to zero (p̂û A)mn = 0 due to the
infinite axial wavelength. Thus, the entire response is damped at the T1 cut-
on frequency, which explains the local minimum of the experimental forced
response between the two peaks. In order to reach resonance with a pressure
anti-node coupled injector tube, a non-zero acoustic energy flux condition
is required and thus axial pressure gradients at the area change are required
(p̂û A)mn = const. Thus, the first resonant T1 eigenmode is shifted towards
lower frequencies of evanescent type, i.e. with a longitudinal exponential de-
cay of the pressure mode. The shift of the HF eigenmodes dependent on the
injector tube length is demonstrated in more detail by Rosenkranz et al. [90].

The effect of a shift in the T1 resonance peak due to injector-tube coupling
effects the possible instabile thermoacoustic modes as indicated by the ex-
perimental results of Philo et al. [35] of a self-sustained first transverse mode
in a rectangular MJC combustor. Different coupling conditions at the dump
plane due to non-compact injector tube acoustics yields two competing self-
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sustained transverse eigenmodes observed for the pressure node-coupled
case at the injector tube exit. Moreover, the split of the T1 mode into two
separate eigenmodes occurs in the design of quarter-wavelength dampers for
rocket combustion chambers [5].

Note, however, that the ideal coupling conditions u′ = 0 and p ′ = 0 are not
reached for the two injector tube lengths LT = 3/4λT 1 and LT = 1/2λT 1 respec-
tively. However, the two injector tube lengths show distinct differences in their
acoustic response close to the desired pressure anti-node and node coupling
as shown in the forced response study. The axial acoustic velocity at the in-
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Figure 8.8: Numerical results of the normalised axial acoustic velocity at the
exit of the injector tube three times during the period T = 1/ f for
the two cases with pressure anti-node coupling (LT = 3/4λT 1) at
f = 3110 Hz (left) and with pressure node coupling (LT = 1/2λT 1)
at f = 3150 Hz (right).

jector tube exit shown in Fig. 8.8 emphasises the dominating axial acoustic
velocity at the injector tube exit for the pressure node coupled case, which
shows a constant phase over the injector tube cross-section. Due to the trans-
verse mode shape, the axial acoustic velocity of the upper and lower two in-
jector tubes is higher than the injector tubes in the centre. Thus, concerning
the convective flame response of the jet flames of this configuration, an axial
HRR pattern with a constant phase over the cross-section of the jet flame is ex-
pected. In contrast, the pressure anti-node coupled case shows a phase shift of
π over the cross-section, which is caused by a transverse to longitudinal veloc-
ity coupling. The longitudinal mode propagation in the injector tube yields a
pressure anti-node condition at the injector tube exit, as shown in Fig. 8.7 and
therefore the axial acoustic velocity at the injector tube exit is small in relation
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to the transverse velocity. Since the injector tube diameter is non-compact
compared to the transverse mode near field, a transverse acoustic pressure
gradient is present at the exit of the injector tube. The transverse acoustic ve-
locity follows the contour of the injector tube and thus couples to the axial
direction. Therefore, the phase shift is more pronounced at the centred injec-
tor tubes, and the expected flame response due to convective vortex shedding
of the jet flames yields an axial HRR pattern with a phase shift of π over the
cross-section of the jet flame.

8.1.3 Flame Response - Pressure Anti-Node and Pressure-Node Coupling

The results of the phase-locked images for the two injector tube lengths are
shown in Fig. 8.9 by means of the phase-locked HRR density q̇(ϕ) according
to Eq. 4.2 including the 25, 50 and 75% iso-contour of q̇(ϕ). The phase in the
temporal oscillation ϕ is given by the mean phase angle of the time bin of the
phase-locked image, see Section 4.1, relative to the phase of the acoustic pres-
sure sensor C1. The HRR density fluctuations q̇ ′ are normalised by the max-
imum of q̇(ϕ) i.e. q̇max and by the mean ¯̇q according to Eqs. 4.4 and 4.5 and
are depicted in the middle and the bottom of Fig. 8.9. The q̇(ϕ) iso-contours
at 25,50 and 75 % are shown in all plots for convenience.

On the one hand, the flame response of both investigated injector tube con-
figurations share several similarities. The beginning of the flame is influenced
by the central swirl-stabilised pilot burner, which yields a higher intensity at
the jet flame shear layers pointing to the combustor centre. The phase-locked
HRR fluctuations q̇ ′(ϕ) = q̇(ϕ)− ¯̇q in the middle of Fig. 8.16 reveal coherent
consumption rate fluctuations as the dominant local flame response. The top
and the bottom half of the image reveal a symmetry in amplitude with an op-
posed sign, in accordance with the standing T1 mode, i.e. the spin ratio of
zero and the nodal line of the forced response depicted in Fig. 8.5. The highest
HRR amplitudes align with the maximum in mean heat release at xC ≈ 95 mm.
The normalised HRR fluctuations q̇ ′(ϕ)/ ¯̇q at the bottom of Fig. 8.16 reveal the
scaling of the HRR fluctuations with the mean heat release field. An attenua-
tion of the normalised HRR fluctuations in the axial direction due to turbulent

82



8.1 Experimental Setup With Pilot Burner

and molecular diffusion can hardly be observed. The amplitude of the nor-
malised fluctuations is approximately preserved for both cases. The phase of
the convective HRR density fluctuations increases in axial direction due to the
transport with the mean flow field, which yields multiple phase changes in the
HRR density fluctuations. The change in sign of the q̇ ′

± patches corresponds to
half a period in the oscillation. Therefore, an increased distance between the
nodal lines q̇ ′ = 0 is attributed to an acceleration of the mean flow. Thus, the
distance of the HRR fluctuation nodal lines in axial direction q̇(x)′ = 0 cor-
responds to half of the convective wavelength. The axial vortex length scale
λvort = 1

2
ū
f might be estimated by the ratio the mean convection velocity in the

injector tubes ū ≈ ūT and the forcing frequency f . The estimated mean flow
velocity in the injector tubes yields an axial vortex length scale of one injec-
tor tube diameter λvort ≈ 18 mm, which is consistent with the depicted flame
response.

On the other hand, the flame response of the two injector tube lengths shows
distinct differences. The phase of the HRR fluctuations in radial direction of
the top and the bottom half of the images reveals insights on the contribu-
tion of the longitudinal and the transverse acoustic field. HRR density fluctua-
tions with zero phase shift in cross-sectional direction originate from the pur-
ley longitudinal acoustic pressure field in the injector tube. This is observed
on the right side of Fig. 8.9 with pressure node coupling in the radially outer
flames and in line with the numerical reconstruction of the acoustic velocity
field in Fig. 8.8. Contrary, for the case with pressure anti-node coupling on
the left side of Fig. 8.9, the HRR fluctuations reveal a phase shift of π in radial
direction within one half of the image, which reveals a modulation due to the
transverse pressure field. In accordance with the numerical results of the pres-
sure anti-node coupled case, the flame response shows counter-phase oscilla-
tions of the single flames in cross-sectional direction. This effect is stronger for
the inner flames close to the radial centre of the chamber, due to the increase
transverse acoustic pressure gradient in comparison to the outer flames.
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Figure 8.9: Phase-locked HRR q̇(ϕ) (top), fluctuations q̇ ′(ϕ) (middle) and nor-
malised HRR fluctuations q̇ ′(ϕ)/ ¯̇q (bottom) with pressure anti-
node coupling (left) and with pressure node coupling (right) for
natural gas (Tab. 8.2) at 3100 Hz.
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The axial sequence of the HRR patches q̇ ′
± yields a high degree of compensa-

tion of the integral flame response
∫

q̇ ′
±dx. The additional phase shift in ra-

dial direction results in an increased compensation of the local HRR patches
q̇ ′
± in radial direction, which yields a lower contribution of the convective

driving mechanism to the overall flame response. The contribution of the
local, instantaneous flame compression and displacement mechanisms are
not directly observable from the optical results. For a more detailed analy-
sis, the cross-sectionally weighted integral HRR fluctuations according to Eq.
6.35 might be considered accounting for the convolution of the local HRR
fluctuations with the local amplitude and phase of J0P1 = |J0||P1|e i∠(J0P1), see
Section 6.6. However, for simplicity, the amplitude dependency is neglected
|J0||P1| = 1. Thus, the cross-sectionally phase-aligned integral HRR fluctua-

tions ˆ̇Q10,x ≈
∫

A e i∠(J0P1) ˆ̇qdA are considered, which accounts for the sign of the
acoustic pressure amplitude. Therefore, the real-valued axially resolved HRR
density fluctuations yield

