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Kurzfassung

Neue emissionsarme Brennkammern von Gasturbinen sind aliify ge-
gereber dem Pranomen der thermoakustischen Instabiléten. Diese ent-
stehen durch die Koppelung der \rmefreisetzung der Flamme und Druck-
uktuationen und kennen zum Aufbau hoher Druckamplituden dhren.
Bescladigungen der Brennkammer sowie Einsaankungen des Betriebsbe-
reiches der Turbine sind die Folgen. Aus diesen eanden ist eine fehzeitige
Vorhersage von Instabiliaten von hoher Bedeutung um hohe Zusatzkosten
durch Entwicklung und Wartung zu vermeiden.

Zur Vorhersage von thermoakustischen Instabiléiten sind bereits eine Rei-
he von Methoden entwickelt worden. Aus der Sicht des Autorxstiert eine
Lecke zwischen Modellen niedriger Ordnung, die eine scheeliber weni-
ger genaue Vorhersage emyglichen, und Modellen hoher Ordnung, die zwar
sehr genau sind aber viel Rechenzeit in Anspruch nehmen. BeeArbeit
probiert diese Lecke mit der Einfuhrung von linearisierten Navier-Stokes
Gleichungen (LNSEs) zu schlie en. Anders als Modelle mit edriger Ge-
nauigkeitsordnung bewucksichtigen diese Gleichungen die Interaktion von
mittlerem Stremungsfeld und akustischen Wellen direkt. Zudem wird der
Ein uss komplexer, dreidimensionaler Brennkammergeonrétn sowie akus-
tischer Impedanz-Randbedingungen und Flammen leeksichtigt. Dabei
vereinfacht die Transformation der Gleichungen in den Fregnzbereich de-
ren numerische Behandlung substanziell. Die Gleichungeresden in zwei
Schritten gebst: Zunachst wird eine inkompressible Semungssimulation
durchgetihrt, um im Anschluss die LNSEs um das resultierende mittler
Stremungsfeld zu ésen. Dabei hat die Interaktion von mittlerer Stemung
und akustischen Wellen meist einen stabilisierenden E ekauf akustische
Moden, kann aber auch umgekehrt destabilisierend wirken.

Diese Dissertation entwickelt losungen auf den unterschiedlichen Ebenen
der wissenschaftlichen Wertsapfungskette: Angefangen mit der Herlei-
tung der theoretischen Grundlagen wird eine konsistente Bandlung der
LNSEs im Rahmen von Finiten Elementen vorgeschlagen. Dies#retisier-
ten Gleichungen lennen dann mittels einem eigens entwickelten iterativen
Lesungsverfahrensr unterschiedliche Problemstellungen der Thermoakus-
tik oder Aeroakustik gebst werden.
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Abstract

New low emission combustion technologies for gas turbinesgrone to
a phenomenon called thermoacoustic instability. Such irsbilities arise
from the coupling of the unsteady heat release rate of a amend pressure
uctuations, imposing restrictions on the operability range and damaging
hardware components. High costs may accumulate due to conssioning or
operating the combustor under non-optimal conditions. Thefore, detec-
tion of instabilities in the early phases of a gas turbine delopment cycle
is desired in order to avoid costly correction steps at latestages.

To predict thermoacoustic instabilities many tools are akady available.
However, a gap is present between lower order models whicloaifor a quick
assessment of instabilities and higher order tools whicheacomputationally
expensive, like e.g. compressible large eddy simulatioff$is thesis lIs this
gap by introducing linearized Navier-Stokes equations (LBEs) formulated
in frequency space. Unlike lower order models, the LNSEs Inde the
interaction of the mean ow with acoustic waves directly, ad provide a good
trade-o between computational costs and accuracy. The ppomsed model
includes the e ects of a multidimensional ow eld and geomé&ies, complex
impedances and ames. It works as a two-step approach: Firgterforming
an incompressible ow simulation using an appropriate turblence closure
and then, in a second step, solving the LNSEs around the resny mean
ow state. Interactions of acoustic waves with the ow eld may lead to a
stabilizing but also to a destabilizing e ect on thermoacostic instabilities.

The thesis provides a full scienti ¢ value chain: Starting fom the basic
theory it develops a consistent nite element procedure androvides espe-
cially designed iterative solvers which may e ciently sole the LNSEs for
large-scale industrial con gurations. This procedure isalidated on a vari-
ety of di erent ow and combustion con gurations including generic as well
as more industrial cases.
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1 Introduction

The increase of worldwide energy demand poses signi cantatlenges for
the future. Although energy generated by renewable sourcesspredicted to
increase signi cantly, the major part of the global energy foabout 80% wiill
still be contributed by liquid fuels, coal or natural gas in B35 according to
the U. S. Energy Information Administration (2010). Espeally the con-
sumption of natural gas to generate electric power is projed to increase
by 44%.

Gas turbines are used to transform the energy bound in cheralanolecules
into electric power or propulsion. They provide a large parof the world's
electricity (21% in 2010, see International Energy Agencyand represent
the only source for aviation propulsion systems. Considag the nite avail-
ability of fossil fuels, the e ciency of gas turbines has to b signi cantly
increased in order to reduce fuel consumption. However, thecrease In
e ciency is constrained by the demand to produce lower emigms. Both
goals are generally not fully congruent: While carbon diode, a gas known
to enhance the greenhouse e ect, can only be reduced by in@seng the
e ciency, the emission of nitrogen oxides (NQ) strongly depends on the
combustion process considered.

NOyx emissions in gas turbines are strongly temperature depemte By
decreasing the stoichiometry of the combustion process,ngloustion tem-
peratures can be decreased, which as a result decreases tg production
(Correa, 1993). In the stationary gas turbine industry, ths was achieved
through the introduction of lean premixed combustion. A sirfar technol-
ogy, termed lean premixed pre-vaporized (LPP) technologwas also estab-
lished for liquid fueled gas turbines of the stationary gasutbine industry
(Jansohn et al., 1997). Very recently, this concept is alsoeing adopted
by the aeroengine industry. The extension 'pre-vaporizedésults from the
fact that the liquid fuel employed needs to be vaporized rsin order to be
burnt. These lean premixed technologies were found, howevt be par-



1 Introduction

ticularly susceptible to a phenomenon called combustion ¢éinermoacoustic
instability (Lieuwen and McManus, 2003).

1.1 Combustion Instabilities

Combustion instabilities arise due to the interaction of usteady ame and
acoustic eld of the combustion chamber. The unsteady heattease acts as
a source of sound and, under unfavorable conditions, may é@ecan acoustic
resonance of the combustion chamber. The acoustic mode, urr, may
perturb the ame even stronger, establishing a feedback Ipowhich leads
to signi cantly high pulsation amplitudes. For gas turbine applications,
these oscillations may reach amplitude levels of the ordef a few percent
compared to the static pressure( O(100 Pa)).

The conditions, under which a thermoacoustic feedback loadp likely to
occur, can be expressed in terms of the well-known Rayleighterion (see
Rayleigh, 1878, 1926): If the phase relationship betweengssure and heat
release uctuations is just right, i.e. both are in-phase,nstabilities are

ampli ed and grow in time, viz.
Z Z

R = px;t)gdx;t) d dt (1.1)
t

When R > 0, ame-acoustics coupling promotes the appearance of iast
bilities.
Structural damage and enhancement of high-cycle fatigue used by large
amplitude pressure uctuations are the consequences of ospgng combus-
tion chambers under such unstable conditions. In fact, a mayjity of the
non-fuel costs of stationary gas turbines are attributed tamaintenance,
l.e. repair and replacement of hot-section components. Dages occur-
ring in these sections are often related to combustion-dew instabilities
(Lieuwen and Yang, 2005). Hardware failure can be preventdy incorpo-
rating appropriate monitoring systems. However, in this cge, combustion
instabilities still restrict the region of operability of combustion chambers,
preventing gas turbine operation at optimal e ciency and enmssion levels.
Other undesirable phenomena are the high noise levels preeéd, which may
be radiated into the far- eld at the gas turbine exhaust of amengines or

2



1.1 Combustion Instabilities

may cause wear of system components. Combustion instabhéds also cause
higher NO, emissions and may favor circumstances under which ame ash
back or blow-o occurs.

Combustion instabilities are observed in various combusin applications,
such as rocket engines, furnaces, or even heating devicesr €ivil aero-
engines, combustion instabilities are less frequently emmtered and are
less severe as for their power generation counterpart (Lisen and Yang,
2005). It can be expected, however, that this topic will beecoe more and
more problematic, because increasing regulatory standardn future emis-
sions force the aero-industry to adapt the lean-premixed pubustion tech-
nology (Mongia et al.,, 2003). Based on this background, theuEopean
Union founded a project called 'KIAI - knowledge for ignitiem and acous-
tic instabilities' * which was launched in 2009. Its main aim is to provide
accurate simulation tools to predict combustion instabities in early design
phases, minimizing the risks and costs of undergoing the adopment cy-
cle multiple times. Thus, using such predictive tools may e to increase
the future standards of engine's reliability, safety and emomical viability
and may foster the understanding of the mechanisms behind mmbustion
instabilities. This thesis evolved as a part of the KIAI progct.

Methods predicting combustion instabilities aim at providng the frequen-
cies at which coupling occurs and whether the correspondiagoustic mode
grows in time or is attenuated by acoustic loss processes. dddition to the
frequencies of oscillation, the corresponding eigenmodeeigenfunction is
obtained, which gives insights into the spatial distributon of the uctuating
guantities like pressure, velocity and temperature and mayield the neces-
sary information for the installation of active or passive dmping devices.
Moreover, information about the nite amplitude of oscillaion (limit cycle
amplitude) is generally thought for. Other than computatinal expensive
large eddy simulations, no method available at present takeghe complex
geometry and multidimensional ow conditions into account The ow eld,
however, has a signi cant in uence on the frequency and modshape of os-
cillation. Without its proper incorporation, also limit cy cle amplitudes may
not be predicted accurately. This thesis developes a corisigt method to
account for ow elds and their e ect on combustion instabilities.

Lhttp://www kiai-project.eu



1 Introduction

As the topic of combustion instabilities attracts growing &ention to re-
search groups worldwide and many gas turbine manufacturebgcome in-
creasingly sensitive, a huge amount of knowledge has beethgaed so far.
Covering all fundamental aspects of thermoacoustic instdities and de-
tails on predictive methodologies is thus not possible in th thesis. For a
decisive and comprehensive review the work of Candel (2002)therefore
recommended. More recently, Huang and Yang (2009) dedicat®eir re-
view article to swirl-stabilized combustion dynamics. Boks have also been
published: An introduction to thermoacoustic instabilities is provided in
Poinsot and Veynante (2005), while Lieuwen and Yang (2005yqvide a
particular focus on gas turbines.

1.2 Prediction of Combustion Instabilities

In order to account for the e ect of the mean ow onto combuston insta-
bilities this thesis proposes to linearize the set of Navie$tokes equations
(LNSEs). Other publications found in the literature, e.g. he ones of Bogey
et al. (2002); Ewert and Schreder (2003); Seo and Moon (200%ntroduce
further assumptions in order to partially decouple the sysim of linearized
transport equations and to reduce numerical di culties inwlved in their
solution process. By doing so, however, the main interactiqgorocesses are
either not accounted for or only to some partial extent. Thusunlike in these
publications, this thesis solves the full set of linearizegloverning equations.
The resulting numerical di culties are resolved by solvingthe equations in
frequency space and introducing stabilized nite elementechniques. Lat-
ter methods introduce low amounts of numerical di usion to goid spurious
oscillations of the solution. When solved using Krylov sulpsice methods
conjointly with a multigrid preconditioner, also proposedn this thesis, this
results in a highly robust and e cient technique. In this setion an overview
of di erent prediction methods to study combustion instablities is provided
and the LNSEs approach is integrated into this global frameavk.

Depending on the available resources, predictive method#hvdi erent ca-
pabilities and prediction accuracies can be applied. Commao all of them
is that they are based on the Navier-Stokes equations with drent levels of
approximation. A most common approach found in the literatve is based
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1.2 Prediction of Combustion Instabilities

on the approximation of a combustor through a network of onerauasi two
dimensional homogeneous elements (constant density andesd of sound).
Each individual element is connected to the other via jump tations, which
enforce continuity in pressure and conservation of mass ovate. Ampli-
tudes of the forward and backward propagating waves must ssfty these
relations. The ame is considered to be in nitely thin and canects the
reactive mixture to the burnt gases segment. A dispersion @blem can be
formulated analytically, whose discrete root$ describe the eigenmodes of
the combustor and satisfy all jump relations across the indidual elements.
The main advantage of this approach is related to its simplity: Complex
geometries are described through a few lumped elements. trassessment
of the combustion chamber eigenmodes can be achieved. Thehnédology
is therefore extensively be used as a predesign tool (Niccetchl., 2007). Ex-
tensions to azimuthal spinning modes (Evesque and Pol ke0R2; Evesque
et al.,, 2003) and quasi two dimensional space (Benoit, 200&an also be
found in literature. However, the main drawback of the methd is that it is
not able to account for the geometrical complexity of combtisn chambers.
Mean ow e ects of complex elements can only be accounted faf external
information obtained from higher order numerical analysisr experimental
measurements is included.

An alternative is the use of a wave equation which can be distized, e.g.
using a nite element technique, for an arbitrary combustia chamber ge-
ometry including geometrical details (Pankiewitz and Sa#lmayer, 2003).
Fields of density and speed of sound are inputs to such a salveThe
acoustic eld is initialized with a random distribution of pressure uctua-
tions and the wave equation is solved in time domain. Depemdj on the
acoustic- ame coupling certain modes of instabilities arampli ed and grow
exponentially. This method represents a very intuitive wayo predict com-
bustion instabilities. However, as it is discussed in the Howing chapters,
solving the problem in physical space introduces certain dulties. One
is related to the fact that accounting for frequency dependé impedance
boundaries is not trivial when solving in time domain. Moreeer, starting
from the initial elds multiple unstable modes may be ampli ed. Depending
on their respective strength, only the most ampli ed mode aabe observed
in detail. The least ampli ed mode, however, can also be thatening when
thermoacoustic instabilities are observed.



1 Introduction

A more convenient alternative is the the use of the Helmholtegquation, the
frequency domain counterpart of the wave equation (Benoitral Nicoud,
2005; Nicoud et al., 2007). This resolves the impedance balany problem
and transforms the initial value problem of the wave equatiinto an eigen-
value problem. Pairs of eigenfunctions and eigenfrequeesiof every single
mode are solutions to this method, which admits a detailed atysis of every
individual combustion chamber mode and its respective gralwrate. The
main disadvantage to these type of methods (wave- or Helmhwleq.) is
that the equations are derived for a quiescent mediumu(w 0) and thus
acoustic- ow coupling and its related acoustic losses ar@ntaken into ac-
count. This leads to the point that if an unsteady ame is incoporated into
the formulation, certainly some eigenmodes will exhibit annstable behav-
ior. A method which incorporates stability reserves throuly acoustic- ow
coupling though, will predict a more stable combustion opation by trend.
Until now, no clear justi cation has been provided to negleécmean ow
eld e ects, see e.g. Keller et al. (1985); Polifke et al. (21); Sattelmayer
(2003). Even on the contrary, there is strong evidence thabhe mean ow
may signi cantly alter the eigenmode appearance and intragte stronger
damping to the system (Dowling, 1995; Nicoud and WieczoreR009).

An approach taking into account acoustic coupling with the ow eld and
even with chemistry and turbulence is the large eddy simulatn or LES
(Martin et al., 2006; Selle et al., 2004). However, main drdvack of an LES
Is its computational costs: As turbulence is resolved up targller scales, a
high numerical resolution is required. Moreover, for low Mzh number ows
a large disparity in time scales between mean ow and acoustiuctuations
exists, which severely restricts the time step. It is also eeless to say that,
as LES is a time domain approach, it also involves the same ptems as
discussed above for the wave equation, i.e. impedance boandformulation
and proper analysis of all combustor eigenmodes. Despiteetmethod's high
potential in the future, LES still represents a costly and cmplex approach
and its application is not practicable for many cases of tedical interest.

A proper alternative is to linearize the set of Navier-Stoke equations
(LNSEs) around an arbitrary ow state (see Chu, 1965). The usteady
heat release rate then appears as a source term in the lingad energy
equation. The resulting set of equations describes the pragation of three
di erent kind of waves:. Acoustic, vorticity and entropy wawes (Chu and
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1.3 Proposed Methods

Kovasznay, 1958; Kovasznay, 1953). While acoustic waves\el with the
speed of sound augmented by the local ow velocity, entropyna vorticity
waves are convected by the mean ow. Gradients in the mean ovead to
their coupling and result in energy transfer from one mode ofictuation
into the other. The LNSEs may be transformed into frequencypsce, mak-
ing use of the above mentioned advantages. The transformai further
provides a remedy to the problem observed with the correspding time
domain approaches: Unbounded growth of Kelvin-Helmholtzstabilities
in time. These disturbances in vorticity may obscure the aastic solution
and may -in some cases- hinder from retrieving meaningfulsidts (Rao and
Morris, 2006).

Similarly to the Helmholtz equation, an eigenvalue problemmay be formu-
lated. Inclusion of a time delayed ame response makes thegenvalue prob-
lem non-linear and an iterative routine originally propose for the Helmholtz
equation (by Nicoud et al., 2007) needs to be introduced. Theesulting

eigenvalues take acoustic- ow interaction processes,.i.acoustic-vorticity

coupling and acoustic-entropy coupling fully into accountproviding infor-

mation about attenuation and ampli cation e ects of acousic waves when
submitted to the mean ow of combustion chambers. The methoaan
be considered as trade-o between a highly resolved LES andl@w-cost
Helmholtz equation simulation.

A di erent possibility proposed in this thesis is to use LNSE to determine
network elements of combustion chambers, e.g. like swirlahizer nozzles
or perforated screens. For this concept, the presence of ana is excluded
and the respective elements are treated separately. By inporating such
elements in a network analysis it is possible to take the fuadhental attenu-
ation and ampli cation e ects of complex ow con gurations into account.

1.3 Proposed Methods

Two methods are proposed in this thesis for the prediction afombustion
instabilities: The rst method uses frequency space lineaed Navier-Stokes
equations to determine the passive scattering propertie$ complex acous-
tic elements of combustion chambers, e.g. swirl atomizer zeles or perfo-
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1 Introduction

rated screens. Scattering matrices obtained in this way, st@in information

about the physical attenuation or ampli cation of sound gerrated through
acoustic- ow interaction processes. The information abduhe scattering
matrices may then be integrated into a low-order network maa approach
describing the acoustic behavior of complete combustionambers. A dis-
persion relation can be obtained in this way, whose solutisrare the fre-
guencies of the acoustic modes in a combustion chamber. Inighwvay,
eigenfrequencies of annular combustion chambers can berimted very ef-
ciently. The combination of a high delity and robust LNSEs procedure
with a low e ort lumped network analysis may bear a high potenal in

order to improve the robustness and accuracy of state-ofakart stability

analysis using a network model approach.

The second method directly determines the eigenfrequersief combustion
chambers using LNSEs. A nite element approach is used to digtize
the frequency space LNSEs in an arbitrary three dimensionand com-
plex combustor domain, taking into account the acoustic cqiling with a
multidimensional ow eld and ame. By formulating it as an eigenvalue
problem, the shift-invert Arnoldi algorithm can be used in oder to e -
ciently determine the eigenfrequencies of the resultingstgm matrices. For
both considered methods, high amounts of degrees of freedame gener-
ally involved and the resulting system matrices need to be verted. For
this task, a specially designed Generalized-Minimum Residl method in
combination with a highly e cient multigrid preconditioni ng algorithm is
used.

Both methods are sequential approaches and the followingegs need to be
performed in order to retrieve solutions of the acoustic els or eigenvalues
respectively: Main input to both methods is a mean ow eld conputed
from a computational uid dynamic simulation incorporating an appropri-
ate turbulence closure. The Navier-Stokes equations areeth linearized
around this mean ow state. While the rst approach does not red any
further inputs, the eigenvalue analysis needs informaticabout the unsteady
source of the ame. This can be achieved analytically, expienentally or
numerically. The present analysis uses an experimental ap@ach to retrieve
this piece of information. Overall, both methods require lgher computa-
tional resources than, e.g., stability analysis using netwk models or the
Helmholtz equation, but they contain a much lower amount of ssumptions.
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1.4 Thesis Structure

Chapter 2 introduces the underlying governing equations wth are used
in the present analysis. These comprise the linearized NawiStokes equa-
tions, linearized Euler equations and the scalar Helmholtzquation. Phys-

ical mechanism involved in thermoacoustic instabilities rad acoustic- ow

interaction processes is provided and important input paraeters as acous-
tic boundary conditions and acoustic- ame coupling are dssed in more
detail.

This thesis employs a nite element strategy to solve the acstic governing
equations. However, convective and reactive terms in the I9Es or LEEs
introduce spurious oscillations to the solution when appilgg a standard
Bubnov-Galerkin technique. Therefore, stabilized nite ment schemes,
also known as Petrov-Galerkin schemes, are introduced todidss aeroa-
coustic and thermoacostic problem sets in a consistent magm This is
done in Chapter 3. The schemes provide equation stabilizati without
introducing high amounts of arti cial viscosity. Di erent stabilization tech-
niques, like streamline-upwind/Petrov-Galerkin, Galerkn/least-squares or
Galerkin/least-squares-minus are introduced and their agication to LNSEs
Is discussed. Depending on the approach chosen, the matsieee assembled
in two di erent ways and the resulting problem formulationsare introduced.

For three dimensional problems, direct solution methods beme computa-
tionally ine cient and the assembled matrices of Chapter 3 mst be solved
using iterative solution routines. These are introduced irfChapter 4. It
Is shown that system matrix characteristics depend stronglon frequency
and ow state, and especially on mean ow gradients. The systn matrices
are non-hermitian (non-symmetric) and inde nite. A broad werview of the
di erent solvers and preconditioners is provided for the pypose of inverting
the resulting system matrices. The methods mainly belong tthe class of
Krylov subspace solvers. Finally, three di erent solver-peconditioner com-
binations are designed and calibrated in order to solve theNSEs e ciently.
Their performance is compared against each other for a geilzecombustor
con guration. The fourth chapter also discusses the soluin of the eigen-
value problem using an Arnoldi algorithm to which the same $eers are
applied.



1 Introduction

With the de nition of a suitable nite element discretizati on of Chapter
3 and an e cient solution algorithm of Chapter 4, the resulting method
is validated for acoustic-vorticity interaction on a variay of di erent ow
con gurations in Chapter 5. These include an area expansip@an ori ce,
a T-joint and a realistic combustion chamber ow employing a industrial
swirl injector. The suitability of the LNSEs is shown to desgbe all acoustic-
ow interactions with high accuracy. Some limitations of tre linearized
theory are highlighted in the case of a T-joint.

Finally, acoustic-entropy coupling is also considered fanore combustor like
con gurations. The isentropic assumption made to study aagstic-vortex
interactions in Chapter 5 is then dropped for Chapter 6. Firs the pre-
dictive capabilities of the eigenvalue problem formulateavith LNSESs is
assessed for a generic combustor con guration. Then, in axtestep the
method is validated against the damping generated in a reatic combustor
ow of an atmospheric combustor test rig at the Technical Unrersity of Mu-
nich. State-of-the-art damping measurements are performdor this task.
Finally, the assessment of combustion instabilities of a Ifexcited con g-
uration including acoustic- ame coupling is dealt with. The complexity of
the problems considered increases with every validationstecase.

A conclusion and outlook is given in Chapter 7.
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2 Acoustic Governing Equations

To derive the acoustic governing equations we will considargas mixture
where all species share the same molar weight and heat capasi The
medium considered is further assumed to act like a caloribalperfect gas.
Molecular di usion of heat and gravity forces are neglecteth the present
analysis ( = 0 and g = 0), while molecular di usion of momentum is
conserved for the derivation. Under the preceding assumptis, the mass,
momentum and energy equations read, respectively,

@t+ @((Ui)zo; (2.1)
_@ _ @ @p @u (uk)
ot U @ Ut gy @y (2.2)

@p, @m @y _ @y

@'[ @X c? @X = ( 1)ay +( 1) jj (Uk)@?( (2.3)
where , u; and p denote the instantaneous density, velocity vector and
pressure variables, is the ratio of specic heats of the mixture andqy
denotes the heat release rate per unit volume. The viscougesds tensor is
de ned as

@u @y 2@
ij (Uk) = i A 2.4
and together with the equation of state
p= RT; (2.5)
and entropy expression . . . .
S Sef =G lIn@ P A ClIn@ (2.6)
Pref ref

this set of transport equations describes the spatiotempalrevolution of all
physical quantities. The heat capacities of the gas mixturare de ned by
¢, and ¢, whereasR = ¢, ¢, is the speci c gas constant. These parame-
ters may vary with temperature, but are assumed constant toimplify the
derivation. The index ref ' denotes a certain reference state.
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2 Acoustic Governing Equations

2.1 Linearized Navier-Stokes Equations

Acoustic governing equations may be obtained by linearizinthe full set of
compressible Navier-Stokes equations, Egs. (2.1)-(2.8jpund an arbitrary
mean ow state, which by itself satis es continuity of massmomentum and
energy. We consider large scale small amplitude uctuatien(:9 superim-
posed to a mean ow eld () which is solely a function of space. Then,
instantaneous elds of density, velocity, pressure and heaelease rate can
be written as

= + % u=u+u p=p+p® =+ d; (2.7)

where the quantities % , jufj=c, p%p and TT are of small order , where
1 andc®= R T is the mean speed of sound. Temporal uctuations of
material properties can generally be neglected, see OlsardaSwift (1994).
Introducing the preceding expansion into Egs. (2.1)-(2.3nd keeping only
terms of the order of , the following set of linear equations is obtained

0
@, @, 0, 490

; ot ox" . 28
@i @ . ( 0, O @h Q@ @; (uy) .
ot + @?(( uu)+ ul+ @?( Ox- ox : (2.9)
@b, @ @, @
ot (U.p +pu) + ( 1) P @x '@x 210
@U '

( 1)4(1/ + @ ij (uk)—?(A 5

which describe the spatiotemporal evolution of uctuatingquantities © u®
and p® To simplify the derivation, the last term of the energy equton
Eg. (2.10) attributed to the molecular stresses, is not yetinearized. The
superscript (::)° over the brackets denotes that this operation still needs
to be performed. Note that the linearized continuity Eq. (28) was used to
simplify the linearized momentum Eq. (2.9). By linearizaion any second
order e ects are excluded from the considerations. This ihales the term
uiouj0 as well, which is mainly associated with turbulence.

In Eqg. (2.10) pressure uctuations are chosen as primitiveariable for the
linearized energy equation. Similarly, the equation may b#rmulated in
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2.1 Linearized Navier-Stokes Equations

terms of uctuating entropy s° variable, see e.g. Nicoud and Wieczorek
(2009) and Appendix B,
@s, 0@, @3 Ry Rap’,

= "+ u

ot “ex “ex p p?

The equation illustrates that the uctuating ow is isentro pic if one of
the following conditions is satis ed: (1) if the velocity uctuations are or-
thogonal to the mean entropy gradientr s; (2) the mean ow velocity is
orthogonal to the uctuating entropy gradient r s (3) for vanishing vis-
cous stress tensor (= 0) and (4) in absence of a ame ¢y = 0). Viscous
stresses are generally of low order for low frequency soundbpagation,
see Appendix A. So condition (3) is approximately met. In alence of a
ame only the two divergence terms on the equation's LHS rena For
practical applications, the baseline ow is generally nonexo (u; 6 0) and
multidimensional. Thus, conditions (1) and (2) are genergf not ful lled.
They may only be satis ed for a vanishing ow without any heataddition
since thenr sw ¢r = =0. Hence, assuming isentropic behavior of the
uctuation components is highly restrictive and generallynot satis ed for
multidimensional complex ow elds.

@y’

0
pz (p pPe; (Uk) (2.11)

The system of equations (2.8)-(2.10) are the so-called larézed Navier-
Stokes equations (LNSEs) which describe the propagation thiree modes
of uctuations: Acoustic, vorticity and entropy (Kovasznay, 1953). Vortic-
ity and entropy waves are convected by the mean ow, whereas@ustic
waves travel with the speed of sound, altered by the local owelocity. Al-
though being in a linear regime, these types of modes are sighy coupled,
making di erentiation between the modes di cult (Myers, 1991). Incor-
porating these three di erent mode types in a stability ana}sis enables a
detailed description of phenomena most relevant to gas turke applica-
tions: Acoustic ame coupling leads to the formation of soalled hot-spots
(entropy waves) which are convected away from the ame by thbaseline
ow. On the one hand, the generated entropy waves lead to a moch-
tion of the elds of uctuating variables in the ame region. On the other
hand, they are convected to the downstream turbine vane pasge, where
they are partially transformed into acoustic waves and re eted back into
the combustion chamber (Marble and Candel, 1977). Thus, theccelerated
entropy spots may also participate in the thermoacoustic é&lback loop.
Another important e ect is the coupling of acoustic with votticity waves
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2 Acoustic Governing Equations

(Boij and Nilsson, 2006). At ow separation edges vorticaltsuctures are
triggered by acoustic uctuations. While convected downseam, these may
continuously interact with the acoustic eld, leading to saund attenuation
or sound ampli cation. Hence, acoustic-entropy (Dowling1995) as well as
acoustic-vorticity coupling (Bechert, 1980; Fukumoto andlakayama, 1991;
Wendoloski, 1998) may lead to net dissipation or productiolof acoustic
energy due to acoustical energy transfer to the entropy andksticity mode
or vice versa. The speci c amount of energy transferred isghly important
as it determines the stability reserves of a combustion chdrar. When an
unsteady heat release source ternf, is introduced, the additional acous-
tic energy produced may either compensate or overcome theoastic losses
leading to stable or unstable combustor operation, respaatly.

Up to now, uctuating quantities in the LNSEs depend on time. This con-
siderably complicates their treatment because of ve maineasons: The
rst being that boundary conditions depend signi cantly on frequency. In
time space broadband waves impinge simultaneously on a camgttional
boundary and the boundary condition imposed must relate ehdraction of
the uctuations to a certain frequency of impinging waves. Tis is a non
trivial task and requires the use of complicated lIter algoithms and moni-
tor planes. A large variety of studies is devoted to this tasksee e.g. Kaess
et al. (2008); Poinsot and Lele (1992). Secondly, the ame isequently
modeled as a function of a time delayed velocity uctuation aa reference
location requiring the storage of the point's time history. This may compli-
cate the solution algorithm. Thirdly, in time space many untable modes at
di erent frequencies may coexist at the same time. Discrimation between
the di erent modes becomes di cult as the most ampli ed one dminates
the uctuating eld. Fourthly, the LNSEs describe multiscale phenomena
with a large disparity in di erent time scales (Lele, 1997). These include
convective as well as acoustic scales. Thus, the time stepcmnsiderably
restricted. Finally, as a result from the linearization pr@edure, the LNSEs
promote the unbounded growth of Kelvin-Helmholtz instabities with space
and time. In reality, however, these instability waves areagturated by non-
linear e ects, like e.g. turbulence. Especially due to theeamporal growth
of the Kelvin-Helmholtz instability wave, the acoustic saltion may be ob-
scured (Agarwal et al., 2004) or the linear solution algoftm may even
diverge after a certain time span. Maintaining niteness othe time space
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solution is a main aim of many publications, see e.g. the rew article of
Richter et al. (2011) or Prax et al. (2008). Due to these reams it is ad-
vantageous to introduce harmonic variations at a frequendy = !'=(2 ) for
density, velocity, pressure and local heat release pertwations, as proposed
by Rao and Morris (2006):

0= Ax)€" ;s u= (e p=px)et ;s o) = (et (2.12)

This completely resolves the unbounded growth of Kelvin-Himholtz insta-
bilities with time and allows to analyze each combustor eigenode at a
discrete! separately. Introducing Eq. (2.12) into the LNSESs leads tolteir
frequency domain counterpart:

it A+ @@(Ui/\*' 0;))=0; (2.13)
. i (0
il o0+ —( uy) + (0 + U A) @?( (gbx @é@(?’("), (2.14)
: | | 0@ -
i p+ @((UACH pa;) + ( 21) Iﬁ@x @x 3
\ 1 (2.15)

( 14§ + @y (Uk)g—;Agi

Herein, the mean ow quantities (; u;j; p) as well as the unknown complex
guantities of density, velocity and pressure amplitudes gend solely on
spacex;.

A di erent set of equations can be obtained by neglecting anyiscous ef-
fects in the equations ( = 0). This results in the so-called linearized Euler
equations (LEES), the non-viscous counterpart of the LNSEsvhich are fre-
guently used for time-space computational aeroacousticB4dilly and Juwe,
2000; Billson et al., 2005; Mankbadi et al., 1998) or, moreaently, also for
generic thermoacoustic problems (Nicoud and Wieczorek, ).

2.2 Linearized Equation of State and Entropy

Apart from the heat release term, Egs. (2.8)-(2.10) are cled. However, es-
pecially for the analysis of thermoacoustic instabilitigsinformation about
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2 Acoustic Governing Equations

the temperature and entropy uctuations, T? and s° respectively, is desir-
able. This information can be derived from the equations ofate, Eq. (2.5),
and entropy, Eg. (2.6), by performing a Taylor series expaims around an
arbitrary mean ow state and keeping only rst order terms ofthe uctuat-
ing quantities. In this sense, the linearized versions of ¢hequation of state
and entropy read

0 0 0
% . T?: 0: (2.16)
0 0 TO pO
s0= c\,B —: or s=c¢— R-: 2.17
0 Co Cp-l- 0 ( )

As discussed above, assuming isentropic behavior of uctirgg quantities

IS very restrictive. However, many studies, e.g. those by Band Nilsson

(2003); Gabard (2007), indicate the suitability of assumigns®= 0 for low

Mach number ows without heat addition. This assumption cosiderably
eases the calculation since density and pressure uctuatie become directly
coupled by the isentropic relation

p’= & © (2.18)

Hence, the LNSEs system reduces by one equation, equivalgmeducing
the degrees of freedom of the problem by a factor of approxitely 4=5.
It is then straightforward to transform the isentropic relaion Eq. (2.18) as
well as the linearized equation of state and entropy, Egs. .(16)-(2.17), into
frequency space using Eq. (2.12).

2.3 Material Properties

The dynamic viscosity of the uid is assumed to vary with temgrature T
according to Sutherland's law:

NJw

0 1 |
T Tref + S

- @_ A ; 2.19
Tref T+S ref ( )

whereT,et and ¢ denote reference temperature and viscosity respectively
and S is the Sutherland temperature. In cases of higher Mach numbews
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2.4 Wave- or Helmholtz Equation

molecular di usion of heat may become important in regions foshocks.
Then, the property can be assumed to vary with

_ G
= (2.20)

using the Prandtl numberPr = ¢,= . As the mean ows considered in
this thesis are fully sub-sonic, molecular di usion of heats not accounted
for in the present formulation of the linearized energy eqti@an. This is a

very common assumption for the analysis of low frequency arstic pertur-

bations.

2.4 Wave- or Helmholtz Equation

Assuming a medium at restu; = 0 and neglecting molecular di usion of
momentum and heat ( =0 and = 0) reduces the linearized equation of
mass, momentum and energy, Egs. (2.13)-(2.15) to

0
1
@@ﬂt+ _%E: 0; (2.22)
@@E’—( 1d): (2.23)

The assumption of a quiescent medium is valid as long as theathcteristic
Mach number of the ow Ma = jujj=c is small compared toL; =L,, where
L is the the reaction zone thickness andl ; is the characteristic acoustic
length scale, see paper of Nicoud et al. (2007) and consideras therein.
This justi es the quiescent assumptionu; = O for many applications. The
assumption further implies thatr p = 0 from Eq. (2.2) as well asqy =
0 from Eq. (2.3). Moreover, the time derivative of uctuating quantities
reduces equivalently toD=Dt = @=@s$ince convective terms vanish with
uj =0.
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2 Acoustic Governing Equations

Taking the time derivative of Eq. (2.21), adding the divergece of Eq. (2.22)
over and using Eqg. (2.17) to eliminate ° yields the following scalar wave
equation for the pressure uctuationsp®

0 0 1 0
1@p @1@p _ ( hHab. (2.24)
@ @x @x 2 @t

In case ofcf, = 0, solely the mean density and speed of sound distributions
may account for the e ect of the ame.

A natural way of gaining information about the whole set of termoacoustic
modes, is then to consider the Helmholtz equation, the fregacy domain
version of the wave equation (Benoit and Nicoud, 2005; Nicdwet al., 2007).
Applying the harmonic ansatz of Eq. (2.12) yields
2 !
c? @x @x c?