Q̇ ′
x =

RC∫
0

q̇ ′dr −
−RC∫
0

q̇ ′dr (8.1)

¯̇Qx =
RC∫

−RC

¯̇qdr (8.2)

accounting for the phase shift of π between the top and bottom half.
The cross-sectional integration yields the axially distributed flame response,
which reveals further insights into the driving potential and the driving mech-
anisms for the two cases of acoustic pressure anti-node and node coupling.
The radially integrated HRR fluctuations Q̇ ′

x as well as the normalised fluc-
tuations by the mean HRR Q̇ ′

x/ ¯̇Qx for both injector tube lengths are shown
in Fig. 8.10. Three characteristic phases in the oscillation, namely with maxi-
mum (ϕ= 0), zero (ϕ= 1/2π) and minimum (ϕ= π) acoustic pressure ampli-
tude according to the pressure sensor C1 are depicted. The results for the case
with acoustic pressure anti-node coupling on the left side show four times
lower cross-sectional integrated HRR fluctuations (mind the scale of the ver-
tical axis), which is due to the phase shift of π of the local heat release patches
q̇ ′
± between the lower and upper part of the shear layer in each flame.
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(a)

(b)

Figure 8.10: Axially resolved HRR fluctuations Q̇ ′
x (bottom,□), normalised

fluctuations Q̇ ′
x/ ¯̇Qx (top,□), their respective offset (−) and en-

velopes (−−) for pressure anti-node coupling (a) and pressure
node coupling (b) with maximum, zero and minimum acoustic
pressure amplitude at ϕ= 0,1/2π,π, respectively.
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This effect yields high compensation as long as the upper and lower reactive
shear layer modulation propagates at the same velocity. Especially for the case
on the left-hand side with acoustic pressure anti-node coupling, a positive
and negative offset of Q̇ ′

x(ϕ = 0) and Q̇ ′
x(ϕ = π), respectively, are observed.

The root cause of this offset in normalised radially integrated HRR fluctua-
tions are coupling mechanisms, which are directly proportional to the instan-
taneous, local acoustic pressure and velocity field, such as flame displacement
and flame compression. This offset in cross-sectional integrated HRR fluctua-
tion is quantified by the mean of the upper and lower envelopes Eup and Elow,
respectively, of the normalised fluctuations

Q̇ ′
x,off

¯̇Qx

= 1

2

(
Eup

(
Q̇ ′

x

¯̇Qx

)
+Elow

(
Q̇ ′

x

¯̇Qx

))
. (8.3)

The analytical envelope function of Matlab estimates the envelopes of the
heat release signal. The minimum peak distance is defined via the vortex
length scale λvort = 1

2
ūT
f . In order to obtain the solely jet flame dynamics, the

axial limits of the envelope estimation are set to 45 < xC < 175 mm in both
cases. Since the signal coherence diminishes at the tip of the flame for the
case with pressure anti-node coupling, this region is omitted for the offset cal-
culation in both cases for similarity in the evaluation.

In the next step, the global Rayleigh integral is used to quantify the driving
potential. The quantification of the Rayleigh integral from an estimated local
Rayleigh index is provided in a previous publication [92]. However, the esti-
mated local Rayleigh index is only an indirect experimental measure since ad-
ditional assumptions and post-processing are required to estimate the pres-
sure mode shape. Therefore, a simplified form of the Rayleigh integral

RIjet = p ′
C1

Q̇ ′
jet (8.4)

is calculated with the acoustic pressure p ′
C1

at the sensor position C1 and the
globally integrated HRR fluctuations in the jet-flame-dominated region

Q̇ ′
jet =

LC∫
xpilot

Q̇ ′
xd x =

LC∫
xpilot

 RC∫
0

q̇ ′dr −
−RC∫
0

q̇ ′dr

d x (8.5)
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Figure 8.11: Integrated HRR fluctuations (top) and Rayleigh integral (bottom)
with pressure anti-node coupling (left) and with pressure node
coupling (right) over the phase-averaged period of the oscillation.

is chosen to obtain a direct experimental measure of the driving potential. The
Rayleigh integral according to Eq. 8.4 is obviously only a qualitative measure
since the local weighting of the HRR with the local pressure amplitude is omit-
ted. However, the phase∠(p ′

C1
) in the upper and lower half of the phase-locked

images is constant due to the standing mode shape, and thus, the phase rela-
tion of acoustic pressure and heat release is adequately captured by the sim-
plified Rayleigh integral.

The results in Fig. 8.11 show an in-phase oscillation of acoustic pressure and
integral HRR for both injector tube lengths. The Rayleigh integral is positive
over the entire period, which yields a possible driving behaviour of HF insta-
bility. The differentiation between the convective and the local instantaneous
driving mechanisms requires further investigation. Therefore, the total HRR
fluctuations might be separated into

Q̇ ′
x = Q̇ ′

x,conv +Q̇ ′
x,off (8.6)

in order to distinguish the relative contributions of the local unsteady HRR
fluctuations and the convective HRR fluctuations due to coherent vortex
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Figure 8.12: Integrated HRR fluctuations (top) and Rayleigh integral (bottom)
separated into convective and offset contribution with pressure
anti-node coupling (left) and with pressure node coupling (right)
over the phase-averaged period of the oscillation.

shedding. Consequently, the convective contribution is obtained by subtrac-
tion of the offset from the overall HRR fluctuations. The results shown in Fig.
8.12 reveal a dominating contribution of the offset in HRR fluctuations Q̇ ′

x,off

due to the instantaneous flame response in phase with the pressure oscil-
lations. The contribution of the convective consumption rate fluctuations is
generally lower in both cases due to the high degree of compensation in the
convective HRR Q̇ ′

x,conv in the axial integration. Additionally, the radial phase
shift of π between the upper and lower shear layer of each flame in the anti-
node coupled case yields an even lower contribution of the convective con-
sumption rate fluctuations in the pressure anti-node coupled case. The in-
stantaneous flame response dominates the pressure anti-node coupled case,
and the convective driving mechanism is of minor importance. Note that this
cannot be observed from the local flame response plots in Fig. 8.9 since the
high local amplitudes of the consumption rate fluctuations hide the low am-
plitudes of the instantaneous flame response mechanisms. This explains the
in-phase fluctuation of the overall HRR fluctuations in Fig. 8.11 since the con-
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tribution with the larger amplitude typically dominates the phase for both
cases. Nonetheless, the acoustic pressure anti-node coupled case indicates a
noticable contribution of the convective flame response. The relative contri-
bution of the convective mechanism depends on the operating condition and
the combustor geometry, which determine the Strouhal number and thus the
gain and phase of the integral FTF according to Eq. 6.43. Higher injector tube
velocies, lower cut on frequencies or shorter flames due to smaller injector
tube diameters or more reactive fuels might yield a dominating contribution
of the convective driving mechanism due to lower Strouhal numbers, see also
Section 6.6.

8.2 Experimental Setup Without Pilot Burner for Natural Gas
and Hydrogen

The results provided in the previous Section 8.1 reveal detailed insights into
the flame response mechanisms of premixed jet flames. The results suggest a
significant contribution of axial acoustic velocity perturbations at the dump
plane as a source of HF vortex shedding and coherent reaction rate fluctua-
tions at the flame front for the resonant, pressure-node coupled injector tube
length. However, the acoustic field in the injector tubes has not been mea-
sured and the pilot flame limits the observability, which is the motivation for
the modified test rig design used in this section.

The pilot burner in the experimental setup depicted in Fig. 8.13 is removed
to eliminate the influence of the pilot flame. The geometrical parameters of
the test rig are provided in Tab. 8.4. In comparison to the former geometry, a
constant injector tube length of LT =λT1 = 147 mm is used. The upgraded test
rig provides the option of pressure measurements in the injector tubes at T1

and T2 using high-temperature pressure transducers (PCB 176A02, sensitivity
87±20% pC bar−1) and charge amplifiers (PCB-045M19B/010, amplification 4
mV pC−1) with a total sensitivity of ≈ 3.5±20% mV Pa−1. Relative calibration
of the high-temperature PCBs (PCB 176A02) with a reference sensor of PCB
106B reveals that the relatively high uncertainty of ±20% is only valid for very

90



8.2 Experimental Setup Without Pilot Burner for Natural Gas and Hydrogen

Fuel/Air

Metallic Combustion
Chamber

Plenum

C2

C3

P1 P2

Injector Tube

LT =λT 1

T1 T2

C1

P3

Figure 8.13: Experimental setup for the integrated OH∗ images and simulta-
neous pressure measurements at the positions C1−C2, P1−P3 and
T1 −T2 without pilot burner.

small pressure amplitudes < 50 Pa. In the measurement region of interest >
50 Pa, the uncertainty reduces to less than ±5%. The T1 mode is forced by
four acoustic drivers located at the former FP1−FP4 positions to obtain higher
forcing amplitudes. The former triangular forcing inlets are closed.

The investigation of the acoustic field in the injector tubes is part of the vali-
dation of the flame response model in Section 9. This section focusses solely
on the perfectly premixed flame response of the natural gas and hydrogen jet
flames with an injector tube designed for pressure anti-node coupling at the

Table 8.4: Geometry of the MJC without pilot burner in [mm]
dP dT rT dC ,quartz dC ,metallic LT ≈λT 1 LP LC ,quartz LC ,metallic

150 18 58.5 155 158 147 306.5 203 187
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dump plane of the test rig configuration without pilot burner.

Similarity of the acoustic injector response is achieved using a constant un-
burned gas temperature of Tu = 673 K for hydrogen and natural gas for the
investigated injector tube length. The operation conditions are summarised
in Tab. 8.5.

Table 8.5: Operating Conditions for the MJC without Pilot Burner
fuel λF [-] Tu [K] Tb [K] Ypilot [-] ṁair [g s−1] ūT [m s−1] Pth [kW]

CH4 1.5 673 2070 0.0 110 117.6 211.4
H2 2.2 673 1880 0.0 108 112.5 175.4

The mean heat release distribution and the radially and axially integrated dis-
tributions are depicted for natural gas and hydrogen in Figs. 8.14 and 8.15,
respectively. The hydrogen flame stabilises directly at the injector tube front
plate, whereas the natural gas flames show a significant lift-off. The initial ab-
sence of OH∗ intensity within the first eight mm is due to the metallic step
covering the quartz glass chamber. The hydrogen flames point towards the
chamber’s centre due to the inner recirculation zone, which yields a slightly
tilted, non-symmetric flame shape observed at the top and bottom flames. In
the case of hydrogen, the maximum HRR is at x ≈ 45 mm for the LFl ≈ 100 mm
long flames. For the natural gas case, the HRR maximum is around x ≈ 70 mm
for the LFl ≈ 200 mm long flames. The radial heat release distribution of the
natural gas flames indicates a reduced overlap of the upper two and the lower
two flames compared to the former configuration with pilot burner. The sin-
gle hydrogen flames yield distinct peaks in the radial heat release distribution.
Thus, an increased observability of the shear layer dynamics is expected.

The results of the phase-locked images of hydrogen and natural gas are pro-
vided in Fig. 8.16. The HRR density fluctuations q̇ ′(ϕ) in the middle of the plot
are normalised by half of the maximum of the phase-locked HRR density indi-
cated by q̇max/2 for better observability of the fluctuations. Similar to the pre-
vious results, a clear pattern of HRR fluctuations due to acoustically induced
coherent vortex shedding originating from the front plate is observed.
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Figure 8.14: Line-of-sight integrated mean HRR density distribution (top-
left) and the corresponding integral axial (bottom-left) and radial
(top-right) distribution for the MJC without pilot burner for nat-
ural gas operation according to Tab. 8.5.

Figure 8.15: Line-of-sight integrated mean HRR density distribution (top-
left) and the corresponding integral axial (bottom-left) and radial
(top-right) distribution for the MJC without pilot burner for hy-
drogen gas operation according to Tab. 8.5.
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The symmetry in amplitude with an opposed sign between the upper and the
lower half of the combustor indicates the standing T1 mode. The axial evolu-
tion of the local phase of the HRR fluctuation originates from the initial phase
of the acoustic velocity at the front plate and the local time delay of the co-
herent vortex at the respective flame position. The results reveal additional
insights into the jet flame dynamics due to the increased observability of the
shear layer dynamics.

In the following, the inner flames at approximately rimg = ±25 mm are dis-
cussed for hydrogen and natural gas: The inner flames reveal competing ef-
fects indicated by a variation in the phase of the HRR fluctuation density. Con-
sider only the upper half for hydrogen in the following. The HRR fluctuations
at rimg = 35 mm indicate a phase shift in HRR fluctuations by π compared to
the fluctuations over the entire cross-section of the flames at rimg = ±25 mm.
The vortex shedding at the inner flames is non-uniform in cross-sectional di-
rection due to the additional effect of the transverse acoustic velocity. On the
one hand, the axial acoustic velocity component yields a constant phase in
HRR fluctuations in cross-sectional direction. On the other hand, the trans-
verse acoustic velocity adds additional vorticity with an opposed sign in the
cross-sectional direction of the jet flame. Thus, a competing effect of HRR
fluctuations due to axial and transverse velocity fluctuations is observed. The
additional effect of vortex shedding due to transverse velocity is observable
for the hydrogen flames. The inner flames of the natural gas flames show
less distinct observations, probably due to stronger turbulent dissipation of
the HRR fluctuations in the natural gas flames. Nevertheless, the same effect
might cause the inclination of the HRR fluctuations of the inner flames for
natural gas. Note that the HRR fluctuations of the inward pointing half of the
inner flames of natural gas at the radial positions rimg = ±17.5 mm are larger
in comparison to the outward pointing half of the inner flames at rimg = ±35
mm, which is caused by the transverse velocity. Note, however, that the net
effect of the transverse velocity contribution is negligible for compact injector
tube diameters compared to the transverse acoustic mode shape dT ≪ λr,θ,
if the injector tube is entirely placed within the domain of the T1 mode of
constant phase in cross-sectional direction, i.e the upper or lower half of the
optical section. If, however, the injector tube is placed in the centre of the
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Figure 8.16: Phase-locked HRR q̇(ϕ) (top), fluctuations q̇ ′(ϕ) (middle) and
normalised fluctuations q̇ ′(ϕ)/ ¯̇q (bottom) for H2 (left) at f = 3175
Hz and CH4 (right) at f = 3100 (Tab. 8.5).
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transverse pressure node, the sign of the acoustic pressure varies between the
cross-sectional T1 mode domains of constant positive or negative pressure.
Thus, vortex shedding due to the transverse velocity might contribute to the
driving potential of centred, single jet flames as, for instance, investigated by
Sharifi et al. [39], McClure et al. [36] or Buschhagen et al. [34]. However, the net
effect of the transverse velocity is arguably small in MJC, because the number
of injector tubes at a transverse pressure node is small in comparison to the in-
jector tubes placed at approximately constant positive or negative transverse
acoustic pressure away from the nodal line.

Moreover, the outer flames at approximately rimg =±55 mm are discussed for
hydrogen and natural gas. The outer flames show a clear, coherent pattern
in HRR density with a constant phase over the entire cross-section. The HRR
fluctuation nodal lines are oriented with an angle of close to 90◦, which in-
dicates the dominant cause of the coherent vortex shedding by axial acoustic
velocity fluctuations at the dump plane. At the base of the hydrogen and natu-
ral gas flames higher intensities at the upper and lower part of the outer flames
are observed. The vortical flow disturbance initiated at the edges of the injec-
tor tube exit yields a coherent vortex ring. Thus, the line-of-sight integrated
HRR fluctuations are initially higher at the upper and lower part in compari-
son to the intensity in the centre of the flames due to the unburned core re-
gion. With increasing axial distance, the effect of the core region diminishes
due to increased turbulent dissipation.