Transformation into frequency space results in pressure giitudes that
are solely a function of space not time. When discretizing ¢hequations
over a certain combustor domain, a quadratic eigenvalue gslem may be
formulated. If a model for the heat release rat§, is included, the quadratic
eigenvalue problem becomes non-linear and an iterative tme has to be
applied in order to determine the eigenfrequencies. Distztion of the
Helmholtz equation using nite elements and illustrationson how to solve
the respective eigenvalue problem are shown in the Appendix

(2.25)

The main weakness of performing linear stability analysissing the wave or
Helmholtz equation is the quiescent assumption made. Any @gstic mean
ow interaction processes leading to acoustic attenuatioor ampli cation
processes, respectively, are neglected. This poses selramgations to the
reliability of the predicted eigenfrequencies.

2.5 Low-Order Network Modeling

As described in the previous sections, predicting the fregacies of oscil-
lations is a complex task and, depending on the degree of mbdg, can
involve high computational costs. A widespread method to afyze ther-
moacoustic instability is the so-called low-order networknodeling approach.
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2.5 Low-Order Network Modeling

Essentially, the modeling subdivides a combustion chambgnto its individ-
ual elements. Each element can than be represented in ternfsan acoustic
scattering matrix
0 1 0 10 1
aPig-g T () R gpfig, (2.26)
b, R*'(1) T (1) Py

where the pressure wave amplitudgs; 2, , pg and gy represent the plane
acoustic waves traveling along an element in upstream (+) atownstream
() direction, respectively. Their locations are indicated ¥ the subscripts
u for upstream and the subscripd for downstream of the acoustic element.
Complex pressure wave amplitudes are related to the acouwstrelocity &
and the pressurgy’by

Piea= 5 Pu=a+ Clu=q ; (2.27)

Bu=a= 5 Pu=a  COu=qg : (2.28)

NIFRNI -

The coe cients of a scattering matrix Eq. (2.26) can be intepreted as re ec-
tion and transmission coe cientsR and T for the pressure waves amplitudes
traveling in downstream or upstream direction, + and respectively. An
equivalent description to the scattering behavior of acotis elements is the
so-called transfer matrix. It can be obtained when insertmpEgs. (2.27) and
(2.28) in the scattering matrix of Eq. (2.26), yielding

0 1 0 1

10
%%g _ g Tu(t) le(!;%icg : (2.29)

g Toa(t) Too(! y

o

The coe cients of the transfer matrix relate the acoustic véocity {1 and
pressurep®upstream and downstream of the duct to each other. They de-
pend on the geometry, the frequency as well as on the ow statensidered.
Finally, these individual elements can be connected to eacdither enforcing
pressure continuity and ow rate conservation. When couptig the trans-
fer matrices of a given system and using appropriate boundaconditions,
the complete network of elements can be analytically mergeato a matrix
relation of the form

S(! )P =0; (2.30)
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2 Acoustic Governing Equations

taining complex pressure and velocity amplitudes whil& is the coe cient
matrix containing the n 1 transfer matrices of all network elements and
boundary conditions. Only a discrete number of pulsations will satisfy
the jump relations across the individual elements and boumdy conditions.
These are the roots of the dispersion relation d&(! ) = 0 which are the
eigenfrequencies of the system. Since the transfer matgoaf typical net-
work models have a complex frequency dependance, the disi@n relation
resulting from Eq. (2.30) needs to be solved numerically (ltke, 2003).

With the chosen formalism of Eq. (2.12), the real part of theigenfrequencies
indicates the frequency of oscillations, while the imagima part provides

information about the growth or damping of the speci c mode.One may

di erentiate between the two di erent cases:

=(!)> 0 stable operation

2.31
=(!)< 0 unstable operation (231

and oscillations decay or are ampli ed exponentially at a ri@ of = (! ). The

main advantage of the method is that complex systems incluay acoustic
losses can be described by a few lumped elements, leading tow-order
model that can be extensively used for predesign purposesg<.g. Bade
et al. (2013a,b).

A main requirement of the approach, however, is that all itsndividual
elements have to be known a priori. In case of simple con gurans, e.g.
ducts or discrete area changes, analytical modeling is pids. For example,
Boij and Nilsson (2003, 2006) derive a dispersion relatioriweh incorporates
the ow-acoustic coupling of sound waves with the unstablengar layer of an
area expansion. In case for more complex geometries and ownditions,
however, only experimental or numerical approaches are $#ale.

Experimental approaches rely on the two-source method (Myal and Doige,
1990a;Abom and Bodken, 1995), where the element at interest is exed
acoustically once from upstream and once from downstreanrelction. By
measuring the pressure uctuations at both respective lotians the indi-
vidual coe cients of the scattering and transfer matrix are determined.
Typically, experimental setups are unavailable or too colstin early design
phases and the use of numerical methods becomes more favierabEx-
isting numerical approaches perform a compressible LES on ansteady
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2.6 Heat Release Rate

Reynolds averaged Navier-Stokes simulation (URANS) usirttarmonic or
broadband excitation signals. Approaches applying harmenexcitation are
highly ine cient in retrieving broadband frequency resporses since for every
pulsation! a single simulation has to be performed. Combining broadbdn
signal excitation with system identi cation techniques lke Feller and Po-
litke (2012), however, one is able to provide response withone simulation.
A di erent method is presented in this thesis. It employs theLNSEs or
LEEs in frequency space to determine the scattering or trafes matrix co-
e cients. This approach is less costly compared to a comprsible LES and
may compute the broadband response of acoustic elements byyoa few
matrix inversions.

Another main disadvantage of network models is that they ragre each
element to act individually, which is generally not satis @l for relatively
compact combustion chambers. Moreover, it is solely a onentkensional
representation of complex three dimensional con guratiaand is purely
restricted to plane wave propagation.

2.6 Heat Release Rate

To close the system of partial di erential equations Eqgs. (B)-(2.10), the
uctuating heat release rate@, has to be modeled in terms of uctuating
density % velocity &; and pressurep” This is done by the so-called ame
transfer function F (FTF) which is expressed in its most general form as

& = F(, 2 0;p): (2.32)

A steady ame may be perturbed, causing uctuations in heat elease rate
8, for various reasons:

" Merk (1956) shows that acoustic velocity uctuations atthe ame front
may perturb its position signi cantly and lead to perturbations of ame
area and hence perturbations in heat release rate gs _ S{A.

" Velocity and pressure uctuations in shear layers may leadto mod-
ulations of the laminar or turbulent ame speed. These uctations
perturb the turbulence intensity and length-scale, contbuting to per-
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2 Acoustic Governing Equations

turbations of the turbulent ame speeds;. This, in turn, gives rise to
perturbations of the overall heat release rate.

" Large-scale coherent vortical structures may be convectkin the shear
layer to the ame front. These vortex structures are generaid through
velocity uctuations in the burner month (Kulsheimer and Buchner,
2002) which trigger hydrodynamic instabilities of shear lgers (Poinsot
et al., 1987). On the one hand, the vortical structures causerinkling
of the ame front and therefore perturbations in ame area anl heat
release rate. On the other hand, they perturb the turbulent ame speed
st (Yang and Culick, 1986).

"~ For practical con gurations, the reactive mixture is never ideally pre-
mixed. At the point of fuel injection, acoustic uctuations may mod-
ulate the fuel or air mass ow rate rate resulting in equivalace ration

O uctuations (Keller, 1995; Lieuwen and Zinn, 1998). After aconvec-
tive time lag, these equivalence ratio uctuations reach tb ame front
where they perturb the turbulent ame speed and enthalpy of@action
per unit volume. Consequently, the ame area and heat releagate
per unit area are altered.

" In combustion chambers employing liquid fuels, e.g. kerane, acoustic
waves may couple with uctuations in atomization and droplé va-
porization (Priem, 1965; Priem and Guentert, 1962). As fouh by
Tong and Sirignano (1986, 1987) unsteady droplet vaporizah is a
potential mechanism driving combustion instabilities. Oher studies of
Heidmann and Wieber (1966), however, assess a rather wealergy
contribution, while some publications claim that the condesing and
vaporization process rather attenuates acoustic waves (Mde, 1969;
Marble and Candel, 1975; Marble and Wooten, 1970).

Other mechanisms for acoustic ame coupling and in uencindactors are
discussed in the literature, e.g. swirl number uctuationgGentemann et al.,
2004; Hauser et al., 2011b; Komarek and Polifke, 2010; Palet al., 2010) or
the in uence of a precessing vortex core (Moeck et al., 2012yred, 2006).
The e ect of con nement is investigated in Hauser et al. (201a) and Cuquel
et al. (2011).
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2.6 Heat Release Rate

The ame transfer function F mostly depends on a selection of the afore-
mentioned contributions. Which of the e ects is more predomant depends
on the character of the combustion system, i.e. if it is opetad under per-
fectly premixed, partially premixed or non-premixed condions, if a laminar
or turbulent ame is considered or if the fuel is of gaseous tiguid character.
Its determination represents a crucial part to the succesd any stability
analysis (Lieuwen, 2003) and may be achieved either througinalytical
modeling, experimental measurements or numerical simuians.

2.6.1 Analytical Modeling

In general, the relationship between unsteady heat releasste and velocity

or equivalence ratio perturbations has a complex dynamicds above). How-
ever, in cases where the typical length scale of the ame is athcompared
to the characteristic acoustic wavelength that is an acousially compact

ame, analytical models may be derived describing the glob&eat release
rate uctuations (integrated over space). In this sense, naels have been
proposed, describing the response of conical or V-shapedhiaar ames

(Baillot et al., 1992; Schuller et al., 2003), the e ect of egjvalence ra-
tio uctuations (Lieuwen and Zinn, 1998; Sattelmayer, 2008and swirling

premixed ames (Palies et al., 2011). Especially for lamimaames and pre-

mixed Bunsen-type ames the heat release uctuations are niay caused
by kinematic e ects and can be modeled with a g-equation antza describ-

ing the displacement of the ame surface. The charm of such mels is
that analytical solutions for the linearized perturbatiors can be retrieved
(Flei | et al., 1996; Schuller et al., 2003). For more realisc technical con-

gurations including technically premixed, turbulent am es which may be
operated with liquid fuels in extreme cases, pure analytitanodeling be-
comes ambiguous.

A fairly simple model accounting for acoustic ame interaabn is the famous
n model which is based on the ideas of Crocco (1951, 1952). Bsdy
this is a one dimensional model which links the global heatlease at timet
to a time lagged acoustic velocity at an upstream referencesgition, usually
chosen in the burner mouth:

Q) = N ufker it e (2.33)
b
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2 Acoustic Governing Equations

where Q{t) is the global uctuating heat release rate,Q is its mean coun-
terpart and uy is the bulk velocity at the reference location. Generally,hte
factor n governs the strength of the ame response and is called the@nac-
tionindex. describes the time lag and controls the phase between acoast
pressure and unsteady heat release of the ame and thus, thgrs of the
Rayleigh integral, Eq. (1.1). For premixed ames the main iéa behind this
modeling approach is that the heat release rate depends oretrame sur-
face area which, considering a given ame speed, is mainlyntwlled by the
ow rate of the reactive mixture. The time lag than represent a convec-
tive time scale for inhomogeneities traveling from the ingor to the ame
front. However, it can also be applied to technically premixd con gura-
tions where s interpreted as a convective time lag which also incorpaes
the traveling time of mixture inhomogeneities. This compacn- model is
used frequently in network models.

The compactness assumption is, however, not always justdefor modern
gas turbines where the heat release is spatially distribude In such cases
the compactn- model of Eq. (2.33) can be reformulated to relate the local
heat release uctuations to a velocity uctuation at the reference location

i) = ) L et ) (2.34)
where ¢f, is the local unsteady heat release rate per unit volume. Now,
local interaction index n;(x;) and the local time delay |(x;) are spatially
distributed in the ame zone which permits di erences in thelocal response
of the ame.

Both models, global as well as local, require the knowledgeroor n;(x;) and
or (x;) to close the system. These can either be retrieved througkt-e
perimental measurements (Ducruix et al., 2000; Hirsch et.aR005; Schuller
et al., 2003) or through numerical simulations (Martin et al, 2006; Tay
Wo Chong et al., 2012; Varoque et al., 2002). In the preserdgtudy this
Is achieved using an atmospheric pressure test rig to measuhe FTF ex-
perimentally. Globaln and parameters are derived from the experiments
which are, however, only valid for a compact ame. When predting com-
bustion instabilities using a spatial approach, e.g. LNSEsr Helmholtz
equation, the ame needs a nite dimension and cannot be coitered as
compact. Consequently, in numerical simulations the amesigiven a small,
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2.6 Heat Release Rate

nite space and a localn- model is chosen, Eq. (2.34), having a constant

1(Xi) = and relating the local interaction index to the global one uag
_ Q.
ni(x) = A (2.35)

where Vs represents the nite volume of the ame region. For simplidy
reasons, dependance of the- model parameters on frequency was not
explicitly mentioned, but its is obvious that these parametrs depend sig-
ni cantly on frequency. A model using only a single interagbn index and
time delay can hardly represent the ame response over a brdérequency
spectrum.

2.6.2 Experimental Measurements

Experimental measurements are based on the concept of FTFhiah cor-
relate the unsteady global heat release rate to a velocity gerbation at a
reference position mostly located in the burner mouth

QH)=Q
u({Xref ; ! ):u(xref )

For perfectly premixed ames, the heat release uctuation®®can be corre-
lated with the OH or CH chemiluminescence signals, which are measured
using intensi ed cameras (Keller and Saito, 1987; Price et.al1969). As-
suming spatial proportionality is justi ed as long as lamirar ames are con-
sidered, see e.g. Hardalupas and Orain (2004), and under ®oonstraints
locally distributed n;(x) and (x) may be measured. However, for turbu-
lent premixed ames the chemiluminescence signal becomedguaction of
turbulence intensity and only the integral chemiluminesagce intensity can
be correlated with the integral heat release rate as shown lyauer and
Sattelmayer (2010). Thus, in this case, only global and parameters can
be obtained. For technically premixed systems the situattobecomes even
more complex as the chemiluminescence intensities also eeg on local
equivalence ratios. In this case, even the global integrateehemilumines-
cence signal is not proportional to the global heat releasate.

F(l)=

(2.36)

For ame con gurations, such as kerosene ames, where the aerelease rate
IS not accessible from chemiluminescence intensities, aedent approach
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2 Acoustic Governing Equations

based on acoustic analogies must be employed, see e.g. Alanf2009).
Therein, global balances of uctuating mass, momentum andnergy across
the ame can be recasted into a transfer matrix notation of Eq(2.29).
The relations used are the so-called Rankine-Hugonoit rélans which are
valid for compact ames (Dowling, 1995; Keller et al., 1985)Inserting the
relation of Eq. (2.36), the procedure yields the followinguyrely theoretical
transfer matrix

0 pl ° Cc C Th | Lo pl
0 _Tr—'; 1 Ma . 1+ % 1 F() 0
(2.37)

As transfer matrices can simply be determined using a two-sae location
method (Munjal and Doige, 1990b), the ame transfer matrix en be ac-
cessed by measuring the acoustic states up- and downstreafrine ame.

This transfer matrix, however, contains also information bout the acoustic
transfer behavior of the swirl atomizer nozzle, which is nadesired. There-
fore, this piece of information is extracted from the trangr matrix by mea-
suring the transfer matrix of the swirl atomizer nozzle undenon-reactive
conditions independently.

In order to treat the non-linear saturation e ects of the hea release rate,
Noiray et al. (2008) have extended the experimental FTF angsis to take
the speci c amplitude of velocity perturbations at the burrer mouth into

account, i.e. F(!; 0). The authors call this modi ed ame transfer func-

tion a ame describing function (FDF). In this way, non-linear saturation

amplitudes can be determined using linear stability analys and assuming
that the main driver of non-linearities is the ame.

2.6.3 Numerical Simulations

As experimental measurements are expensive from an infrasttural and

operational point of view, a relatively cheap alternatives the numerical
determination of ame transfer functions. Due to the exact kowledge of all
physical quantities and a certain subspace of chemical sps; even spatially
distributed FTFs can be determined.

26



2.7 Acoustic Boundary Conditions

These methods are based on acoustically exciting the ametler through

harmonic (Giauque et al., 2005; Selle et al., 2006) or throndgroadband
excitation signals (Kim et al., 2010; Tay Wo Chong et al., 201, 2012). Ob-
viously, later method represents the most e cient way of idatifying FTFs

over the complete frequency spectrum, since only a singlensiation is
needed compared to multiple harmonic excitations using thest mentioned

method. It requires, however, the use of more advanced systedenti ca-

tion techniques (Feller and Polifke, 2010; Feller et al.,2010a) in order to
extract the frequency dependent ame responses. A main remheof a nu-
merical approach is the high degree of modeling, especiatigncerning the
e ect of the turbulent subgrid scales, as well as the limiteghemistry sub-
space. Independently of these constraints, the methods gpesially LES),
feature a high potential for the near future.

2.7 Acoustic Boundary Conditions

Boundary conditions represent important input parametergo any stabil-
ity analysis. They govern the acoustic energy ux out of the ystem and
therefore contribute to the systems overall energy contenOnly physically
motivated absorption or introduction of acoustic energy islesired. More-
over, since boundaries re ect acoustic waves with a certaphase-shift, they
constitute to the thermoacoustic feedback loop. This is skam e.g. in Tran
et al. (2009), who varied the inlet and outlet boundary condions of a
combustion chamber and therewith directly controlled the ystem stabil-
ity. Their measurements highlight the importance of the aasstic boundary
conditions and their e ect the on the thermoacoustic feedlz loop.

In order to de ne a well-posed physical problem this thesioflows the gen-
eral ideas of Hadamard (1902): A problem is well-posed if thelution

depends on initial and boundary conditions in a continuousay. The num-

ber of conditions to be de ned at each boundary depends on tmeimber of
characteristics entering or leaving the domain (Hirsch, B®). These char-
acteristics are the upstream and downstream traveling acstic waves, as
well as convectively transported vorticity and entropy waes.

In this section, rst, an introduction to the acoustic re ection behavior
of characteristic boundaries found in practice is given. $hb boundaries
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2 Acoustic Governing Equations

are typically represented by their complex impedance. Therhe general
cases of computational boundaries for con ned geometriastass ow inlets,
outlets and walls are considered. It is shown how vorticity rad entropy
waves at boundaries are generally treated in this thesis.

2.7.1 Impedance Boundary Conditions

The re ection of acoustic waves at a computational boundarys fully de-
scribed through its complex impedancé& (! ) which relates perturbations in
pressurepto velocity 0; by

_1p. .

Z(!) = ~<on’ on @ z; (2.38)
where denotes the computational domain and@ z is its impedance
boundary. The impedance is the most general form of an acousbound-
ary, since it is used to describe the re ection behavior of v di erent
combustion chamber boundaries such as perforated screeinggt di usors
or outlet high pressure vanes. Analogously, an acoustic bmlary may be
represented by its complex re ection coe cientR(! ) which describes the
ratio of re ected to incident acoustic waves,
p = ei!t
and is a more intuitive variable. It can easily be derived frm the complex
impedanceR = Z 1=Z + 1. While impedances or re ection coe cients
describe the acoustic re ection behavior, they provide norswer to the
guestion of how these boundaries acoustically re ect impging entropy or
vorticity uctuations generated in ame or ow separation r egions, respec-
tively.

R(!) = (2.39)

Subscribing impedances of Eg. (2.38) to computational bodaries using
LNSEs for con gurations with multidimensional ow elds is dicult. In
such situations a modi ed formulation of the impedance musbe introduced
which takes gradients in the mean ow eld into account (Ingad, 1959; My-
ers, 1980). Otherwise, unphysical instability waves may bereated in the
numerical solution (Brambley et al., 2012; Rienstra et al.2013). The cou-
pling of acoustic waves with impedance boundaries in presenof boundary
layers is not trivial, even in frequency space.
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2.7 Acoustic Boundary Conditions

2.7.1.1 Subsonic Nozzle or Di usor

Generally, at the air inlet of a combustion chamber the ow isdecelerated
in a di usor to reach lower Mach numbers. Part of the inlet airtakes part
in the combustion process while another part is used to codlé combustion
chamber walls. When the burnt gases reach the combustion chher outlet
the mixture is accelerated in the rst vane passage, which ialso referred
to as nozzle guide vane (NGV). These in- and out ow boundarsede ne
the acoustic boundary conditions to any thermoacoustic shality analysis
of gas turbines combustion chambers.

Depending on whether the ow state is sub-critical or chokeda nozzle
or di usor re ects acoustic waves di erently. In case the ow is choked
at its critical section (Ma = 1), acoustic waves are generally fully re-
ected. However, with increasing frequency re ection ampludes generally
decrease. In the other case, where the ow is sub-criticalcaustic waves
may pass through the nozzle. Then, the re ection behavior & not only
depend on the nozzle ow but also on the acoustic boundary coiion up-
or downstream of the di user or nozzle, respectively. With his knowledge
available, the re ection behavior may be exactly speci ed sing numerical
or analytical tools.
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Figure 2.1: Mach number dependance of the re ection coe cient of a subsoc ow
through a given nozzle con guration. The inlet ow Mach numters are varied
Ma = 0:010:1;0:2 and Q4. Compact theory of Marble and Candel (1977)

is compared to a non-compact one dimensional LEEs tool of Langue and
Poinsot (2008).
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Measurement of the acoustic re ection behavior of accelg¢esl ows is gen-
erally di cult for various reasons. Therefore, analyticaland numerical rou-
tines are generally preferred. Analytical models are restted to one dimen-
sional or at most two dimensional con gurations. They are bsed on one
dimensional solutions of the linearized Euler equations.uéh models com-
prise the work on compact nozzles or nozzles having nite lgth of Marble
and Candel (1977) or Cumpsty and Marble (1977). Mani (1981)so derives
a theory for a nozzle's isentropic re ection behavior. All Borementioned au-
thors, however, make assumptions on the axial ow distribubn inside the
nozzle. To avoid any assumption made, the one dimensional EE may
be discretized using a nite di erence method as shown by Laarque and
Poinsot (2008). Their routine is implemented in a Matlab cod and is ex-
plained in detail in Appendix F, which also contains a variet of di erent
validation test cases. Fig. 2.1 illustrates the di erence &tween the theory
of Marble and Candel (1977) assuming a compact nozzle conrgtion and
the results of the one dimensional LEEs solver. As the compabeory is
derived for the low frequency limit, results agree well in tis region but will
increasingly deviate towards higher frequencies. This cedvill be used to
retrieve the acoustic impedance of a subsonic nozzle, pldce the end of
an atmospheric combustion test rig in Section 6.2. Also comgssible CFD,
e.g. LES, can be used to study the acoustic re ection behaviof nozzle
ows as shown e.g. by Lamarque and Poinsot (2008).

The acoustic re ection coe cient computed with the above mationed
methods is -strictly speaking- only valid for longitudinalwaves impinging
onto the inlet di usor or outlet NGV. In annular combustion chambers,
however, the acoustic modes tend to be circumferential in@pe. Neverthe-
less, Stow et al. (2002) show that re ection coe cients obtaned through
one of the methods are still applicable to annular combustiochambers in
rst order principle.

Besides the re ection of acoustic waves, the acceleratedwoinside a
turbine stage may itself act as a source of sound. Non-unifoities of the
equivalence ratio or of the pressure distributions insidehe combustion
zone create uctuations in temperature or so-called hot-sys (Chu, 1953).
After their convective transport to the exit of a combustion chamber,
these are accelerated in the rst turbine stage causing prasre and density
uctuations which are re ected back into the combustion chanber as
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2.7 Acoustic Boundary Conditions

sound (Crocco, 1953; Tsien, 1952). This e ect has already dre covered
by many publications including experimental investigatios by Bake et al.
(2009) and one dimensional modeling by (Leyko et al., 2009;axi, 1981;
Marble and Candel, 1977; Moase et al., 2007). The role of empry waves
for combustion driven instabilities is also analyzed by Eakein et al. (2006).

2.7.1.2 Open Outlet

Open outlets are encountered at boundaries where a uid disarges into
atmosphere. This is for example the case at an aeroengine axst, where
relatively high outlet Mach-numbers are reached. In termsf@acoustics, the
problem can be reduced to a straight circular duct which radtes noise into
the surrounding atmosphere.

This kind of problem was rst addressed by Levine and Schwirg (1948)
who derive an analytical solution of the plane wave re ectio coe cient
with a uid at rest and ambient conditions. For the compact cae, i.e. duct
radius considerably smaller than the plane wave length , the re ection
coe cient amplitude is close to unity, see Fig. 2.2 foHe ! 0. Later, their
results were experimentally con rmed by Peters et al. (1993 A simple

1.2 T T T T T T 0.8 L T T T
Allam and Abom o
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0.6 Q-S—ALLA ,,,,,,,,,,,,
s\
[0}
L o4 P /o
5o Ma
0.2
0a ; ; 0 ; ;
0 0.2 0.4 0.6 0.8 1 1.2 0 0.2 0.4 0.6 0.8 1 1.2
He [] He [-]

Figure 2.2: Mach number dependance of the re ection coe cient and exteted length
of a ow discharging into atmosphere. Flow Mach numbers areavied using
Ma = 0:050:1;0:2;0:3;0:4. Experiments of Allam and Abom (2006) are
compared to the analytical theory of Munt (1990). Arrows initate direction
of increasing Mach numbers.
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numerical representation of their ndings is to prescribe anishing pressure
uctuations

p=0; on @ p; (2.40)

on Dirichlet outlet boundaries which is similar to prescrilmg Z = 0 in
Eg. (2.38). This condition introduces a -phase shift of the re ected wave.
However, the assumptions of zero mean ow and compactness drighly
restrictive and lose validity at higher frequencies. Thereaero-acoustic in-
teraction e ects, especially interaction of acoustic wawewith hydrodynam-
ically unstable shear layers, lead to re ection coe cientsexceeding one,
which is theoretically explained by Howe (1979b).

The frequency dependant mean ow e ect of acoustic re ectins of open
outlets was rst addressed in a theoretical model by Munt (187, 1990).
The model takes aero-acoustic interaction e ects into accot and results
in re ection coe cients above unity. His ndings were conr med by ex-
periments performed e.g. by Allam andAbom (2006) over a wide range of
Mach-numbers at ambient temperature conditions. Munt's tlkeoretical pre-
dictions and the experimental results of Allam andAbom (2006) are com-
pared against each other in Fig. 2.2 for various jet Mach-nupers. Therein,
the phase of the re ection coe cient also shows a non triviabehavior. It is
plotted as extended length, which can be interpreted as thartual length,
planar waves would travel into the opening before being reated.

Very recently, Jorg et al. (2013) extended the analysis toigher exhaust
gas temperatures which are more realistic for engine likerabtions. Using

a LNSEs based approach, they are able to show the signi camt uence of

exhaust gas temperature. At higher Helmholtz numbers the rection coef-

cient decreases signi cantly with respect to the temperatire ratio Tie;=T; .

The results also indicate possible limitations of Munt's teory as the model
increasingly deviates from the numerically predicted re#is with rising tem-

perature ratio. Fig. 2.3 compares the results obtained by LBEs predic-
tions and Munt's model for di erent elevated exhaust gas teqeratures up
to Tie: = 1200K . Note that the velocity correction proposed by Allam and
Abom (2006) is consistently used to correct Munt's model.
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Figure 2.3: Jet temperature dependance of the re ection coe cient and ®tended length
of a ow discharging into atmosphere. Flow temperatures arearied between
Tjet =293;600Q 900 and 1200 K at a constant outlet Mach numbeva = 0:05.
Analytical model of Munt (1990) using a velocity correctionproposed by
Allam and Abom (2006) is compared to the numerical simulations using a
LNSEs approach by Jerg et al. (2013). Arrows indicate dirgmn of increasing
jet temperatures.

2.7.1.3 Perforated Screen

Another important type of boundaries frequently encountexd in combus-
tion chambers are perforated screens. In order to ensure th®al protec-
tion of the combustor walls, these are perforated by small @mneter holes
( O (10 %) meters). Jets of cooling air issue from these holes. Thrdug
their coalescence, a cooling Im is established which istds the walls from
the hot combustion gases. Although perforated plates are noconsidered in
the present analysis, they are illustrated brie y for reasons of completeness
of a thermoacoustic stability analysis.

From an acoustical point of view, perforated plates behaveswy di erently
to convectively cooled walls. On the one hand, the liner penfations lead
to transmission of acoustic waves and therewith to a commugation be-
tween the combustor and its periphery. On the other hand, p@srations
introduce damping of incident acoustic waves and thus may t&nuate com-
bustion instabilities (Howe, 1979a), a characteristic higy important for
combustion chamber stability analysis. The mechanism beid the atten-
uation process can be explained by the conversion processaodustic into
vortical energy (Bechert, 1979; Howe, 1979a). Perforatedreens have been
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2 Acoustic Governing Equations

analyzed extensively analytically (Bellucci et al., 20044owe, 1979a, 1998),
experimentally (Allam and Abom, 2011; Bellucci et al., 2004; Eldredge and
Dowling, 2003; Hughes and Dowling, 1990; Jing and Sun, 199%an et al.,
2009) and numerically (Das< et al., 2008; Eldredge et ak007).

Accounting for perforated liners in the thermoacoustic staility analysis
directly using LNSEs, would require the full resolution of k jets issuing
from the perforated screens. Since these are small in diameand high
in number, this would require high amounts of grid cells clausred in near
wall regions and would mostly be out of scale of any stabilitanalysis.
Therefore, impedance models are generally used to accoumtthe damping
e ect of perforated liners (Bauer, 1977; Bellucci et al., Z; Howe, 1979a;
Jing and Sun, 1999). Mendez and Eldredge (2009) show that theodi ed
model developed by Howe (1979a) and Jing and Sun (1999) regeets the
experimental measured re ection coe cients of Bellucci etal. (2004) with
high accuracy. It is based on the assumption that the impedae of the
perforated screen is composed of two parts, a wall impedangg and a
cavity impedanceZ,

In the cavity, planar wave propagation can be assumed
IC
Ze= ———; 2.42
" tan(kl)’ (2.42)

wherel denotes the distance to the back wall of the cavity. The impeahce

of the perforated screen can be expressed in terms of a Ragtheconductivity
Kr

itd 2

Z,= ; 2.43

P K- (2.43)

where d denotes the hole spacing. The Rayleigh conductivitiK g is ex-

pressed in terms of rst and second order Bessel functioms, and B, re-

spectively

b
Kr=2r k£+g? , and

o T !
zBl(St)e St iB ,(St) sinh(St) A

St ,B1(St)e St+ iB(St) cosh(St)

(2.44)
ki =2r @1 +
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2.7 Acoustic Boundary Conditions

St denotes the Strouhal number of a single jet andis the hole radius. The
in uence of perforated liners on the eigenmodes of an annuleombustion
chamber is shown by Gullaud and Nicoud (2012). Their ndingdlustrate

that the overall damping reached by incorporating the e ectof perforated
combustor walls is of lower magnitude. The present study wishow that
damping contribution of the acoustic interactions with theswirled mean
ow are generally an order of magnitude higher.

Taking into account perforated liners using complex impedes on duct
wall boundaries in a LNSEs solver can result in the arti cialexcitation of
Kelvin-Helmholtz instabilities (see Brambley et al., 2012Rienstra et al.,
2013). Such ow instabilities arise in the uid dynamic bourdary layer
of the computation and are not observed in real applicationsA Kelvin-

Helmholtz instability is generally caused by an in ection pint in the mean
ow pro le. However, in duct boundary layer pro les in ecti on points are
normally absent. This is changed when imposing a complex imgance.
The problem can be resolved by subscribing a modi ed impedea condition
proposed by Ingard (1959) and Myers (1980).

2.7.2 Additional boundary conditions for LNSEs

After having addressed the acoustic re ection behavior ofharacteristic
combustion chamber elements, the following sections prde a more gen-
eral view on the computational boundary conditions for the se in a LNSEs
solver. In order to de ne a well-posed problem, additional undary condi-
tions need to be imposed, which especially address the chamaistic waves
of vorticity and entropy not considered so far. This sectioprovides di er-
ent possibilities of boundaries and therewith completes ¢hcomputational
boundary treatment.

2.7.2.1 Mass Flow Inlet

At a mass ow inlet, ve or four conditions need to be imposedn three
dimensional space depending on whether the ow is super- oubsonic,
respectively. For a subsonic ow, the involved characteries entering the
domain are the downstream traveling acoustic wavec ¢+ u), the vorticity
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2 Acoustic Governing Equations

wave vector and an entropy wave (both traveling withu). At a supersonic
inlet, the velocity speed of the upstream traveling wave clmges sign ¢ u)
and, thus, an additional condition needs to be imposed.

Generally, no information is available concerning entropgsind vorticity uc-
tuations at the inlet. Therefore, itis justi ed to assume that neither entropy
nor vorticity waves enter the computational domain at its idet. Setting zero
entropy waves at the inlet leads to the following Dirichlet ondition for the
linearized energy equation

8=0; yieldng p=c* on@ p: (2.45)

This is the same isentropic relation of Eq. (2.18). The assution, however,
may be too restrictive when the upstream boundary is chokedn this case
acoustic waves that propagate upstream may interact with th shock that
de nes the boundary (Leyko et al., 2008). Interaction may lad to the
generation of entropy waves that are convected downstreany ibhe ow.

In such situations, Eq. (2.45) can be replaced by assumingraesnthalpy
uctuations fi = cpf + u;n;&n;, which directly translates to the following
condition for the entropy perturbations

1
§= ? 9+ uinioin; (2.46)

Alternatively, if the inlet is choked mass ow uctuations vanish m® =
(u)°=0 or in other words

"N+ 0=0; on@ p: (2.47)

As described above, generally no information about vortiigi uctuations is
available at the domain inlet. In these situations it is natwal to assume zero
vorticity uctuations for the linearized momentum equations by setting

0; =0; on @ p: (2.48)

The index jj refers to the components parallel to the respective boundar

2.7.2.2 Mass Flow Outlet

At the mass ow outlet the situation is di erent: Vorticity a nd entropy
waves are convected out of the domain and no boundary condi needs
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2.7 Acoustic Boundary Conditions

to be imposed for these types of uctuations. Solely acoustiwaves are
re ected back into the system when the ow is subsonic and havto be
accounted for. Hence, in order to de ne a well-posed physlgaroblem, only
one boundary condition is necessary in case of a subsonicleytwhereas
no condition needs to be prescribed when the ow is supersonilf no other
information is available it is su cient to impose an impedarce boundary
condition. Of course the outlet may also be assumed as chokéshding to
the simple condition of Eq. (2.47) for the linearized momenm equations.

2.7.2.3 Wall Boundaries

In the vicinity of walls, uid dynamic and acoustic boundary layers are
formed due to adhesion forces of molecular particles. Thusgctuations of
velocity must vanish in near wall regions, leading to

0 =0; on@ p: (2.49)

Prescribing this so-called no-slip condition to wall bourakies leads to the
formation of an acoustic boundary layer, which needs to be selved nu-
merically. However, its thickness, which may be estimatedaif a quiescent
medium as

<

a

2—; (2.50)

f

decreases signi cantly with increasing frequency. Alregdat moderate fre-

guencies the acoustic boundary layer, is an order of magnitude smaller
than the hydrodynamic layer ;. Thus, subscribing no-slip boundary condi-
tions would result in a high clustering of nite elements in ear wall regions.
Gikadi et al. (2012) have shown that the e ect of the acoustiboundary layer

on the scattering behavior of an area expansion and a singlel& ori ce is

insigni cantly low. They state that, if the uid dynamic bou ndary layer

Is resolved su ciently the aeroacoustic interactions are aptured correctly.

In this case the acoustic boundary layer may be neglected bygscribing

slip boundary conditions for the linearized momentum equain to all wall
elements, i.e.

0in; =0; on @ p; (2.51)
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2 Acoustic Governing Equations

which weakens the constraint of no velocity uctuations to 2ro velocity
uctuations in normal to wall directions n;.

For the energy equation Eg. (2.10) we may further assume thdbe com-
bustion chamber walls have a constant temperatur€, = const: and tem-
perature uctuations T = 0 vanish. This leads to the following relationship
from Eq. (2.16)

Y E)“=0; on @ p: (2.52)

A suitable alternative is to prescribe a Neumann type of bowdary condition,
imposing zero gradient of uctuating pressure and/or densy,

(%(ni =0; %(ni =0; on@ n: (2.53)
With the de nitions of the homogeneous boundary conditionsEgs. (2.38)-
(2.53)on@= @p[ @n[ @ z and§, =0, Egs. (2.8)-(2.10) de ne either
a linear eigenvalue problem with unknown complek, or a linear matrix

inversion problem wherd is real and explicitly prescribed.