The flame response of the natural gas and the hydrogen jet flames of the in-
vestigated configuration without pilot burner shows a dominant convective
flame response, consistent with the results of the configuration with pilot
flame in Section 8.1. Contrary to the natural gas jet flames with pilot burner,
a higher degree of dissipation in axial direction is noted. The normalised HRR
fluctuations q̇ ′/ ¯̇q show a significant decay with increasing axial position. Thus,
the local coherent turbulent velocity fluctuations dissipate due to turbulent
mixing. The hydrogen flames, however, show less turbulent dissipation, which
is first of all due to their shorter length but second of all due to the flame stabil-
isation close to the unburned gas core region that includes lower turbulence
compared to the shear layer. In contrast to the results of the configuration
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8.2 Experimental Setup Without Pilot Burner for Natural Gas and Hydrogen

with pilot burner, the flame response of the natural gas jet flames without pilot
burner shows a significant initial increase in the distance of the HRR fluctua-
tion nodal lines at the base of the flames. This indicates an acceleration in the
axial convection velocity of the HRR patches. With increasing distance from
the flame base, the turbulent flame speed increases due to the jet turbulence,
and the flame moves closer to the unburned jet core region in radial direc-
tion, which yields higher axial velocity, i.e. higher distance between the HRR
fluctuation nodal lines. The case with pilot burner yields stabilisation of the
jet flames close to the unburned core region in cross-sectional direction also
at the flame base. This implies higher initial axial convection velocity and less
turbulent dissipation since the core region is dominated by the initial turbu-
lence level in the injector tube, which is low compared to the turbulence in the
shear layer of the jet.

In conclusion, the results for the MJC configuration with and without pilot
burner emphasise the importance of flame stabilisation relative to the shear
layer [10] concerning the convective flame response. For a flame stabilisa-
tion closer to the core region in cross-sectional direction the axial convec-
tion velocity of the HRR fluctuations increases and their dissipation decreases.
Flame stabilisation in the shear layers yield a significant dissipation of the
HRR fluctuations, which needs to be accounted for the modelling of the flame
response, as also further analysed in the next chapter.
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9 Validation of the Flame Response Model

The validation of the distributed flame response model derived in Chapter
5 is provided in this section based on the flame response of the natural gas
jet flames with and without pilot burner for similar operating conditions. The
unburned gas is preheated to Tu = 673 K at an air excess ratio of λCH4 = 1.5,
which yields the adiabatic flame temperature of Tb = 2070 K. The air mass flow
rate is slightly varied between ṁair = 120 g s−1 (with pilot) and ṁair = 110 g s−1

(without pilot) to maintain a similar injector tube bulk velocity of ūT = 115
ms−1.

9.1 Mean Heat Release and Flow Field

The axially resolved flame response model needs input data for the increase
in axial mean velocity and possible turbulent dissipation over the extent of the
flame. Therefore, the axial mean HRR density and axial mean flow velocity are
obtained from a fit to the experimental data.

The mean heat release distribution in axial direction is fitted by a skew-normal
distribution scaled with the integral heat release

ξ=
¯̇Qx(x)

¯̇Q
= 2φ(x)Φ(x) (9.1)

given by the probability normal distribution φ(x) and the cumulative normal
distributionΦ(x)

φ(x) = 1

σq̇

p
2π

exp

(
−1

2

(
x − x̄q̇

σq̇

)2
)

, (9.2)

Φ(x) = 1

2

(
1+ erf

(
αq̇ (x − x̄q̇ )p

2σq̇

))
, (9.3)
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9.1 Mean Heat Release and Flow Field

which are defined by the variance σq̇ and the weighted axial position of the
mean HRR x̄q̇ and the skewness factor αq̇ . The axial coordinate of the flame x
is zero at the injector tube exit.

Additionally, the mean flow velocity profile needs to be estimated from the
experimental data. The local transport velocity might be assumed constant
in cross-sectional direction at each flame, considering a uniform mass flow
split between the eight injector tubes. The axial velocity at the flame ū(x)
might deviate to lower values compared to the theoretical injector tube veloc-
ity ūT = 115 ms−1 due to first the boundary layer at the injector tube wall and
second the mixing of the unburned gas with the recirculated exhaust gas. The
mean axial propagation velocity of the HRR fluctuations is fitted to an Error
Function distribution

ū(xC ) = ū0

(
1+aū

1

2

(
1+ erf

(
(x −µū)p

2σū

)))
. (9.4)

The phase slope of the radially integrated HRR fluctuations of the model
∠Q̇ ′

model is fitted to the experimental phase slope ∠Q̇ ′
exp. employing Eq. 9.4 and

the convective flame response model Eq. 5.22.

The radially integrated mean HRR distribution of the experimental results for
natural gas with and without pilot burner alongside the fitted axial velocity
profiles are depicted in Fig. 9.1. First, consider the results for the case without
pilot burner on the right-hand side of Fig. 9.1. The fitted skew normal distri-
bution reveals a good agreement with the experimental results without pilot
burner. The skewness of the heat release distribution is a result of the super-
position of the approximately conical jet flame shape with decreasing flame
area in the axial direction and the reaction progress perpendicular to the flame
surface. The fitted velocity profile to the phase slope ∠Q̇ ′

exp. starts in the Error
Function’s linear slope and captures the saturation for larger distances from
the exit plane. The velocity profile reveals an approximately linear accelera-
tion from the velocity of ūC (x = 0) = 60 ms−1 at the flame base and saturates
at ū ≈ 90 ms−1 at the flame tip.
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Validation of the Flame Response Model

Figure 9.1: Axial mean HRR distribution ¯̇Qx (top) and the axial velocity profile
ū (bottom) fitted to the experimental results of natural gas with
pilot burner (left) and without pilot burner (right) for Tu = 673 K,
λCH4 = 1.5 and ūT = 115 ms−1.

Second, the case with pilot burner on the left-hand side of Fig. 9.1 can be fit-
ted to a Gaussian axial mean HRR distribution with a skew factor close to zero.
The axial mean velocity of the HRR fluctuations stays approximately constant
over the extent of the flame at about ū ≈ 90 ms−1. The results suggest a flame
stabilisation closer to the core region of the unburned jet in cross-sectional
direction of the flames in the case with pilot burner due to the approximately
constant and higher convection velocity compared to the case without pilot
burner. On the contrary, flame stabilisation in the turbulent shear layer in the
case without pilot seems reasonable due to the decreased axial flow veloci-
ties. The observation of decreasing normalised HRR density fluctuations in
Fig. 8.16 for natural gas supports this hypothesis as a higher turbulent dissipa-
tion of the convective flame response is to be expected with flame stabilisation
in the turbulent shear layer.

Therefore, turbulent dissipation becomes significant for the case without pilot
flame and an estimate of the turbulent viscosity is required for the convective-
diffusive transport model. In the similarity region of the turbulent jet, the tur-
bulent viscosity is approximately constant [86, 93]. An estimate of the core re-
gion of the jet flames according to Hirsch [94] Lcore = 6.57deq with the mo-
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9.2 Convective Flame Response with Pilot Burner

mentum weighted equivalent tube diameter deq = dT

√
ρu

ρb
yields an unburned

jet core region length of Lcore ≈ 10dT for engine-similar operation conditions
as used in the experiments. Thus, the premixed jet flames stabilise within
the axial distance of the core region of the unburned gas jet. The core region
x/deq < 6.57 [86, 94] is characterised by increasing stochastic turbulent length
scales lt and increasing stochastic turbulence intensity u′

t which are modelled
via

u′
t

ū0
= 0.2

6.57

x

deq
+ u′

t ,0

ū0
, (9.5)

lt = lt ,0 +
(
0.108d0 −

lt ,0

6.57

)
x

deq
, (9.6)

according to Hirsch [94] based on the review of Lawn [86]. Thus, a first-order
approximation of the turbulent viscosity following the Boussinesq hypothesis
yields

νt = 0.1u′
t lt (9.7)

a quadratic increase of the turbulent viscosity with the axial direction. The
turbulent viscosity increases from the initial tube turbulence to a value of νt =
0.025[m2s−1] according to the estimation according to Eqs. 9.5−9.7, which is in
line with numerical and experimental results on jet turbulence for instance by
Kuhn et al. [93] νt = 0.0259[m2s−1]. The initial injector tube turbulence inten-
sity and length scale might be estimated for a turbulent pipe flow [95,96]. The
initial turbulent length scale lt ,0 ≈ 0.1dT and the initial stochastic turbulent
velocity fluctuations u′

t ,0 ≈ 0.05ūT yield a low contribution to the turbulent
viscosity compared to the development of the jet turbulence.