2.8 Acoustic Energy

Stability analysis of combustion chambers is based on the awuation of
the total acoustic energy in a given system. From the lineaeéd mass,
momentum and energy equations, Egs. (2.8)-(2.10), an equat describing
the temporal evolution of the system energy is obtained

@s @l _ . (2.54)

@t @x
where the valuee is the (local) energy of perturbations per unit volume and
l; is an acoustic energy ux. Q de nes a source term which includes the
e ect of the heat release but also other eld sources due to agstic- ow
interaction or coupling with entropy waves. Integration oer a stationary
volume, interchanging integration with the partial derivaive for e and ap-
plying the Gaussian divergence theorem leads to the integriorm of the
energy equation

@E, “ _ .
6114-@ [inidS= QadV; (2.55)
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2.8 Acoustic Energy

whereE is the (global) energy of perturbations integrated over thelomain
and the acoustic intensityl; is only de ned on the domain boundaries.
The global acoustic energy budget includes internal and estinal energy.
Whether a given system is unstable (the total energy of the siem increases
over time) or is stable (the total energy of the system decresas) depends
on the temporal evolution of the system's global energy and thus on the
rst term of Eq. (2.55). Assuming that the acoustic energy gows or decays
similarly to p%° and thus proportional to exp(2t ) yields for the rate of
attenuation or ampli cation

18F

- Tt
5o (2.56)

Substitution into Eq. (2.55) equivalently yields
L Qdv “linids
_ @ :

=3 . : (2.57)

a criterion for the stability of a combustion system. If < 0, the system
damps energy. If > 0, the system amplies energy and instability is
observed. From the criterion of Eq. (2.57) damping and attaration e ects
can be explained by comparing energy input to the energy outh Thus,
system stability depends on the sign of the numerator.

Derivations of the terms for the energ\e and acoustic ux |; is non trivial,
since energy is normally composed of second order terms oé tphertur-
bations. As the LNSEs, however, only contain terms of rst ater while
all second order terms were omitted for the derivation of thequations,
their explicit formulation is not trivial. For the simplest case of a quies-
cent medium or an isentropic medium, the acoustic energy carasily be
derived. This is exemplarily performed in Appendix C. Howear, when
considering a non-isentropic and non-quiescent medium tllerivation gets
far more complex. The classical de nition of acoustic eneygs then not
su cient anymore and a generalized disturbance energy cdtary including
entropy uctuations needs to be derived (Nicoud and Poinsgt2005). This
is done by Myers (1991) who describes the energy of perturbmts of an
arbitrary steady ow. Karimi et al. (2008) further extend his theory by
incorporate combustion terms. With availability of the conplete perturbed
elds using the methods presented in this thesis, an energymsideration
becomes highly interesting for further investigations ofhe results from a
phenomenological perspective.
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2 Acoustic Governing Equations

2.9 \Vortex-Acoustic Interaction

Con gurations where shear layers in the mean ow are preseatre subjected
to acoustic- ow coupling. Depending on the Strouhal numbemperturbation
energy may be transferred either to or from the acoustic eldleading to
ampli cation or attenuation of the incident acoustic waves respectively.
In severe cases, ampli cation can lead to self-sustainedcdkations in pipe
systems, a phenomenon which is also called whistling (seeldda et al.,
1981, 1983).

The underlying mechanism of acoustic- ow interaction redts from trig-

gering of hydrodynamic instabilities or vortical disturbances in regions of
ow separation. While they are convectively transported wthin the shear

layer, they may continuously interact with the acoustic ed. As described
by Hofmans (1998) the interaction depends signi cantly onhe incidence
of the acoustic waves, i.e. on the spatial distribution of tb acoustic veloc-
ity across a vortical structure. If, additionally, the shea layer features a
hydrodynamic instability (Michalke, 1965), energy is trasferred from the
mean ow eld into the vortical modes contributing to their growth. Thus,

the interaction between acoustic waves and vortical struates may become
stronger when hydrodynamic instabilities of the shear layeare present.
This e ect applies equivalently to attenuation and ampli cation processes.

The magnitude of the interaction can be estimated using theow-Mach
number approximation for the time averaged acoustic poweredived by
Howe (1975, 1980, 1998):

Z
hPi = Ho ui udv; (2.58)
V

where! =r u is the vorticity vector, u is the local ow velocity and u®
denotes the local acoustic perturbation velocity. Integr#on is performed
over the volume enclosing the vorticityV. If the time-averaged power is
negative, acoustic energy is lost to the hydrodynamic eld.Conversely,
sound is generated when the time-averaged power is posit(iarlsson and
Abom, 2010).
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2.10 Non-Linearity and Non-Orthogonality

The current analysis focuses on linear stability of combusin systems. This
assumption seems to be well justi ed at the time of the onsetral initial
growth of instabilities where the amplitudes of oscillatins are small (Zinn
and Lieuwen, 2005). Thus, linear models are well suited to sgiriminate
between unstable and stable combustor operation. Howevaiter the onset
of instability the oscillation amplitudes increase and notlinear phenomena
start to govern the driving and damping behavior of combust.

The main driver for non-linearities is the convective ternr (u;u;) in the
Navier-Stokes equations Egs. (2.1)-(2.3). Non-lineargs determine limit
cycle amplitudes (the nite amplitude of oscillations), irstability triggering
(the mechanism by which an unstable oscillation appears wiehe system
experiences a nite amplitude perturbation), mode switcmg (the change
in frequency observed during operation of practical devisgand hysteresis
(Dowling, 1997, 1999; Lieuwen and Neumeier, 2002; Wicker &t, 1996).
In terms of energy, the non-linear terms neglected in the pgent analysis,
may also lead to a redistribution of energy among di erent legth scales,
I.e. eigenmodes, see Schmid and Henningson (2001).

When considering the ame to be the only or main driver of insbilities
(Dowling, 1997), the e ect of saturation may also be captumin a purely
linear framework by incorporating the so-called ame desilsing function
(FDF) (Noiray et al., 2008). In their work the authors extend FTFs,
Eqg. (2.32), by taking the amplitude of velocity perturbations at the burner
mouth into account, viz. F(!; O,f). Generally, this leads to decreasing
ame responses with increasing velocity amplitude as nomkear damping
processes increase.

Another characteristic of a linear system is the non-orthagpality of its
eigenvectors. If the eigenvectors are not orthogonal to daother, they may
interact in a way that short term transient growth may occur e’en though a
linearly stable behavior is predicted. In the long term, hoewver, the system
will reach its initial stable state. The theory of non-norma interactions
Is introduced to thermoacoustics analysis by Balasubramam and Suijith
(2008). Parameters in uencing the orthogonality of the eignfunctions are

41
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boundary conditions, heat release rate and a non-zero and iidimensional
baseline ow (Crighton, 1975; Wieczorek et al., 2010).
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3 The Finite Element Method

To solve the acoustic problem, the frequency space LNSEs E(&13)-(2.15)
need to be discretized using a nite volume, nite di erenceor nite element
techniqgue. Despite the popularity of nite elements for theuse in structural
dynamics, it is far from being popular in the eld of uid mechanics. This
development may be explained through the fact (among othgrshat the
best approximation character of nite elements is lost wherconsidering
non-elliptic partial di erential equations (Hughes, 2000. In such cases the
di erential operators are not self-adjoint, a characterisc which is mostly
found in uid mechanics. Structural dynamics problems, onhie other hand,
are of elliptic type and therefore keep the best approximain feature of
nite elements.

Finding a suitable discretization technique for computatnal acoustic prob-
lems is somewhat complex: The scalar Helmholtz equation E&.25), fre-
guently used for thermoacoustic analysis, is indeed of e@llic character and
nite elements are well-suited. However, when considerifgequency space
LNSEs the elliptic character of the equations is partiallydst and the nite
element technique loses its main advantage over, e.g., at@ivolume tech-
nique. As it is a main aim of this thesis to develop a uni ed frmmework
to study thermoacoustic instabilities, these con icting equirements for the
choice of discretization techniqgue cannot be resolved. Hewver, with the
development of stabilized nite element techniques (Huglseand Brooks,
1979; Hughes et al., 1989, 2004, 2010), the nite element rhetd has be-
come competitive for the use in uid mechanic problems. Thefore, the
nite element procedure is selected as the method of choigethis thesis to
discretize both, the LNSEs as well as the Helmholtz equatio he following
sections focus on the nite element treatment of the LNSESs, kle details
on the treatment of the Helmholtz equation can be found in Appndix E.
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3 The Finite Element Method

To simplify the derivation, we will rewrite the LNSEs for a three dimen-
sional cartesian coordinate system in a more compact notati, using nabla
operators:

i+ r (UMt &@)=s; (3.1)
i a+r (ud)+rp+(2+u”N ru=r @) + sy; (3.2)
itp+r (up+ ph)+(  D[Pr u & rpl=sp (3.3)

The LNSEs are composed into four di erent parts starting fran the very
left: A frequency dependent term, a convective term, a reage term (absent
in Eqg. (3.1)), a di usive term and source termss , s, and s, , e.g. including
the heat release term. Compared to the LNSE representatiorf &ection
2.1, () represents the linearized stress tensor. The term includj the
stress tensor in the linearized energy equation Eq. (2.15)included into the
source terms, to simplify the derivation. Other forms used in the literatue
to represent LNSEs are shown in Appendix B. For illustratiorpurposes
the Navier-Stokes equations are often recasted into a sacakonvection-
di usion-reaction (CDR) equation of an arbitrary variable . Doing so for
a uctuating variable in frequency space, yields

it “+r u"+ "= "+s; (3.4)
where is the constant coe cient of the reactive term ands is a source
term. Note that this scalar equation is equally structured © the LNSEs of
Egs. (3.1)-(3.3).

It is again noted that the full set of LNSEs are solved in thishesis. This
IS not commonly the case for aeroacoustic applications fodimn literature,
which mainly introduce simpli cations to the reactive terms of Egs. (3.2)
and (3.3) in order to avoid or suppress Kelvin-Helmholtz inabilities. Ewert
and Schreder (2003) e.g., assume a vortex free velocity celviz. !  u =0
where! =r u. Other publications simply neglect all mean gradient
terms (cp. Tester et al.,, 2008) or, like Bogey et al. (2002);h&ang et al.
(2004), only remove a distinct set of mean gradient terms. Li@r procedure
mainly a ects the reactive terms of Egs. (3.2) and (3.3) whit are responsi-
ble for the acoustic ow coupling processes. A small reviewmahe di erent
methods to suppress shear layer instability is provided by ihter et al.
(2011). Equations simpli ed in this way are well suited for he description
of far elds in aeroacoustic problems, where a uniform or noow is present.
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However, by doing so, it is believed that the coupling procesof acous-
tic waves with vortical or entropy disturbances is not captued correctly.

This will consequently a ect the prediction accuracy of sond attenuation

and ampli cation processes, which this thesis aims to prect. Therefore,

no simpli cations are introduced and Kelvin-Helmholtz ingabilities become
part of the solution.

Keeping Kelvin-Helmholtz instabilities in the solution, lowever, may lead to
numerical di culties. On one hand, their unbounded growth n time leads
to strong local gradients for the solution variables. On thedther hand,

an insu cient numerical resolution of the vortical disturbances may lead
to spurious oscillations or grid dependence of the acoustolution (Seo
and Moon, 2005). The rst problem of unbounded transient gnath was

resolved in Section 2.1 by transforming the LNSEs into fregumcy space,
Egs. (3.1)-(3.3), and therewith allowing only spatial growh of instabilities.

The second problem is resolved by introducing stabilized ite element tech-
niques, which can be thought of as approximations of a varianal multi-

scale approach (Hughes et al., 1998). This approach modelete ect of

the unresolved scales and therefore numerically stabilizéhe solution.

In this chapter the standard Galerkin nite element method wll be intro-
duced rst, as this is the standard procedure. Following Huges (2000)
we will adopt the four step procedure of spatial discretizain: (i) Starting
from the strong form of partial di erential equations devebped in Chapter
2, (ii) we will introduce a weak form based on the method of wgited resid-
uals. While the weak form is still an exact representation ahe governing
equations, (iii) introducing Galerkin nite element functions leads to their
approximative form. The preceding e orts may then be summazed in a
matrix form (iv) which is delivered to the numerical solver dscussed in the
next Chapter 4. Due to the character of the LNSEs numerical diulties
will arise using the standard Galerkin technique. Therefey; stabilized nite
element procedures are introduced.

Books for further in-depth studies and reviews found on thenite element
techniques in literature are for example the one of Hughes(@0) or Johnson
(1987); Zienkiewicz and Taylor (2000). From a uid mechang point of
view, the books of Donea and Huerta (2003) and Gresho and S&h998)
show illuminating insights.
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3 The Finite Element Method

3.1 Standard Galerkin Approach

First, the residuals of the linearized equation of mass, mantum and en-
ergy, respectively, are introduced

Rc(™M=1i "+r (u™+ 0) s; (3.5)
Rv@®=1i ¢+r (ud)+rp+( ¢+u™ rur @) sg;
(3.6)

Re(@ =i p+r (up+ pt)+( Dr u & rp s: (37)

The weak or variational form of the problem may then be derivceby multi-
plying the residuals of Egs. (3.5)-(3.7) with weighting fuationsw , w,, w,
and performing an integration over the domain

Z Z Z
Rcw d =0 ; Rywy,d =0 ; Rewp,d =0 : (3.8)

The method is generally termed as weighted residual methoth this form,
the condition for the ful liment of the set of governing equdions at every
point of the domain is weakened to the integral ful lIment oer the complete
domain . Thus, the nite element method can be considered axonser-
vative in a global fashion. Egs. (3.8) may be written in compa form by

introducing the L-inner product in the domain :

(b = “abd : (3.9)

After performing integration by parts of the Cauchy stressé¢nsor, including
the pressure and di usive term of the linearized momentum emtion, the
weak form of the LNSESs is obtained

(w;i' N +(w;r (ur+ @) =(w;s) ; 8w 2V, (3.10)
(Wg; il @) +(wg;r (ud)) +(r wy;p) +(wy;(d+uM ru) =
( (wy); (@) +(wy;su) +(Wushu)g, s 8wy 2 Vy;
(3.11)
(Wp; it ) +(wp;r (up+ pa)) +(wp( D[Pr u 0 rp) =
(Wp; Sp) 8wy 2 Vp,;
(3.12)
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3.1 Standard Galerkin Approach

whereV; . ,.ng are the weighting function spaces for the respective weigig
functions w , w, and wp. Similarly, the solution function spacesS; . ;.
are assumed for the solution variables, @ and p, see Donea and Huerta
(2003) for elaboration. For the momentum equation a 'natudaNeumann
boundary term arises in the formulation

n (pl+ (0))=hg;on @y (3.13)

which is equal to somé,. The weak form poses lower demands on the dif-
ferentiability, as the formulation includes only rst order derivatives instead
of formerly derivatives of second order. Finally, to compte the weak for-
mulation it is required to chose the solution and weightingunction spaces
according to

Stupe= TA0PI2HY) G4 0ipg= g on@o ;  (3.14)
Vi ;uipg = fw Wy Wpg 2 HY() 9Gfw ;wy;weg = 0; On@DO; (3.15)

where H1() describes the Sobolev space of square-integral functis and
square-integral rst derivatives andg is the respective vector at the Dirichlet
boundary. Further remarks on this Sobolev space can be found the
existing literature.

In a next step, the problems geometry is discretized into a mber N¢ nite
elements with subdomains ¢ (e = 1;:::; Ne) and a numberN, vertices vy
(k =1;::;Ny) of which Np are located on@ p where
e Ne .
0= e and @°= @{@; (3.16)

e=1 e=1

denote the union of all element interiors and element boundas excluding
the domain boundary@, respectively. The Galerkin nite element approx-
imation can then be obtained by replacing the (quasi) in nie dimensional
subspaces; . y.pg and Vs . ;.pq by their nite dimensional counterparts Sf'. u:pg
and V" upg- Accordingly, the solution variables become also discrete -
nite which is denoted by the superscriph. They may be expressed in terms
of unknown parameters &, 0 and pa and shape functiondN,, which are
mostly represented by polynomial functions. Introducinghese approxima-
tions yields

Ngofs Ngiofs Naof

A = Na™s; 0= Nalp; p'= NaDa: (3.17)
A=1 A=1 A=1
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3 The Finite Element Method

whereN yots IS the number of degrees of freedom. Similarly, introducirte
same approximations for the weighting functions leads to
h l\sqofs N%ofs l\sqofs

Newg; wy=  NgWys; WH= "~ NgWpg; (3.18)
B=1 B=1 B=1

w

the standard Galerkin approach, which is also known as Bubwdgsalerkin
approach. When the weighting functions are chosen di erelyt from the
solution functions the approach is generally referred to @etrov-Galerkin
approach. In the present analysis Lagrangian shape funati® of a certain
polynomial order p are chosen for Eqg. (3.17) and Eqg. (3.18). Finally, the
standard Galerkin nite element formulation in its discrete form reads as:
nd A" 2 Sh to satisfy

B wh"" = whs ; where 319
B wh:ah = whiit AV gt uAy gh (3.19)
ah 2 Sh for
B wy;0" = wiisy + wiihy o where
B wh:a" = whit o™ + wlhir  uah o+ rwhp (3.20)
owg 0" U oru + () (0N
and p" 2 S for
B wi;p" = wl;s, ; where
B whp" = whit "+ whir up'+ p?h (3.21)

h
+wy ()P ou a"rp

In a similar manner, the standard Galerkin problem of the gesral
convection-di usion-reaction equation Eq. (3.4) can be fonulated for the
appropriate solutionS" and weighting function space/" as nd ™" 2 S to
satisfy

N
wh = whs o+ whh o o where
B wh™M = whit ™+ owhr o™ (3.22)
+ w7
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3.2 Arti cial Di usion Schemes

and h denotes the Neumann boundary arising naturally from integttion-
by-parts of the di usive term.