9.2 Convective Flame Response with Pilot Burner

Validation is provided by the experimental results on the flame response with
pilot burner. The acoustic pressure field in the injector tube is not measured in
the test rig configuration with pilot burner. Therefore, the CFD/CAA method
including the distributed flame response model is applied and the acoustic
pressure field is fitted to the experimental data of the dynamic pressure sen-
sors.
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Validation of the Flame Response Model

The MJC with pilot burner is modelled numerically as depicted in Fig. 9.2.
The mean temperature field is simplified to a constant preheat temperature of
Tu = 673 K in the plenum, the injector tubes, the swirl stabilised pilot burner
and the unburned core region of the flames. The exhaust gas temperature
Tb = 2070 K is estimated at adiabatic conditions. The Gaussian mean HRR
distribution in axial direction according to Fig. 9.1 is applied. The convective
wave number in the numerical model is estimated by a constant flow veloc-
ity justified by Fig. 9.1. Impedance boundary conditions representing the low
Mach number perforated plate zup = 2 and the boundary condition down-
stream of the combustor zdo = 100, which corresponds to the reflective axial
boundary condition measured in the experimental forced response. The re-

Figure 9.2: Mean speed of sound [ms−1] (top-left), mean HRR density [Wm−3]
(bottom-left) and the resulting acoustic pressure mode shape [Pa]
(top-right) and the convective HRR density fluctuations [Wm−3]
(bottom-right) of the numerical Helmholtz model at 3100 Hz con-
sidering a preheat temperature of Tu = 673 K and an adiabatic
flame temperature of Tb = 2070 K.

sulting acoustic pressure mode shape in Fig. 9.2 shows the strong axial acous-
tic pressure gradients indicating high axial velocity fluctuations at the injec-
tor exit in comparison to the evanescent T1 mode shape in the combustion
chamber. The application of the distributed convective model (Eq. 5.22) to the
CFD/CAA method provides a first qualitative validation of the flame response
model as depicted in Fig. 9.2, which shows the similarity of the local numerical
flame response to the experimental results. Despite the rough simplification
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9.2 Convective Flame Response with Pilot Burner

Figure 9.3: Forced flame response for ϕ = 0 at a preheat temperature of Tu =
673 K and an air excess ratio of λCH4 = 1.5 at 3100 Hz of the MJC
with pilot burner (left) and the comparison of the experimental
flame response (□) to the flame response model (−) according to
Eq. 5.22 for negligible turbulent dissipation (right) at the upper
flames, indicated by the dashed line.

of the mean heat release field in cross-sectional direction, the numerical re-
sults show a good agreement in terms of the axial pattern of the heat release
fluctuations. The amplitude dependency on the Bessel function observed in
the experimental flame response in the radial direction is captured by the
model. Note that the axial pattern in heat release fluctuations caused by ax-
ial acoustic velocity fluctuations at the dump plane determines the phase and
the gain of the resulting global flame transfer function, see Section 6.6. Thus,
the model captures the main physical contribution of the convective driving
mechanism with a locally resolved flame response.

The upper dashed line in Fig. 9.3 indicates the fixed radial position used for
quantitative validation depicted on the right-hand side of Fig. 9.3. The axi-
ally resolved, convective flame response according to Eq. 5.22 yields a good
agreement to the experimental flame response assuming negligible turbulent
dissipation and a constant flow velocity. The flame response is determined
by the axial acoustic velocity, the axial convective wave number and the mean
heat release. In the absence of acoustic pressure measurements in the injector
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Validation of the Flame Response Model

tube, the axial acoustic velocity amplitude at the reference position is recon-
structed from the numerical model via a fit to the measured pressure sensor
data. The fitted pressure field yields a normalised axial velocity fluctuation at
the exit of the injector tube of ûu = 6.5e i ·∠ûu ms−1. The phase angle ∠ûu = 2.3
rad is extracted from the numerical results. Since the experimental flame re-
sponse is phase-locked to the pressure sensor C1, the phase difference of the
complex axial acoustic velocity and the complex acoustic pressure at the sen-
sor position C1 yields the phase-locked axial velocity fluctuations at the refer-
ence position∠ûu =∠ûx,u−∠p̂C1 extracted from the numerical model. The re-
sulting flame response shows good agreement between the experimental and
analytical heat release rate fluctuations when assuming a gain of n ≈ 1.1. The
local phase of the flame response highly depends on the initial phase angle
∠ûu. The result of the model for the phase of the convective flame response
modelled by a constant convection velocity of ū ≈ 90 ms−1 and accounting
for the fitted phase angle ∠ûu yields excellent agreement with the experimen-
tal results. Moreover, the phase of the flame response depicted in Fig. 9.3 is
constant in cross-sectional direction in the upper and lower halves, respec-
tively, due to the standing T1 mode. Therefore, the phase-aligned and radially
integrated HRR fluctuations in Fig. 9.4 yield the same phase of the HRR fluc-
tuations at the same axial position.

The same velocity fluctuations at the reference position of ûu = 6.5e i ·∠ûu ms−1

and the gain of n = 1.1 reveal a good agreement of the experimental results
to the cross-sectionally integrated model. Thus, the scaling of the local HRR
density fluctuations (Fig. 9.3, right-hand side) to the phase-aligned cross-
sectionally integrated fluctuations (Fig. 9.4) is appropriate. The normalised
HRR fluctuations at the top of Fig. 9.4 reveal negligible attenuation due to tur-
bulent dissipation of the coherent velocity fluctuations since the amplitude of
Q̇ ′

x/ ¯̇Qx is preserved over the length of the flame. Thus, the simplified turbulent
diffusion model 9.7 using jet theory does not apply anymore since the interac-
tion of the swirl-stabilised pilot flame and the jet flames results in a stabilisa-
tion of the jet flames in the core region of the unburned jet with significantly
lower turbulence levels.

The results discussed above outline the applicability and efficiency of the con-
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9.3 Convective Flame Response without Pilot Burner

vective flame response model for complex three-dimensional geometries us-
ing the numerical CFD/CAA model. In the next section, the acoustic field in
one injector tube is measured to provide a quantitative validation indepen-
dent of the numerical acoustic pressure field reconstruction.

9.3 Convective Flame Response without Pilot Burner

This section aims to validate the local HRR flame response according to Eq.
5.22 with the optical experimental results of the MJC without pilot burner and
including the measurement of the acoustic field in the injector tube.

The required axial acoustic velocity fluctuations ûu at the reference position
are reconstructed from the dynamic pressure sensors at the positions T1 and
T2 of the experimental setup without pilot burner in Fig. 8.13 using the MMM,
see Section 4.2. The Mach number of MT ≈ 0.23 in the injector-tube is ac-
counted for in the acoustic wave number for the mode shape reconstruction.

Figure 9.4: Validation of the axially resolved flame response model (−) with
the phase-locked radially integrated HRR fluctuations of the ex-
perimental results (□) with pilot burner for natural gas.
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Figure 9.5: Reconstructed acoustic pressure (left) and axial acoustic velocity
field (right) in the injector tube using the two dynamic pressure
sensors T1 and T2.

The reconstructed axial acoustic velocity mode shape in the injector tube is
depicted in Fig. 9.5. The sensors T1 and T2 are indicated by the orange dia-
monds in the acoustic pressure mode shape. The resulting acoustic pressure
and axial acoustic velocity at the injector tube exit xT = 0 yields |ûT (xT = 0)| ≈ 6
ms −1.

The flame response model is validated with the cross-sectionally integrated
HRR density fluctuations, consistent with the previous experimental results.
The phase shift in cross-sectional direction is accounted by Eq. 8.1 such that
the HRR density fluctuations are phase-aligned by the sign of the real-valued
transverse acoustic pressure mode shape, which yields Q̇ ′

x . The resulting pre-
diction of the cross-sectional integrated flame response model according to
Eq. 5.22 and the experimental results are depicted in Fig. 9.6 for the case of
natural gas according to Fig. 8.16. The cross-sectionally integrated fluctua-
tions Q̇ ′

x are shown at the bottom and the normalised fluctuations Q̇ ′
x/ ¯̇Qx at

the top of Fig. 9.6.

The results are depicted for three different phase bins and generally show
good agreement with the analytical model according to Eq. 5.22 using a pre-
scribed gain of n = 5.5. The convective flame response according to Eq. 5.22
prescribes an initial gain of the FTF and accounts for convective-diffusive
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9.3 Convective Flame Response without Pilot Burner

transport of the coherent velocity fluctuation in the axial direction. Thus, the
gain starts at the prescribed value n = 5.5 and decreases with axial direction
due to turbulent diffusion of the coherent velocity fluctuations. The turbulent
dissipation yields a decreasing envelope of the normalised cross-sectionally
integrated fluctuations Q̇ ′

x/ ¯̇Qx . The decrease in the envelope of Q̇ ′
x/ ¯̇Qx is cap-

tured very well, accounting for the simplicity of the turbulent viscosity model
of the mean field, see Eq. 9.7. The phase of the HRR fluctuations is in excel-
lent agreement with the model using the fitted axial velocity profile depicted
in Fig. 9.1. In comparison to the previous results with pilot burner the local hy-
drodynamic gain rises to the value of n = 5.5, which might be due to the differ-
ences in the flame stabilisation in cross-sectional direction. The case with pi-
lot flame stabilises closer to the core region in cross-sectional direction, which
is characterised by less coherent and stochastic turbulence. Thus, the hydro-
dynamic instability in the shear layer might yield a higher gain in the case
without pilot burner.

Moreover, the globally integrated HRR fluctuations and the simplified

Figure 9.6: Validation of the axially resolved flame response model (−) with
the phase-locked radially integrated HRR fluctuations of the ex-
perimental results (□) without pilot burner for natural gas.
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Rayleigh integral according to Eq. 8.4 predicted by the model agree very well
with the experimental HRR fluctuations as depicted in Fig. 9.7. The integral
fluctuations are normalised with the thermal power and depicted over one
period of the oscillation indicated by the normalised phase bin of the phase-
locked images. Although the predicted amplitude of the model is lower com-
pared to the experimental results, the trend of the amplitude and, in partic-
ular, the phase is captured by the model. The phase between the measured
integral HRR rate and the acoustic pressure sensor C1 is below π/2, which
yields a positive Rayleigh integral. The initial region 0 < xC < 12 mm in Fig.

Figure 9.7: Globally integrated HRR fluctuations (left) and simplified Rayleigh
integral (right) for all phase bins for the MJC without pilot burner.

9.6 is neglected for the validation. The initial region of 0 < xC < 8 mm is cov-
ered by the metallic step of the front plate. In the small extent of 8 < xC < 12
mm, the predicted amplitude of the flame response using a prescribed gain
deviates to higher values compared to the experiment. The predicted global
response in Fig. 9.7 deviates significantly from the experiment if the small ex-
tent of 8 < xC < 12 mm is included. Thus, the initial increase in gain should be
accounted for in an advanced model for increased accuracy, which is further
stressed by the results of the distributed FTFx in the next section.

The validation of the flame response model with the MJC configuration with
pilot burner emphasises the capabilities of the CFD/CAA method to repro-
duce the measurement of the acoustic field in the injector tubes. The resulting
fit of the acoustic field to the measured dynamic pressure sensor data results
in high acoustic pressure gradients at the injector tube exit, which yields co-
herent vortex shedding as the reason for the flame response. The case without
pilot burner with measurement of the acoustic field in the injector tubes val-
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idates the axial acoustic velocity fluctuations at the injector tube exit as the
root cause of the convective flame response. The differences in local gain and
axial flow velocity of the configuration with and without pilot burner might be
due to the stabilisation of the flame relative to the shear layer. The hypothesis
is that the jet flames without the pilot burner stabilise further outside of the
core region in cross-sectional direction, and the case with the pilot flame (or
the hydrogen flames) stabilise further inside the core region in cross-sectional
direction. This might explain the higher gain of n = 5.5 due to stronger hydro-
dynamic instability in the shear layer of the case without pilot burner. Con-
sistent with the hypotheses of flame stabilisation further outside of the core
region in the turbulent shear layer, the initial axial convection velocity of the
case without pilot burner is lower and the turbulent dissipation increases in
comparison to the case with pilot burner. This hypothesis, however, requires
further investigations in the future to be verified.

9.4 Axially Distributed Convective FTF

The previous section validates the model based on the integral cross-
sectionally phase-aligned HRR fluctuations, which accounts solely for the
phase of the transverse acoustic pressure field. In order to obtain the global
or axially distributed flame transfer function FTFx according to Eqs. 6.32 and
6.33, however, an estimate for the local Rayleigh index is required, which is
provided in this section.

The axially distributed flame transfer function FTFx according to Eq. 6.37 is
obtained from the partial derivative in axial direction of the global FTF

FTFx(x) = 1

ξ(x)

∂FTF

∂x
=

ˆ̇Qmn,x/ ¯̇Qx

(û A)mn,u/(ū A)u
(9.8)

and is, thus, solely dependend on the cross-sectional integrated mean HRR
and the cross-sectional integrated and acoustically weighted HRR fluctua-
tions, see also Eq. 6.36. The convolution integral of the HRR fluctuations with
the non-dimensional acoustic mode shape in cross-sectional direction ac-
cording to Eq. 6.35 is determined from the phase-locked, line-of-sight inte-
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grated OH∗ images and the radial mode shape along the combustor centre
line measured by the pressure sensors C1 and C2. The Hilbert Transform [78]
of the phase-locked and radially weighted and integrated HRR fluctuations
reveals the axially resolved gain and phase of the cross-sectionally integrated
HRR density fluctuations

ˆ̇Qmn,x =H

[∫
A
ℜ[Jn(r )Pm(θ)]q̇ ′

expdA

]
(9.9)

accounting for the weighting with the non-dimensional transverse acoustic
pressure mode shape.

The analytical FTF model is validated with the experimental results in Fig.
9.8. The absolute gain and phase of the experimentally determined axial FTF

Figure 9.8: Validation of the axially resolved FTFx with the radially integrated
experimental flame response for natural gas.

using the flame response model provided by Eq. 9.8 and the analytical FTF
according to Eq. 5.22. The prescribed initial gain of n = 5.5 as used for the
HRR response in Fig. 9.6 yields an amplitude of |FTFx |(xC = 0) ≈ 4 due to the
cross-sectional weighting with the transverse acoustic field. The decreasing
gain with increasing axial position confirms the prediction of the turbulent
viscosity model, similar to the previous results in Fig. 9.6. The axial FTF gain
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indicates a significant initial error of the model prediction compared to the ex-
perimental results within xC /dT < 2. A possible explanation for the deviations
might be measurement errors of the OH∗ signal due to high initial strain rates.
However, the phase is in accurate agreement in the same region xC /dT < 2 and
thus measurement errors might be excluded. Thus, the initial increase in gain
might be attributed to the increase in turbulence intensity of the coherent vor-
tices due to radial velocity gradients, which are not accounted for by the flame
response model according to Eq. 5.22.