As already mentioned above, the standard nite element metid looses
its best approximation characteristic (minimum error) wheé considering
LNSEs. The main reasons is that the convective operator in ¢hLNSES is
not self-adjoint, which will lead to numerical problems in he solution pro-
cess. For high Reynolds and Reclet number ows, this e ect &s been illus-
trated multiple times for a one dimensional stationary conective-di usion
equation., e.g. in Donea and Huerta (2003). There, it is showthat for
element Reclet numbersP €& > 1, describing the ratio of convection and
di usion,

Pe = %; (3.23)

2

whereh is the characteristic element length andi the velocity of the uid,
the numerical solution oscillates. To avoid such spurioussaillations using
the standard Galerkin technique, the domain has to be disdieed in such a
way to ful Il P€® < 1 in the complete domain. Since the physical conditions
of the problem considered cannot be changed, the only way tohaeve the
requirement is to increase the number of elements and thegeto decrease
h. Then, the convective e ect related to the individual elemet becomes
not dominant any more. However, doing so results in excessimumerical
re nements, especially in boundary layer regions or regisnn which strong
shear layers exist. By modeling the e ect of the unresolvedales using
Petrov-Galerkin schemes, excessive re nements can be a@al.

3.2 Articial Diusion Schemes

When comparing a discrete Galerkin scheme to an exact di anee scheme
for convection-di usion problems, it can be shown that the @lerkin term
introduces a truncation error of the form of a di usion oper¢or (Donea and
Huerta, 2003). For element Reclet numbers exceeding onés sign is nega-
tive and thus a negative di usion is introduced to the problen. This implies
that actually, a modi ed convection-di usion equation is lved character-
ized by a reduced di usion e ect. For this case, no generallgtable solution
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3 The Finite Element Method

can be guaranteed. It is then intuitive and obviously simpléo add an ar-
ti cial viscosity term to compensate the numerically introduced negative
di usion, e.g. to the momentum equation Eq. (3.20)

K e |
LU+ (w2 (") = wilisy + wih
e=1

u @D 1
(3.24)

which reduces the element Reclet number. The arti cial visosity £, acts
on all element interiors and can be speci ed for example as

8

2 juhpe
o 23forPee<3_

u
art = > juj : (3.25)
> BB for P& 3

=y

Such a procedure, however, is not adopted in the present studor the
following reasons: In one dimensional space an appropriatkoice of the
arti cial diusion 5, would lead to nodal exact solutions for a convection-
di usion equation. However, when the equations are solved three dimen-
sional space, such arti cial di usion terms introduce signcant amounts of
additional di usion, which may signi cantly exceed the physical observed
magnitude. It is isotropically introduced in all directions, acting in stream-
line but also in crosswind direction. Following Johnson (B¥) and John
and Knobloch (2007) such procedures lead to an accuracy ofrabst rst
order O(h). Thus, increasing the polynomial ordep of the shape functions,
does not equivalently increase the computational accuracy

Moreover, there is no stabilization of reactive terms, whicis a crucial point
when considering LNSEs. Many publications in aeroacoustproblems in-
troduce simpli cations to the reactive terms in order to avaed numerical
di culties, see e.g. (Bogey et al., 2002). Thus, numericahistabilities stem-
ming form the reactive terms may still be observed, even thgh arti cial
viscosity is introduced. Similarly, the source terms are nn@pecially treated
using arti cial viscosity methods, which for some cases maglso lead to
instabilities and inaccuracies in the solution. Thereforedespite the sim-
plicity of arti cial di usion methods, care has to be taken with their appli-
cation. They have been added to the present thesis to highhiganalogies
to Petrov-Galerkin schemes discussed in the next chaptenitalso to show
their inferiority.
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3.3 Petrov-Galerkin Approach

3.3 Petrov-Galerkin Approach

Stabilized nite elements methods (SFEMs) have been intragted to vari-
ous problems in uid dynamics. It can be referred to the revie articles of
Codina (1998) for convection-di usion(-reaction) equatns, of Hughes et al.
(2004) for convection-di usion and incompressible Naviebtokes equations
and of Hughes et al. (2010) for compressible Navier-Stokeguations. In-
dependently of their explicit derivation, all stabilization techniques have a
similar form. When introducing SFEMs to the standard Galerkh approach
an additional term arises on the LHS. This is exemplarily stvan in the case
of the scalar convection-di usion-reaction equation, Eq(3.22), yielding

BW', M) + R saP(W) 5= whs (3.26)

where P (w ) is a certain operator applied to the weighting function, gp
Is the stabilization parameter andR represents the equations residual.
All stabilization techniques dier in the explicit choice o the operator
P(w ). In this section we will mainly provide an overview of the m#éhods
which were directly applied in the current work. These incqoorate the
streamline-upwind/Petrov-Galerkin technique and two varants of the
Galerkin/least-squares stabilization technique. Overews describing the
evolution of stabilized nite element schemes are found in dhea and
Huerta (2003); Hughes et al. (1994) and Wall (1999).

3.3.1 Streamline-Upwind/Petrov-Galerkin Technique

The development of the streamline-upwind/Petrov-Galerki technique
(SUPG) originates from the idea to overcome the disadvantag introduced
through isotropic arti cial di usion schemes: While impodng additional
viscosity in streamline direction, the same amount is alsaniposed in cross-
wind direction, where convective e ects are low. To overcoenthe inherent
crosswind di usion, Hughes and Brooks (1979) replaced theaar arti -
cial di usion term with an arti cial di usion tensor taking into account the
respective ow direction. Their so-called streamline-upmd (SU) method
adds di usion in streamline direction without being overlydi usive in cross-
wind direction. However, the technique was designed in suehway that
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3 The Finite Element Method

the operator P(w ) would act only on the convective term and not on the
hole residuumR , like depicted in Eq. (3.26). Therefore, the method still
lacks in consistency. Brooks and Hughes (1982) then applitidle same
operator on the complete residuum, ensuring consistency tbie newly de-
veloped SUPG approach. The SUPG operator then writes for thgeneral
convection-di usion-reaction equation Eq. (3.22)

PsupcW") =1 uw" : (3.27)

When introducing Eq. (3.27) to the standard Galerkin apprownation of
Eg. (3.26) the equations may be rearranged in such a way thatsdéandard
Bubnov-Galerkin form is reached, but this time including a mdi ed test
function

w o= W+ g oUW (3.28)

In fact, this illustrates the reason why SUPG belongs to theaimily of Petrov-
Galerkin approaches, since the space of the test functionaknot coincide
with the space of the interpolation functions. The SUPG techique can
then be directly applied to the LNSEs, which yields extra tens for the
linearized equation of mass, momentum and energy of the form

BSupg W' " @ — Rc("™); cr  uw"+ wh @ (3.29)
Bilpe Wi; 0" @ = Ry (Q"); wmr uw, @’ (3.30)
BSurc ngph @ " Re(p"); er UWS"‘ DWE @ (3.31)

where ¢, m and g de ne the stabilization parameters of the linearized
continuity, momentum and energy equation. A mathematical malysis
proves that SUPG may feature an order of accurac®(hP*1=?) for con-
vection dominated problems and an orde®(hP*!) for di usion dominated
problems (Johnson, 1987). Latter order of accuracy is ideaal to the one
reached within a classical Galerkin approach. The mathemaal analysis
shows that the SUPG method provides convergence characgits superior
to the above mentioned methods (SU or arti cial di usion) whch are at
most rst order accurate. This becomes especially importanwhen choos-
ing higher order interpolation functions, i.e. changing th orderp. It has
to be noted though that in order to ensure the order of accurgcof the
mentioned methods, sy has to be chosen accordingly. The formulation of
the stabilization parameter will be treated in a separate s#ion.

52



3.3 Petrov-Galerkin Approach

As Hughes (1987) argues, including the term 'upwinding' inite name is
misleading, since it is generally related to the classicalrim of nite di er-
ence upwinding which is well-known to the eld of uid mechaics. There,
these methods feature increased stability at the cost of agacy. This is
not the case with SUPG, which rather combines high accuracyiti solid
stabilization characteristics, especially if higher ordepolynomials are con-
sidered.

In regions of steep gradients SUPG may still produce overstis of the

solution. To avoid overshoots and to assure smooth approxations of the
solution, Hughes et al. (1986) have developed an additiondiscontinuity

capturing term. The term is non-linear in nature and is thusmpracticable
to incorporate into a framework of fully linear equations ke the LNSEs.
The main reason for this is related to an increase in computahal resources
necessary to solve the non-linear terms using non-lineatwmon algorithms.

Circumventing the problem by linearization of the non-linar discontinuity

capturing term proved to yield overly di usive results.

The added SUPG stabilization term is not symmetric which intoduces some
di culties in establishing stability. This non-symmetric stability term can
be avoided by applying the Galerkin/least-squares ansatmtroduced in the
next section.

3.3.2 Galerkin/Least-Squares Technique

The Galerkin/least-square approach (GLS) originates frorthe purely math-
ematical idea to minimize the least-square error of the rekium of any given
govczarning equ%tion. This is directly iIZIustrated by minimging

R2d= (L(M s)?d ! 2 (L( s)L(Hd=0; (3.32

wherelL is the di erential operator of the governing equation. Intepreting
variations of " as test function and restricting the in uence of the whole
term using a stabilization parameter «4p, yields the nal form of the GLS
stabilization term. Thus, the complete di erential operator is used for the
Petrov-Galerkin formulation of Eq. (3.26), yielding a symmatric stabiliza-
tion term (Hughes et al., 1989) of the form

PosW=r1 uw" + wh wh; (3.33)
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3 The Finite Element Method

wherein the rst term can be identi ed as the convective opeator already
used in SUPG. In fact, the major di erence to SUPG is the inclsion of a
di usive and a reactive term in the stabilization operator. Both methods
become identical for convection-di usion (no reaction) psblems using linear
elements. For the linearized continuity equation Eq. (3.1poth methods are
indeed equal, independently of the polynomial ordgy chosen.

In case a positive reactive term is introduced to the govemng equations,
GLS weights the term 1+ ¢, more than the SUPG technique, which may
amplify arising instabilities. To resolve this problem Doglas and Wang
(1989) and Franca et al. (1992) propose the use of the adjoioperator

PorsW) = P WM =r uw" wht+ wh (3.34)

in this way the reactive term is now weighted 1 45, and thus less than for
the SUPG approach. This approach is generally referred to &LS- tech-

nique and represents an approximative version of the multale or sub-grid
scale approach developed later by Hughes (1995). Latter appch is based
on a mathematical analysis of the physical problem for whican analytical

solution for the stabilization parameter «p, is obtained. Then, the stability

coe cient models the e ect of the unresolved scales (subgtiscales) onto
the nite element solution (resolved scales). For this reas, SUPG and
GLS technique can be considered as approximations of the rnstale ap-
proach. The order of accuracy of GLS i®(h?*!) for the primitive variables

and is derived mathematically in Hughes et al. (1989).

The mathematical application of GLS or GLS- to the LNSEs is saightfor-
ward, and leads to stabilization terms of

h i
_ hy. h h
= Rc(™); cr uw' + w,

B(gLS Wh;/\h j@ J@’ (335)
h
B wh;ah @ = Rm(@"); mr uwy +rw)
i 3.36
wh+uw" rur (wh) @ (3-30)
h
B(ELS ngph i@ = RE(ph)’ E T UW2+ pWE
i (3.37)

hh ii
( 1) wor U wy rp @

where the sign or depends on which stabilization scheme is employed,
I.e. the standard GLS or GLS- respectively. Note that genelig the term
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3.3 Petrov-Galerkin Approach

related to the molecular stresses in the linearized energguation should
also appear in the formulation. Since, it was omitted for sipli cation
reasons it is not included here for consistency.

3.3.3 Stabilization Parameter

To close the above stabilization schemes, the stabilizatigparameter p

needs to be speci ed. Its choice is highly important to the sicess of any
stabilized nite element method and mainly determines the wler of ac-

curacy reached by the computation. Original stability paraneters for the
SUPG technique proposed by Brooks and Hughes (1982) wereided by

comparing nite di erence stencils and were limited to linar interpolation

functions. Later, stability parameters used also accommated higher or-

der interpolation functions. They can be generally undersbd a posteriori
based on a priori error analysis, see e.g. Franca et al. (1992

Various formulations exist in literature and have been tesid on scalar
convection-di usion-reaction equations. Three of these W be introduced
in their chronological order of their appearance. Rao and Muas (2006) ap-
plied a de nition of the 4 parameter introduced by Le Beau et al. (1993)
to stabilize their acoustic LEEs equations

|
stab = Max hi I (3.38)
|

where is a certain stabilization constant and ; the spectral radius of a
constant coe cient convective matrix in a direction i (compare with Ap-
pendix B.3 for more details). The characteristic size of thelement ini-th
direction is denoted byh;. According to Hughes et al. (1986), lower bounds
for the parameter can be determined empirically (e.g. > 0O:1or > 0.01
for quadrilateral elements with di erent numbers and locaibn of nodes) de-
pending on the element type (e.g. triangular or quadrilatexl in 2d space)
and polynomial order chosen. These lower bounds were dedwen a very
similar formulation to Eqg. (3.38) of the stabilization paraneter. Later, Co-
dina (2000) proposed a second order accurate formula ff, for a general
convection-di usion-reaction equation according to

2u 4 1
stab = Y + h2 + : (3.39)
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3 The Finite Element Method

More recently, a fourth order accurate formula was proposday the group
of Shakib,

! 1 1=
stab = @ h +9 h2 + 2A ; (3.40)

which yielded better convergence than Eq. (3.39). Howeveasll afore-
mentioned parameters were formulated for general convemtidi usion(-
reaction) equations. Especially for acoustic problems, @&orous de nition
of a stabilization term is still missing. For the present impementation, all
stability constants are chosen equallyc = y = g for linearized continu-
ity, momentum and energy equation.

3.3.4 Problem Formulations

The discrete LNSEs of Egs. (3.19)-(3.21) with an additionadtabilization
technique like SUPG, Egs. (3.29)-(3.31), or GLS, Egs. (3.883.37), nally

have to be formulated into a matrix notation which is providel to a nu-
merical solver in the next section. This can be done in two derent ways
de ning two very di erent problem sets. The rst problem is a matrix in-

version problem and is discussed next. The second is an eiggne problem
and is discussed in Section 3.3.6.

3.3.5 Matrix Inversion Problem

For the matrix inversion problem! 2 R is explicitly prescribed and thus the
coe cients of the frequency dependent term of Egs. (3.10)3(12) are known.
This is exemplarily shown for the general convection-di usn-reaction equa-
tion in Eq. (3.22),

M() +[C+D+ | =N E (3.41)

Therein, is the vector incorporating the unknown coe cients . In
Eqg. (341),M, C, D and denote the frequency dependent matrix, the
convective, di usive and reactive matrix, respectivelyN and E indicate the
right hand side vectors due to the Neumann boundary condittoand due to
the essential Dirichlet boundary conditions, respectivel Such conditions
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were already described for the LNSEs in Section 2.7. The matrsystem
of the LNSEs is slightly more complex due to the inherent colipg of
the equations. Nevertheless, it can be derived in a similaranner. The
pulsation ! is chosen to be real in the present study, however, similarly
imaginary components can be ascribed as well.

The di erent matrices of Eq. (3.41) of the complete system mathen be
summoned into one global matrixA (! )

A(')x = b: (3.42)

wherex is now chosen to represent the vector of unknowns. For the LES,
the x incorporates the unknown coe cients %, &a and pa of the discretiza-
tion introduced in Eq. (3.17).

Assembling the LNSEs in the way of Eq. (3.42) enables one totdemine
the scattering or transfer matrix coe cients of Eq. (2.26) and (2.29), re-
spectively. This can be performed for con ned con guratios, such as area
expansions, ori ces or tubular combustion chambers with tavor more in ow
and out ow boundaries.

Any given con guration needs to be acoustically excited omcfrom upstream
and once from downstream direction following a two-sourcé&rategy (Mun-
jal and Doige, 1990aAbom, 1991). Eg. (3.42) then needs to be solved
twice for every discrete pulsation . The two di erent excitation states are
labeled in the following by the subscriptd and Il . Both acoustic states
are designed by incorporating appropriate volumetric soae terms in the
LNSEs formulation, Eqgs.(3.1)-(3.3), to retrieve the non4tvial solutions of
the problem. Such a procedure is valid for frequencies belthve rst cut-on
frequency of higher order modes, where solely longitudinaives propagate
along the system's feeding ducts. Then, an analytical soion exists for the
longitudinal waves, which is of the form

pu:d - 'b-lu-:de kx + 'bu:deik X; (343)
1 ot :
Ouzg = - Pima® S - (3.44)
wherek = !=(c u) represent the complex wavenumber of the wave

traveling in upstream or downstream direction. The compleyressure and
velocity amplitudes g=g and &,-q4, upstream and downstream of the con-
guration under investigations, are solutions of the LNSEs As these are
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eld variables, they are averaged over cross-section planeA least-squares
Levenberg-Marquardt algorithm is then used to retrieve theomplex pres-
sure amplitudesp?, B, , Py and Py for both acoustic states (Levenberg, 1944;
Marquardt, 1963). With all pressure amplitudes known, fouequations may

be formulated for the four unknown coe cients
0 1 1 4

0 10
5 T+(! ) R (1) c-B pgn pg;n 33 Bui Bu ¢ . (3.45)
R (I) T (I) pu;l pu;ll pd;l pd;ll

The results are generally insensitive to the speci ¢ locain of the acoustic
source. Only prerequisite is that it is not located to closect the region of
interest and does not overlap with regions where the complg@xessure and
velocity amplitudes -4 and t,-4 are extracted.

3.3.6 Eigenvalue Problem

The matrices may also be assembled in a dierent way, if the dguency
dependent terms are rst shifted to the RHS, which results in

r u™+ " " s =il g (3.46)
for the general convection-di usion-reaction equation. &h equations may
then be again discretized and assembled to a global matrixpresentation.
The resulting problem is of eigenvalue type and can be fornaied as: nd
pulsations! 2 C and eigenvectorsy 2 C which satisfy the uid dynamic
as well as boundary conditions, such that

AV =il V: (3.47)

For the LNSEs, the eigenvectors/ contain the unknown coe cients ",
0 and pPa. Note that matrix A is not a function of the pulsation! . For
thermoacoustic problems, however, the situation is changeas soon as the
unsteady e ect of the ame is incorporated into the source ten s,. Then,
matrix A does indeed depend non-linearly on the pulsatidn, see Section
2.6, and the problem may not be solved directly. An intuitivesolution to
treat the non-linear source term is introduced by Nicoud etla(2007) in case
of the Helmholtz equation, who propose the use of an iteragvalgorithm.
The method works as such, ik denotes the current iterative step, the global
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matrix A is simply evaluated at the last iteration step with a known! | ;.
Following these authors, the iterative algorithm works asdilows:

" Determine rst eigenfrequencies! 3;! 2;... without acoustic- ame cou-
pling by solving Eq. (3.47) with§, = 0.

" Select the i-th frequency,! |

“Set ! =!,with k=1and g, 60.
" Solve A('k )V =il (V.

" Assess the error = jl 1y 43! o).

" Return to step four and perform a nite number of iterations on k until
is small enough.

" Repeat the algorithm until all necessary frequencies areolund by re-
turning to step two.

Solving this equation system yields a set of complex eigemsa(!; V). The
eigenfrequency at a pulsationn contains two main parts

=1+l (3.48)

areal part! , which determines the frequency of pulsation and an imaginar
part !; which determines the respective growth or decay rate exp(t)
(cp. to Eqg. (2.12)). If a pulsation grows or decays in time degnds on the
respective sign of ;. The eigenvectorV belonging to a certain pulsation ,
describes the characteristic distribution of uctuating quantities throughout
the computational domain. Generally, the iterative soluton algorithm is
found to converge within a number of three to four iterationk for a single
eigenfrequency of investigation.
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In the beginning of this chapter, the two main problem formutions result-
ing from the nite element discretization of the LNSEs in Chater 3 are
shortly summarized. The rst is of eigenvalue type, wheré 2 C is com-
plex and not known a priori. This means nding the complex eignpairs
of pulsations! and eigenvectorsV which satisfy the given constraints and
uid dynamic conditions inside the computational domain

AV =il V; (4.1)

where the purely real operator matrixA 2 R" " is of sizen andV 2 C" is
a discrete eigenvector containing the unknown nodal valu€8a; 0a; Pa) for
each nite element.

The second problem set can be formulated!if 2 R is explicitly prescribed.
Then, the problem reduces to a simple inversion of the compglenatrix
A2C"n

Ax = b; (4.2)

which can be solved using either direct or iterative methoddescribed in
Sections 4.2-4.4. For both problem sets the matrid is typically non-

hermitian (non-symmetric for real matrices) and inde nitefor classical con-
vection transport equations as the LNSEs and LEEs are. Thisals a strong
impact on the selection of an appropriate iterative solverSome of the it-
erative routines are based on a projection of the original pblem into a
so-called Krylov subspace. The construction of such a sulage is the main
operation of the eigenvalue problem, which is therefore disssed rst.

As most problems in reality have three dimensional geome#s and ow
conditions, the use of iterative solvers becomes indispabte. Until now,
no iterative routine has been proposed in the literature todve the LNSEs
in an e cient way. Therefore, this chapter designs three dierent iterative
algorithms for this purpose. First, the basic theory of diret and iterative
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schemes is introduced. The introduction is followed by an phkanation of
preconditioning techniques which are used to acceleraterative algorithms.
Finally, based on the theory, three di erent combinations biterative algo-
rithm and preconditioner technique are selected and theirgsformance is
compared on a generic combustor con guration.

4.1 Eigenvalue Solvers

Three algorithms exist for solving the eigenvalue problemfdeq. (4.1).

For hermitian matrices the Lanczos algorithm (Lanczos, 199 is gener-
ally used. However, typical uid dynamic transport equatians are generally
non-hermitian and therefore subspace methods like the Arltbh method

(Arnoldi, 1951) or Jacobi-Davidson method (Sleijpen and \Wfa der Vorst,

1996; Sleijpen et al., 1996) have to be used instead. In theespc case
of the Helmholtz equation Eq. (2.25), it is shown that the Jagbi-Davidson
method is globally more e cient than the Arnoldi algorithm ( Sensiau et al.,
2008), i.e. it requires a lower amount of iterations to convge. The dif-

ferences are, however, insigni cant and both methods shanearly similar

solution capabilities. Therefore, the Arnoldi algorithm & chosen in the
present thesis to solve the eigenvalue problem de ned by tHENSEs and
Helmholtz equation, respectively.

4.1.1 Arnoldi Algorithm

Discretization of three dimensional combustion chamber gmetries using
a nite element procedure of Section 3 may result in large nubbers of de-
grees of freedom and equivalently large system matricAs Consequently,
these matrices have also large numbers of eigenvalues. H@mvein ther-
moacoustic applications we are mainly interested in a sulise the rst few
eigenfrequencies. At such low frequencies it is believedatithe system is
more susceptible to the coupling of acoustic waves with theht release rate
of the ame. Therefore, solving for the complete spectrum adigenfrequen-
cies is unnecessary and would involve high computationalsts.
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General idea behind the Arnoldi algorithm is to solve an eigealue problem
of much smaller dimensiomm, which accurately approximates the rst few
eigenvalues of the original matrixA 2 C" " wherem << n . This smaller
matrix is called a upper Hessenberg matrixd 2 C™ ™, It is constructed
by performing a projection of the original system onto a soatled Krylov
subspace. This subspace spans matrix-vector products okethrst powers
of a matrix A and a vectorro= b Ax (Saad, 2010)

n
Km = span roArog;A%rg i A™ rg (4.3)

The dimensions of the subspace is explicitly given by the ve#d m. The
Arnoldi algorithm then iteratively calculates the orthogmal vectors g,
which span the Krylov subspace as well as the individual max coe -

cientshjj using a so-called modi ed Gram-Schmidt (MGS) procedure. T

dividual matrix coe cients h; in a non-square Hessenberg matrid m+1.m
to obtain the following form

AQ nm = Qnm+1Hm+1:m (4.4)

A square upper Hessenberg matril .., can now be obtained by removing
the last line of H n+1.m. Then, the relation Eq. (4.4) may be reformulated
in terms of a square Hessenberg matrid .,

AQ nm = QnmHmm + hm+1;mC|m+1e1n-1 (4.5)

with el being the unity vector. Herein, the last term on the right hawl
side describes the residual of this process. The eigenvalaad eigenvectors
of the resulting square Hessenberg matrix may then be comeat with the
help of direct or iterative methods explained in following &ctions 4.2-4.3.
The reduced eigenvalue problem to be solved is of an equivdléorm to
Eq. (4.1)

I'|m;myim = iyim; (4.6)

where ; are the eigenvalues of the square Hessenberg matHx,.,, and
y" their corresponding eigenvectors. The time and memory camaing
task of calculating the eigenpairs of the original matrixA of sizen n
Is circumvented by the computations of the eigenvalues of auth smaller
matrix H,.m with m dimensions. Whether an eigenpair of the Hessenberg
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matrix ( i;y{") is a good approximation of the original matrixA (!i;V;)
can be assessed by the following relation

JA D UM, = hmerm eRyM (4.7)

whereu™ = Qn,ny" is an approximation of the actual eigenvectoV; of
A and | the unitary matrix. If the norm of right hand side of Eq. (4.7) is
smaller than a certain threshold value, the routine is stopgd. It is impor-
tant to note that the original system matrix A appears only in the form of
matrix-vector products in the Arnoldi iteration.

There are two main problems associated with the Arnoldi metid: The
rst is the choice of subspace dimensiom. Sensiau et al. (2008) show in
case of the Helmholtz equation Eq. (2.25) that the Arnoldi @orithm is
insensitive to the choice ofm after having reached a certain magnitude
of about 50. The second problem is related to a fairly large Kiov
subspace. In this case the MGS may produces Arnoldi vectotsat are not
orthogonal to machine precision, leading to spurious eigalues Akervik,
2008). Explicit re-orthogonalization of the basis set in tis case becomes
preferable, like e.g. done with the DKGS method introducedybDaniel
et al. (1976). However, the re-orthogonalization is not impmented into
the current COMSOL version.

4.1.2 Shift and Invert Method

The Arnoldi algorithm can determine the very large eigenfiepiencies or
those very close to zero. However, sometimes intermediatesbghtly higher

eigenvalues are of interest. This can be achieved by applgithe Arnoldi

algorithm on a so-called shifted and inverted form of the aginal problem
Eg. (4.1). Therein, the problem is reformulated as

A i1]tv=i¢ )W=ivVv (4.8)

wherein is the target value in the region of interest] denotes the unity
matrix and is the eigenvalue of the shifted problem. Instead of system
matrix A the eigenvalues of4 i 1] * are now sought for. A major dif-
ference to the standard Arnoldi algorithm is that matrix vedor products
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of [A i I] 'qn instead of Aq, are calculated which requires the use of a
direct or iterative procedure to invert the matrix [A i |]. The way this
is done in the current framework is explained in the followip sections.

This thesis employes a parallel implementation of the shifand invert
method available in the ARPACK library (Lehoucq et al., 1998. Also con-
sult the same publication for a more thorough explanation dghe introduced
methods.

4.2 Direct Solvers

In this section it is shown how to solve the linear matrix sygm of LNSESs of
Eqg. (4.2), viz. Ax = b, or the matrix inversion in Eq. (4.8) as part of a shift
and invert eigenvalue routine. The class of direct solverseacharacterized
by providing the exact solution of a linear system of equaties after a nite
number of iteration steps (when neglecting round-o errons Their main
disadvantages are related to the fact that on the one hand theystem matrix
A must be available and can not be implicitly calculated, whd on the other
hand, the complete matrix needs to be inverted. Such methods er from
excessive llI-in and unacceptable computer work, growingiti the problem
sizeO(n®) (Trefethen and Bau, 1997).

Direct methods and latest developments are described in aview article of
George and Liu (1981). In the present thesis the two main dice solution
methods of LU and QR factorization will be introduced. It has to be
noted that variants of the factorization methods have beenaleloped which
better cope with large system matrices and account for thelrand structure.
These are, e.g. the MUMPS (Amestoy et al., 2001) or PARADISQobrers
(Schenk and Gartner, 2004) provided in the software packagCOMSOL
Multiphysics. To further reduce internal memory usage, alsolvers include
out-of-core capabilities, i.e. storing parts of the matrixon the computer
hard disc.

In the current framework, only small two dimensional probles are gener-
ally solved using direct methodologies, providing a goodade-o between
accuracy, robustness and computational time in these cases

64



4.2 Direct Solvers

4.2.1 LU Factorization

The LU factorization method decomposes the system matriA into the
product of a lower and upper triangular matrix,L and U respectively. The
individual matrix elements |;; and u; of matricesL and U are computed
by means of a conventional elimination algorithm. One nalf obtains

A=LU: (4.9)

When the factorization is completed, the solution vectok, is computed in
two sequential steps:

LUXx , = b; (4.10)
Ly, = b; forunknownyy; (4.11)
Uxn, = ypn; forunknown x,: (4.12)

Eqg. (4.11) is solved fory,, using forward substitution, while Eq. (4.12) is
solved for the unknown solution vectox,, using backward substitution.

A is typically a band structured matrix. In this caseL and U are also band
structured matrices with the same bandwidth of matrixA. However, asA
Is sparse along these bands, this is not the case forand U which bands
are generally completely lled. This requires an increaseshemory space
and represents the main drawback of this direct methodology

4.2.2 QR Factorization

The main advantage of theQR compared to theLU factorization method is
that the Euclidian norm is conserved for the unitary transfomation (Meis-
ter, 2011) and the equation set can easily be solved sinQe = Q . The
subscript : denotes the hermitian transposed. LeQ 2 C" " be an or-
thonormal unitary matrix while R 2 C" " is the upper right triangular
matrix, then it follows

A = QR: (4.13)
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The decomposition ofA can be performed using Gram-Schmidt method or
using the algorithms of Givens and Housholder. After decoropition, the
solution vector is calculated as follows

QRxn = b; (4.14)
Qyn = b; for unknownyp; (4.15)
RXn = yn; forunknown x: (4.16)

The process of computing the factorizationsU or QR is the most expen-
sive part in terms of computational costs. For the LU factodation Golub

and Van Loan (1996) and Du et al. (1986) give estimates of coputa-

tional costs (or number of ops)O(n>?) for two dimensional problems and
O(n>?) for three dimensional problems. The costs may increase hewer
signi cantly when not taking into account the sparse charater of the ma-

trix O(n%) for two dimensional problems andO(n’) for three dimensional
problems (Schafer, 1999). The high demand in memory as wels com-
putational resources limits the applicability of direct stution methods to

relatively small cases.

4.3 lterative Solvers

When large sparse matrice8 are involved, direct solvers face limitations in
memory and processing time. As direct solvers can generatigt make ad-
vantage of the sparse structure of system matrices, iteraé schemes become
more interesting. For three dimensional problems such itative schemes be-
come indispensable. Unlike direct solvers, the class ofraéive solvers may
only provide the approximate solution of a discretized prdbm. Another
drawback of iterative solvers is their lack in robustness, en compared to
direct solvers.

Most simplistic representatives of iterative schemes arée Jacobi, Gau -
Seidel and the successive over relaxation techniques. Téedgorithms are,
however, mostly ine cient (Schafer, 1999). Therefore, a derent class of
Krylov subspace solvers has been developed. The most famoegresen-
tative is the Conjugate-Gradient (CG) method developed by Estenes and
Stiefel (1952). It typically involves only one matrix vecte multiplication
per iteration step and is therefore highly e cient. The algaithm, however,
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is only applicable to hermitian and positive de nite matrix systems and
breaks down in the presence of non-hermitian systems likeetlones con-
sidered in the present analysis. Later, the method was thenxtended to
cope with non-hermitian and inde nite systems. Bi-CG (Flether, 1975)
and BiCGstab (van der Vorst, 1992) have been developed forishpurpose.
However, both iterative solvers do not satisfy optimality ondition in the
sense that the residual is not minimized and convergence rsegular (Bi-
CG) or may break down before an exact solution is calculatedMgister,
2011). This low level in robustness is also observed in theucse of the
present study when solving the LNSEs, where the solution algthm would
converge for some frequencies but not for others. Comparem Bi-CG and
BiCGstab, the GMRES algorithm developed by Saad and Schult986)
satis es optimality condition and provides high robustnes. This comes at
the cost of an increased usage of memory space. In terms of kvoer itera-
tion step all introduced Krylov subspace methods perform ratively similar
(van der Vorst, 2009). Another class of promising algorithmis represented
through the development of multi-resolution methods (Hadbusch, 1985;
Wesseling, 1992). These may be directly applied to performatmix inver-
sion or may serve as preconditioners for solution algorithsrlike GMRES
(Wienands et al., 2000). Latter potential is exploited in ths thesis.

For the challenging task of computing solutions of the LNSEser LEEs, a
suitable solver must be capable to cope with strongly chamgy ow elds,
di erent mesh resolutions as well as di erent frequenciesfaonvestigations.
Therefore, robustness of the solution algorithm plays the ost important
role for the explicit choice of iterative scheme for the prest area of ap-
plication. First, some available solvers are discussed inone detail. Then,
suitable combinations of solvers and preconditioners arelscted from the
literature to solve the LNSEs. Their individual performane is then com-
pared for a generic combustor model.

4.3.1 Jacobi, Gau -Seidel and SOR

Generally Jacobi, Gau -Seidel and successive over relaiat (SOR) meth-
ods are the most classical iterative solvers. They belong the group of
so-called splitting methods. The linear system is expanddyy the addition
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of Bx Bx to the problem of Eq. (4.2) for matrix inversion problems and
of Eq. (4.8) for eigenvalue problems, respectively, yielty

Bx Bx + Ax = Db: (4.17)
which directly leads to the general iteration rule for stefgk + 1

Bx Kt BxX+ AxK= b; (4.18)
x¥1=B B A)xk+ B b: (4.19)

The convergence rate of this algorithm is now governed by tloharacteristics
of matrix M = B (B A)instead ofA. As matrix A is xed a priori, the

choice of the arbitrary matrix B can be exploited to positively in uence the
rate of convergence. An optimal choice of matriB requires it to minimize
M. In the specic case ofB = A, the solution would be achieved within
a single iteration stepk = 1, see Eq. (4.19). Secondly, matribx8 must be
easily invertible. This can be achieved by subscribing = |. However,
these two requirements can not be ful lled conjointly. A prgmatic solution
to such con icting requirements is to subscribe only partsfoA to matrix

B, viz.

A=A_+Ap+ Ay; (420)

where A is a matrix containing the lower part below the diagonal Ap
contains only the diagonal andA y includes the upper half of matrixA. By
the explicit choice of matrix B, three splitting methods may be derived:

B = Ap; Jacobi (JAC) (4.21)

B = Ap+ Ay; Gau -Seidel (GS) (4.22)
+ |

g = AD SORAL; SOR (4.23)
I sor

where the parameter! spor Introduces a certain relaxation to the Gau -
Seidel algorithm. For SOR to converge, the relaxation paragter must
fulll !sor 2 (0;2). Its optimal value ! o for general convection-di usion
problems can not be derived explicitly. On simple model prééms it can be
shown that the computational time may be reduced signi cary using the
SOR compared to the Gau -Seidel method when choosing the azhtion
parameter ! sor between [12). It is important to note that this is not

necessarily the case when the SOR technique is used as a prditmner

68



4.3 lterative Solvers

for the here presented LNSEs system. Ifsor < 1 is chosen, SOR is also
refereed to successive under relaxation (SUR) method.

Computational costs of the Gau -Seidel and Jacobi method arestimated in
Schafer (1999) and feature an order dd(n?) for two dimensional andO(n®)

for three dimensional problems. The asymptotic convergemdehavior may
be decreased by an order of magnitude when considering the S@ethod
(Axelsson, 1996; Schafer, 1999). This class of iterativelser shows high
robustness. However, with increasing degrees of freedone iteration costs
still increase disproportionately according to Schaferl(999).

4.3.2 Generalized Minimal Residuals (GMRES)

The Generalized Minimal Residual approach (GMRES) of Saadd Schultz

(1986) is an extension of the conjugate gradients (CG) metdamf Hestenes
and Stiefel (1952) to non-hermitian systems. Latter propé&y is common to
general convection-di usion equations in uid dynamic apfications. The

algorithm is based on an approximation of the linear problemd\x = b

at each iteration k by a vector xx that minimizes the residual normR of

Eqg. (4.2), i.e.