The axial flame response according to Eq. 5.18 yields the flame response

ˆ̇qconv

¯̇q
= ûref

ūref
e−i kshear(x−xref). (9.10)

The convective wave number introduced in Eq. 5.18 indicates an increase in
the hydrodynamic gain due to negative velocity gradients. Thus, the axial in-
crease in the gain might originate from high radial velocity gradients in the
shear layer close to the injector tube exit. Therefore, the axial evolution of the
mean field gradients might be accounted for by the flame response model ac-
cording to Eq. 9.10 to model the increase in the gain. However, detailed in-
sights on the local mean flow field are required, which can hardly be estimated
by first principles or extracted from the provided experimental results. The
axial evolution of the mean radial velocity gradients at the flame might be ex-
tracted from a stationary CFD. The application of Eq. 9.10 to the CFD/CAA
method with a CFD mean field might be considered in future work.
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10 Summary and Conclusion

High frequency thermoacoustic instabilities in Multi-Jet Combustors occur at
high cut-on frequencies, and therefore, the high-cycle fatigue limits of the
combustor are reached within seconds. These instabilities’ thermoacoustic
coupling mechanisms are predominantly unknown. However, the fundamen-
tal understanding of the thermoacoustic coupling mechanisms is crucial to
predicting and mitigating high-frequency instabilities. The thesis provides in-
creased theoretical insights based on detailed experimental investigations of
the local flame response of hydrogen and natural gas in a perfectly premixed,
atmospheric MJC test rig. The thesis outlines the importance of a convective
flame response mechanism for HF thermoacoustic instabilities with a partic-
ular focus on the first transverse mode in gas turbine combustors. The main
findings concerning the three main objectives of the thesis, i.e. the experimen-
tal investigation of the flame response, the low order network modelling and
the validation of a local and global flame response model, are summarised in
the following.

The low order modelling approach for transverse, HF thermoacoustics pro-
vides a generalised transfer matrix theory covering low and high frequency
acoustic mode propagation. Network elements for ducts, area changes and
flames are provided and validated with good agreement to experimental and
numerical results. The results demonstrate that by minor changes the exist-
ing LF network models can be extended to the HF case. The acoustic analysis
and modelling of the longitudinal to transverse injector coupling is crucial for
the predictability of convective driving mechanisms. The transverse to longi-
tudinal coupling of an HF mode to the injector tubes is captured by an HF
area change transfer matrix. The acoustic energy flux jump condition across
the area change yields effective modal areas due to the weighting of the geo-
metrical cross-section with the cross-sectional acoustic mode shape. The use
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of effective modal areas instead of geometrical cross-sectional areas and the
additional frequency dependent axial wave numbers are the key differences
compared to LF acoustics.

The experimental investigation of the premixed flame response to the first
transverse mode of the MJC by OH∗ chemiluminescence images reveals co-
herent vortex shedding as the predominant flame response mechanism. The
MJC is investigated with and without swirl-stabilised pilot flame. Both config-
urations reveal the dominant convective flame response due to vortex shed-
ding. The contribution of the convective mechanism compared to the local in-
stantaneous flame displacement and compression is investigated by the MJC
with pilot burner for two injector tube lengths. A pressure anti-node coupling
condition at the dump plane yields coherent vortex shedding with an opposed
sign in the cross-sectional direction of each flame. Although, the local flame
response might be dominated by convective reaction rate fluctuations, the in-
stantaneous flame compression and displacement or additional local mecha-
nisms dominate the integrated response. On the contrary, the pressure node
coupled case is dominated by the flame response due to coherent vortex shed-
ding at the dump plane, which yields a constant phase of the heat release rate
fluctuations over the cross-section of each jet flame. The setup of the MJC
without the pilot burner reveals a variation in both the gain and the phase of
the flame response in the axial, main flow direction. Turbulent dissipation and
the initial increase in intensity of the coherent vortical velocity fluctuations
due to the hydrodynamic shear layer instability are two significant effects for
the jet flame dynamics. Furthermore, the origin of the convective flame re-
sponse by acoustic velocity fluctuations at the dump plane is confirmed by the
reconstruction of the axial acoustic velocity fluctuations at the dump plane.

The network theory implies a distributed flame transfer function accounting
for turbulent dissipation and a spatially resolved gain and phase. In exten-
sion to existing literature, the axially resolved flame transfer function is based
upon the acoustic disturbance energy equation to include arbitrary convec-
tive and acoustically non-compact flames. Therefore, the local Rayleigh index
and the global Rayleigh integral covers the non-compact flame dynamics and
the resulting axial acoustic velocity jump condition across a flame. The non-
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compact convective flame response model is validated with the optical results.
It reveals the significance of modelling the variation in axial mean velocity and
turbulent dissipation along the main flow direction of the jet flames. The ini-
tial build-up of the coherent vortex structures due to radial velocity gradients
might be accounted for in an andvanced model to correctly resolve the ax-
ial dependency of the flame transfer function gain and thus the global flame
response.
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A Appendix

A.1 Natural Gas Composition

The natural gas composition used for the evaluation of the unburned and
burned gas properties are provided in Tab. A.1 according to [98].

fuelcomponent molarfraction

C H4 0.9602
C2H6 0.03
C3H8 0.008
CO 0.0
H2 0.0
O2 0.0

CO2 0.0046
H2O 0.0
N2 0.0036

others 0.0008

Table A.1: Natural gas composition according to the average of the year 2021
in munich.

A.2 Pressure Loss and Massflow Split

The mass flow split between jet and pilot flames impacts the injector tube ve-
locity and the flame stabilisation. First of all, the mass flow split contributes
significantly to the flame stabilisation since the global swirl number and the
injector tube exit velocity are influenced. Second of all, the observability of
the OH∗ images might be limited due to too much radiation of the swirl flame.
Thus, the design value of the pilot burner mass flow split is chosen one mag-
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nitude less than the mass flow of the injector tubes fpilot = 0.1. This section
provides an analytical design of the test rig pressure drop and the mass flow
split between jet and pilot burner.

The flow distributes between the swirl pilot burner and the 8 injector tubes, as
depicted in Fig. A.1 on the left. The design condition for the pilot burner mass
flow split is

fpilot =
ṁpilot

ṁJet +ṁpilot
= 0.1. (A.1)

The results of the pressure drop for a constant mass flow split can be seen in
on the right side of Fig. A.1. The design case of natural gas with an air access
ratio λ= 1.8 yields a desirable pressure drop of arround 3% at a thermal power
of Pth = 225[kW]. The details of the pressure drop estimation are provided in

Figure A.1: Sketch of the mass flow split between injector tubes and pilot
burner (left) and the estimated pressure drop of the test rig (right).

the following.

Continuity of mass applied to Eq. A.1 yields for the mass flow split

fpilot = 1
uJet

upilot

AJet

Apilot
+1

. (A.2)

The energy balance applied in the form of Bernoulli’s equation for a stream
line through the jets and through the pilot burner respectively yields the con-
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dition of an equal pressure drop from the plenum to the combustion chamber

∆pJet =∆ptot,pilot. (A.3)

The pressure drop of the pilot burner and the jets are normalised with the
dynamic pressure calculated with the unburned gas density and the axial ve-
locity upilot at the exit of the pilot burner

∆ptot,pilot = ζpilot
ρu

2
u2

pilot (A.4)

and uJet at the exit of the injector tubes

∆pJet = ζJet
ρu

2
u2

Jet. (A.5)

In combination with equation A.3 we obtain

uJet

upilot
=

(
ζpilot

ζJet

)0.5

. (A.6)

Inserting Eq. A.6 in Eq. A.2 yields an explicite equation for fpilot dependent on
the area ratio and the ratio of the loss coefficients

fpilot = 1

AJet

Apilot

(
ζpilot

ζJet

)0.5 +1
. (A.7)

The area ratio is calculated from the geometrical parameters.

The injector tube cross-section and the swirl slots of the pilot burner can be
modelled as a perforated plate using a hydraulic diameter. Therefore, a flex-
ible model for the loss coefficient of a perforated plate as a function of the
hydraulic diameter, the length of the perforated plate, the Reynolds - Number
and the contraction coefficient is required. The loss coefficient of perforated
plates is modelled by a sudden area expansion accounting for the area ratio
of the integral perforated cross-sectional area determined by the hydraulic
diameter (index: h) to the total cross-sectional area after the flow expansion
(index: tot) which yields

ϕ= Ah

Atot
. (A.8)
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The contraction coefficient kd accounts for the vena contracta (index: vc) at
the Borda - Inlet

kd = Avc

Ah
. (A.9)

The loss coefficient is estimated for a tube with L ≫ dh via

ζB.C . =
(
1− 1

kd

)2

︸ ︷︷ ︸
ζBorda

+
(
1− Ah

Atot

)2

︸ ︷︷ ︸
ζCarnot

. (A.10)

The first term accounts for the expansion due to the vena contracta (Borda
inlet) and the second term accounts for the expansion due to the geometri-
cal change in cross-section (Carnot diffusor). The expansion due to the Borda
inlet and the Carnot diffusor in Eq. A.10 are separate from each other, which
includes the assumption that the flow field re-attaches to the wall after the
vena contracta before the expansion takes place.

The loss coefficient of the injector tubes ζJet is directly estimated by the Borda-
Carnot diffusor Eq. A.10. In reality, the loss is also dependent on the dimen-
sionless length of the tube L/dh as well as the Reynolds - Number as described
in [99] which is accounted for the design of the mass flow split. The injector
tube and swirl slot length and the Reynolds numers of interest are in the crit-
ical range of Re ≈ 103 − 104 and L/dh ≈ 1. Equation A.10 yields the asymp-
totic value of ζ = 1.41, for L

dh
> 10 and above a critical Reynolds number of

Re = 108 [99].

The loss coefficient of the pilot burner requires a series of multiple pressure
losses due to the pilot burner geometry depicted in Fig. A.2. The pilot burner
consists of a cylindrical tube and a central pilot burner lance. The flow passes
the straight swirl slots of the width dslot. The swirl component of the flow is in-
duced by the inclined swirl slots of the width dslot,α with the angleα= 14◦. The
loss coefficient of the pilot burner is calculated via a series of Borda - Carnot
pressure losses

∆ptot,pilot = ζpilot
ρu

2
u2

pilot =∆ptot,slot +∆ptot,slot,α+∆ptot,Carnot (A.11)

118



A.2 Pressure Loss and Massflow Split

Figure A.2: Sketch of the pilot burner with the separation into the different
pressure loss segments.

and is given in relation to the axial outlet velocity upilot of the pilot burner

ζpilot =
u2

slotζslot +u2
slot,α ζslot,α+u2

pilotζCarnot

u2
pilot

. (A.12)

The first loss coefficient ζslot of the straight slots from position 1 to 2 is a Borda
- inlet, which accounts for the loss due to the expansion from the vena con-
tracta to the swirl slot width dslot by the first part of Eq. A.10. The second loss
coefficient ζslot,α is calculated as a Borda - Carnot loss from position 2 to 3 via
Eq. A.10 with the hydraulic diameter of the inclined swirl slots. This accounts
for the second vena contracta after the flow passes the angle α of the inclined
swirl slots. Here, the values of kd are dependent on the swirl slot angle [97]. The
last loss coefficient accounts for the Carnot loss due to the sudden area expan-
sion from position 4 to the combustion chamber diameter by the second term
in Eq. A.10. The loss due to the swirl component of the flow is considered by
the absolute value of the velocity vector at the swirl slots

uslot,α = uslot,x

√(
1+ tan2 (α)

)
. (A.13)

The use of the continuity equation replaces the ratios of the velocities in the
numerator of Eq. A.12 to the reference velocity upilot by the respective area
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ratios

ζpilot =
A2

pilot

A2
slot

ζslot +
A2

pilot

A2
slot,α

ζslot,α+ζCarnot, (A.14)

which finally yields the pilot burner loss coefficient.

A.3 Heat Loss Estimation

Heat losses might have a major impact on flame stabilisation due to a lower
reactivity as well as the acoustic behaviour of the combustor due to a differ-
ent speed of sound compared to the adiabatic case. In order to determine the
possible impact, the global heat losses are estimated with a black box model
from in- to outlet of the combustor, see the left side of Fig. A.3. The goal is to
extract design points of the combustor with a low sensitivity on heat losses for
variable thermal power and as adiabatic design points as possible. The results
of the heat loss estimation can be seen on the right side of Fig. A.3. Above a
thermal power of Pth = 175 [kW] the heat loss leads to a temperature drop of
less then 5%, which is acceptable.

Figure A.3: Sketch of the heat loss model (left) and the estimated burned gas
and wall temperature of the combustor (right).

The details on the heat loss estimation model are given below. Radiative as
well as convective heat losses are estimated in the following. The heat flux
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on the outside of the combustion chamber (index: out) Q̇loss,out over the area
AM ,out = πdc,outLc is given by the sum of the convective and radiative heat
fluxes

Q̇loss,out = Q̇conv,out +Q̇rad,out. (A.15)

The convective heat flux

Q̇conv,out =αa AM ,out

(
TW,out −T∞

)
(A.16)

requires and estimate for the heat transfer coefficient αa. The radiative heat
flux is given by

Q̇rad,out = ϵquartzσAM ,out

(
TW,out

4 −T 4
∞

)
(A.17)

with the Stephen-Boltzmann constantσ= 5.67·10−8 [W2m−2K−4] and requries
and estimate of the quartz glass emissivity ϵquartz. View factors are neglected
for the estimation of the radiative heat loss. The heat flow in the combustion
chamber Q̇loss,in through the inner area AM ,in =πdc,inLc is given by

Q̇loss,in = Q̇conv,in +Q̇rad,in, (A.18)

with the inner convective heat flux

Q̇conv,in =αin AM ,in

(
Tad −TW,in

)
(A.19)

and the inner radiative heat flux

Q̇rad,in =
ϵquartz

1− (
1−ϵquartz

)(
1−ag

)σAM ,in

(
ϵg Tad

4 −ag T 4
W,in

)
. (A.20)

Gas radiation of the cylindrical gas body to the quartz glass surface is con-
sidered according to [99]. The inner and the outer heat fluxes are connected
via the thermal heat conduction inside the glas. If heat conduction should be
taken into account, the instationary heat conduction must be considered ac-
cording to

TW,a = TW,in +
Q̇loss
AM ,in

λquartz
RW,in ln

(
Ra

Rin

)
. (A.21)

However, the temperature gradients in the quartz glas due to convective heat
transfer and heat radiation might be neglected for the thin wall thickness to
obtain

TW = TW,in = TW,out (A.22)
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i[−] b0i [−] b1i [K−1] kGi [m−1bar−1]

1 0.130 +0.000265 0.0
2 0.595 −0.000150 0.824
3 0.275 −0.000115 25.907

Table A.2: Constants for the calculation of the emissivity of water - carbon-

dioxide mixtures ϵH2O,CO2 for 0.5 < pH2O

pCO2
< 2.

The total heat flux stays constant in the stationary case, which yields

Q̇loss = Q̇loss,in = Q̇loss,out (A.23)

Finally, the burned gas temperature including heat losses is obtained

Tad = Tu + ṁFHu −Q̇loss

ṁlosscp,b
. (A.24)

The required heat transfer coefficients and gas mixture emissivity and absorb-
tion coefficients are taken from data of the VDI Wärmeatlas [99]. The radiative
gas in the chamber is modelled by a H2O−CO2 mixture and all other radia-
tive components are neglected, which is a common assumption due to the
high emissivites of H2O and CO2 compared to the remaining components.
The emissivity is calculated using

ϵg =
3∑

i=1

Ai

(
1− 1

e(ki (xH2O+xCO2)p∞·sg l )

)
(A.25)

which depends on the partial pressures, here split into molar fractions and
total pressure. Furthermore, the equivalent thickness of the radiating gas body
sg l has to be specified, which is a geometrical factor. The considered radiating
gas is cylindrical due to the combustor geometry. The radiation is considered
only at the curved outward pointing area of the gas body, i.e, a cylinder without
plane end areas. The height to diameter ratio h/d = 2 yields sg l = 0.76 [99].

The weighting factors Ai are obtained from

Ai = b0i +b1i Tg (A.26)

and are calculated with the data given in Tab. A.2 according to [99] The con-
vective heat transfer inside the chamber to the chamber wall is modelled by
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the convective heat transfer coefficient αi between a parallel flow and a plate.
The convective heat transfer coefficient outside of the chamberαa is modelled
by the impingement of a single round jet since impingement cooling is used.
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