MiNjjRjj = minjjAxx bjj: (4.24)

At every k-th iteration, the vector xx may be expressed throughky = Qgy.
GMRES uses the Arnoldi method to generate a basis of orthoganvectors
of Qk. Substitution into relation Eq. (4.24) yields

MinjjRjj = minjjAQ«y bjj: (4.25)
Next the relation of Eq. (4.4) is applied to obtain
MinjjRjj =minjjQw+aHky  bjj: (4.26)
Multiplication with Q, ., on the right side and usage of the knowledge that
Qu+1b = jjbjje; with e; =(1;0;0; ::2), yields the nal problem formulation:
nd a vector y that minimizes
MinjjRjj =minjjiHky ji bjjejj: (4.27)
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The solution vector is then explicitly calculated throughxy = Qgy. The
size of the problem to be solved at eack-th iteration, is given by the
Hessenberg matrixH ¢ which is of size k + 1; k).

GMRES's main disadvantage is the higher memory consumptiaonnected
with the storage of the Krylov subspace basis vectors. The mber of
stored vectors increases by one with every iteration and dawector is of
problem sizen. In order to avoid this excessive storage, the algorithm cdre
restarted after| iterations steps. This algorithm is referred to as restartk
GMRES(l). Now, | can be conveniently be chosen according to the available
memory resources. Various numerical experiments have shothat | = 10-
50 is a suitable choice. Main disadvantage of this restargnprocedure
Is, however, that after having performed iterations, GMRES(I) may face
stagnation.

GMRES is an optimal solution algorithm and always features anonoton-
ically decreasing convergence behavior, but its rate of a@rgence signi -
cantly depends on the choice of preconditioner, see e.g. bter (1998). Es-
timating the computational costs therefore becomes di cul. For the very
speci ¢ case of the CG methods, van der Vorst (2009) shows thaG scales
with O(n3?) for two dimensional problems andO(n*?) for three dimen-
sional problems. From his consideration it is directly obwaus that Krylov
subspace methods may rather be disadvantageous to solve mmensional
problems. However, for three dimensional problems their gabilities are
unqguestioned and with choice of a suitable preconditionerag even yield
scales of up toO(n"), see e.g. Axelsson (1996); Gustafsson (1978).

4.3.3 Flexible Generalized Minimal Residuals (FGMRES)

The Flexible Generalized Minimal Residual (FGMRES) is a maddaation
of the GMRES algorithm to handle di erent types of preconditoners more
exibly (Saad, 1993). Instead of Eq. (4.2) the right precontdioned system
reads

AP 1y = b; (4.28)

wherePr denotes a right preconditioning matrix andx = Pz'b. Perform-
ing the operation AP ;! is straightforward using the GMRES algorithm.
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However, to retrieve the solution vectox the matrix vector operationP 31y
has to be evaluated. This operation is saved using the FGMRESethod
at the expense of storingn intermediate vectorsP ;'qx per m steps. Thus,
the memory costs increase slightly using FGMRES, which is ntavorable
for most applications. However, in some situations, the pcenditioning ma-
trix is not known explicitly and may change in every iteration step (Saad,
2000). In the context of nite elements, the bene ts of an FGMRES have
been pointed out by Tezduyar et al. (1991).

4.3.4 Multiresolution Methods

Multiresolution methods (Brandt, 1973; Fedorenko, 1964)an also be used
to solve linear equations systems, but are also frequentlged to speed up
the convergence rate of numerical solution algorithms, e.dor the Navier-
Stokes equations (Arnone et al., 1995; Brandt, 1981). Thewmain advantage

Is that their performance and memory storage scales lineanvith the de-
grees of freedon®(n) (Wesseling, 1992). To achieve such convergence rates,
however, requires understanding and careful design of adlger components.
Statements on the convergence behavior of multiresolutionethods are pro-
vided for example in Hackbusch (1985, 1993).

This class of method is based on the general idea that the nunoal error
is distributed smoothly among the grid points. A hierarchy 6 di erent
mesh structures is generated and the problem is solved usidigect solvers
of Section 4.2 on the coarsest mesh. Due to the insu cient nuemical
resolution, the error produced by the direct solver has di ent wavenumber
components which obscure the physical solution. As it is thgeneral idea
of the method, high wavenumber components of the error aredhght to
be unphysical and are lItered out by performing a number of swothing
operations. Multigrid methods provide a vast framework ananly a brief
introduction to the subject is presented here.
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4.3.4.1 Geometric Two-Grid Method (GTG)

Consider a linear system of the discretization orddr, where the element
sizeh' changes according to
| M o o+l 22
= jhyjj =1;:2 1 : (4.29)
Then, the linear problem to solve on thd-th grid layer is written as
A'x' = b (4.30)

The essential principle of the method is to approximate thensooth (long
wavelength) part of the error on coarser grids. The non-smtopart (small
wavelength) is reduced by a small number of iterations with basic iterative
method, e.g. using splitting methods, on the ne grid (Wesdimg, 1992).
After a certain amount of iterations of the two-grid algorithm, an approx-
imation of the solution vectorx' is computed. In the rst step of the next
iteration, a number of ; 0 pre-smoothing operations is performed for the
model problem on the ne grid, Eq. (4.30) using the introduceé splitting
methods (Sec. 4.3.1) of the general form,

' =M)x' +N()b  for 1=0:1; 20 (4.31)

In a next step, the defecd' = A'x' b'is computed for the ne mesh ' and
is projected onto the coarser mesh' ! performing a so-called restriction
operation

d =R/ !d' where R| ':C"! C™ 1R 2RM M (4.32)

On the coarser grid the erroe' *is computed solving the resulting equation
system

Al el t=d' 4 (4.33)

directly. For this task the algorithms introduced in Sectim 4.2 are used.
Depending on the size of the coarse mesh this operation is qgtationally

cheap to obtain. Interpolation, or so-called prolongationon the ner mesh
yields the unknown errore' on the ne mesh

e =P e "where P ;:C"t! C";P2RM"M: (4.34)
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with which a new defectd""®" and solution vectorx"™" can be computed
from A'e' = d""V, A number of , 0 post-smoothing iterations of similar
type of Eg. (4.31) may be performed. For pre- and post-smoatiy iterations

the relaxation parameter! inherits a di erent functionality compared to

its usage in iterative schemes of Section 4.3.1. It is empénlyas a kind of
calibration parameter for a 'quasi' low-pass lter, idealy canceling all high
wavenumber components of the error.

4.3.4.2 Geometric Multi-Grid Methods (GMG)

Obviously, the two-grid can be recursively applied to someoarser grid with
m number of di erent grid layers. In general this may lead to vey e cient
iterative routine since instead of Eq. (4.33), a much coanseroblem

Al me mM=d ™ (4.35)

is solved fore' ™ directly. This extends the GTG method to the Geometrical
Multigrid Method (GMG). One iteration of the GMG method is called a
cycle. The exact structure of the cycle depends on a paramete, which

denotes the number of two-grid iterations at each intermedte stage. The
case of =1, the GMG performs a so-called V-cycle, while =2and =3

are called a W-cycle and a F-cycle, respectively. Most commoycles found
in the literature are the V- and W-cycle. The explicitly chote of cycle,
however, does not have a signi cant in uence on the convergee behavior
as Schafer (1999) notes. For inde nite systems, multigridnethods may
become ine cient, as it is shown in the case of the Helmholtzquation by

Hackbusch (1978). In some cases even a diverging behaviothef iterative

solution algorithm could be observed. This is the reason witgMG methods
are not applied directly as a solution algorithm to solve thgresent set of
LNSEs. However, this class of solver has high capabilitiesr faccelerating
iterative routines.

4.4 Preconditioners

Depending on the physical problem (i.e. transport equati®) solved, the
numerical methodology (e.g. nite volume, nite element) and the individ-
ual discretization applied, each system matriXA has its own structure and
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characteristics. To iterative routines this structure is ghly important and
determines whether an iterative routine convergence at abr if so, its indi-
vidual rate of convergence. Certain measures may be de nedhieh provide
an estimate of convergence rate. One is the condition numbe(A) of a
regular matrix A 2 C" ",

(A) = jiAjiaiiA Hja (4.36)
where jj:jja IS de ned as the a-th matrix norm. Low condition numbers
implicate that a reducing residuum reduces the error norm eg/alently.
On the contrary, a high condition number indicates that the wrm of the
error may not necessarily be reduced with reducing residuunn this case
we generally refer to an ill-conditioned system matrix. An ther important

measure is the spectral radius &k . Itis de ned as the maximum eigenvalue
of A, ie.

(A)=maxfi | 2 (A)g (4.37)

where (A) denotes the spectrum ofA. In the case of splitting methods

it can be shown that as long as(A) < 1, convergence is ensured, see e.g.
Meister (2011); Schafer (1999), and the smaller the valugA), the higher
are the convergence rates reached.

In case a system matrix isA ill-conditioned, i.e. high (A)and (A) 1,
a precondition matrix P, may be multiplied to both sides of the system of
Eq. (4.2)

PLAX = P_b: (4.38)

Now, the convergence rate does not depend on the propertidsiatrix A
but on the properties of matrix P_.A with (P_A) < (A). The solution
of the system, however, remains unchanged. In the above fqrthe pre-
conditioning is called left preconditioning which is denad by the indexL.
Similarly a right preconditioning exists, but as Saad (200otes both tech-
niques yield similar acceleration. In the following, onlydft preconditioning
Is considered therefore.

Main aim of the preconditioning is to de ne a matrix P_ which is simple
to calculate, uses low memory space, its inverse is easilynied and for

which P_A approximates a unitary matrix. If P_A = |, only one iteration

Is needed to produce the solution. Multiple algorithms havbeen designed
for this task and are mainly based on the classical solutiorgorithms:
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~ Jacobi, Gau -Seidel or SOR
" Gradient algorithms (GMRES, FGMRES)
" Geometric Multi-Grid Methods

For this purpose the original solution algorithms of Sectiw4.3 are modi ed
in order to construct a matrix P_. Details on how these algorithm are
integrated in a global solution procedure of Section 4.3 isibof scope for
the present analysis but can be extracted from the speci ctérature on this
eld, e.g. in Saad (2000); van der Vorst (2009); Wienands et.a2000). It
IS important to note that the complete preconditioning matix P_ is not
necessarily known by an e cient preconditioner, only its inplicit e ect on
A needs to be calculated.

Scaling of the primitive variables represents the simpledorm of precon-
ditioning. It is justi ed through the di erent orders in mag nitude of the
solution variables. For example when solving LNSESs, pressuand veloc-
ity variables may have a di erence in magnitude of the order fofour and
it becomes advantageous to introduce new solution variallelenoted by a
superscript:

N== e 0 = 0=Ges; P = P=Res: (4.39)

where (ef, Ger and prer are selected mean ow quantities from a given point
in the domain. This methods disadvantage is that only a smalhcrease in

convergence rate is generally observed (Meister, 1998). vidgheless, due
to its simplicity the scaling is introduced to the present LNGEs solver.

4.5 Convergence Analysis

Main aim of this section is the design of an e cient solver to ope with the

large system matrices using LNSEs. This procedure includése choice of
a suitable linear solver, in a so-called inner iteration, asell as an acceler-
ation technique (preconditioner) in an outer iteration cyte. The proposed
methods must be able to solve typical ow con gurations of cabustion

chambers with Mach numbers up toMa  0:3, high temperature and ve-
locity gradients.
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For low-frequency applications using the nite element disretized LNSESs,
molecular viscosity has a negligible e ect on the acoustia@pagation, see
Appendix A. Matrix A therefore becomes generally ill-conditioned for the
application of interest. Using LEEs the situation is signicantly worsened,
due to the unavailability of any di usive term, yielding P! 1 . Based
on these considerations, a single tetrahedra element is &red rst. It is
discretized in nite space to identify parameters in uencng the structure of
the system matrix A and therewith its possible convergence behavior. In a
next step, three di erent linear algorithms are proposed t@olve the LNSEs
in an e cient way. These are mainly based on the consideratits above
and preliminary tests. Open parameters will be discussed @moptimized
for a generic combustion chamber ow to yield fast and robussolution
algorithms. In a last step, the performance of all three de ed algorithms
will be compared against each other and the most suitable oreidenti ed.

4.5.1 Single Finite Element Analysis

At rst, we assemble the system matrixA°€ for a single tetrahedra nite
element arbitrarily located in three dimensional space. $h an element
iIs shown in Fig. 4.1 with its local distribution of nodes. By educing the
overall system matrix A to a single nite element A®, we may analyze
the basic mathematical character of the set of acoustic gaweng equations
and give approximations of the convergence behavior. LEEseachosen

(X1;Y1; Z1)

(X2:Y2; 22)

T

(Xa; Ya; Z4)

----
-----
------
—————
——————
-----
.-

(X3 Y3; Z3)

X

Figure 4.1: Single tetrahedra nite element located in three dimensical space. Distri-
bution of nodes of linear element are shown by the lled symi& For second
order elements, the un lled nodes are additionally consided.
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here as representative of the most 'conservative' case andce they are
more frequently used in the elds of aero- and thermoacouss. Of course,
similar conclusions may be drawn for the LNSEs as well. Dep#ancies
of the convergence behavior on e.g. frequency and velocisadients in
the mean ow eld are identied. Moreover, the e ect of nite element
stabilization methods on the system matrix structure is disussed.

The parameter used to characterize the convergence behavi® the con-
dition number (A) of Eq. (4.36). Consider a single tetrahedron nite
element, Fig. 4.1, with its nodes located arbitrarily in thee dimensional
space. It is subjected to a certain mean ow which satis es cservation
of mass, momentum and energy. LEEs are discretized on thieelent us-
ing the Bubnov-Galerkin nite element approach with piecewse linear test
functions to simplify the derivation. Scaling of the primitve variables, in-
troduced in Eq. (4.39), is also performed. Transformatiomto parameter
space using a Jacobian transform yields the nal form of thd@ment system
matrix A €. Its characteristics is analyzed next.

In the rst case, the frequency dependance is analyzed for artstant base-
line ow having zero velocity gradients. Fig. 4.2 (left) shws a distinct

characteristic upon frequency. The condition number drastally increases
at low frequencies, indicating possible di culties when cosidering low fre-
guency oscillations. Above a frequency of around 500Hz thendlition num-

ber reaches a constant level.
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Figure 4.2: In uence of frequencyf and velocity gradientsdu,=dx on the condition num-
ber (A°®) of a single nite element sti ness matrix.
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In Fig. 4.2 (right) we observe a strong dependance of A€) upon the ve-
locity gradient. Increasing the axial velocity gradient ngatively in uences
the condition number. The in uence is stronger for lower frguencies which
are also displayed in the same gure. The high condition nundss reached
highlights the need of SFEMs as well as suitable combinatiaf a solution
algorithm and preconditioning techniques. In the course dhe study, con-
tributions of the GLS term of Egs. (3.35)-(3.37) were also troduced into
the element matrix. A direct e ect is that the symmetry of the element
system matrix increases, due to the symmetric structure ohe GLS terms.

Of course, the condition number also depends on the speci aality of the

tetrahedra element and the incidence of the ow velocity. Irthe presented
case a well shaped tetrahedra element has been selected. réssing the
element quality, decreases the condition number accordigg Another in-

uencing factor is the domain size (depending on number of&hents and
the order of interpolation functions), which may also leadd a signi cant

decrease in the condition number. Therefore, it has to be red that the

study of condition numbers of the system matrix of a single @mnent is not
able to provide estimates of condition numbers of real physl problems.
The only aim of this section was to identify in uencing factes and possible
dependancies.

45.2 Solution Procedures

In practical problems, acoustic elds over a wide range of dgquencies are
of interest. For every discrete pulsatiorl the matrix inversion problem of
Eqg. (4.2) has to be solved once. The frequency dependancehs tondition
number already indicates possible di culties, especiallyn the low frequency
limit. Furthermore, the analysis has con rmed the mathemaical nature of
the assembled system matrix of LEES, being inde nite and nehermitian.
If one can not rely on the special properties of matriyd, Krylov subspace
methods are the most suitable choice (Saad, 2000).

In the following, the generic combustion chamber problem imtroduced
rst. This problem will be used to 'calibrate’ free parametes of the solution
algorithms and to compare their performance against eachtar later on.
Note that the same generic problem will be used in Section 6d validate
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4.5 Convergence Analysis

the accuracy of the LNSEs solution procedure as a whole and aich more
elaborate discussion is found therein. Here, the discussits con ned to
create a basic understanding of the test case.

The generic premixed combustor is composed of a simple tubaving con-
stant cross section, see Fig. 4.3. A fully premixed reactivaixture enters
from the inlet and is burnt in the ame region located in the mddle of the
duct leading to a temperature jump ofT,=T. = 4. The burnt gases are ac-
celerated and leave the combustor at its outlet. Acousticlgithis problem is
considered by exciting the inlet by prescribing velocity wtuations &y = 1.
The outlet is considered to fully transmit acoustic waves whbh is achieved
by prescription of an impedance boundary condition, Eq. (28).

Temperatures are assumed to be constant in the upstream andwinstream
duct, while the temperature level is raised over the ame ragn by prescrib-
ing a hyperbolic tangent pro le. All other mean ow quantities can then
be calculated as a function of inlet Mach number, density anpressure and
satisfy continuity of mass, momentum and energy. The main adntage of
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Figure 4.3: Quasi one dimensional model combustor of length, shaded area represents
ame region separating fresh to burnt gas side. Figures b&oshow the
axial mean Mach number distribution as well as associated ggsure and
temperature distribution for the inlet Mach numbers ofMa =0,0.01,0.05 and
0.1.
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4 Solution of Large Linear Systems

this test case is that many di erent parameters may be studw e.g. in-

let Mach number Ma;, or frequencyf. Semi-analytical solutions can be
derived from a one dimensional consideration of the LEEs tohich the

numerically obtained solutions are compared.

For an iterative scheme to converge, a linear solver needs lbe coupled
with an appropriate preconditioner. This thesis proposeshtee di erent
algorithms to solve LNSEs or LEEs in frequency space:

" FGMRES-GMRES(SOR) : A similar form of this algorithm has al-
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ready been used to solve the elliptic Helmholtz equation (8a, 2011).
It is based on the choice of FGMRES as linear solver which dxly

incorporates an GMRES preconditioner in the outer iteratia loop. In

the present implementation the GMRES preconditioner is i@lf pre-

conditioned by a SOR splitting method. The method is based othe

considerations of Section 4.3.1. This additional step mayceelerate
the solution process considerably. However, the method msecare-
ful calibration of the SOR relaxation parameter! sor. For the given

model problem this parameter is varied for di erent frequeaies and
inlet Mach numbers in Fig. 4.4. It can be seen that the lower #nfre-
guency the smaller the band is in which acceptable iterationumbers
are reached to converge to an error of= 0:01. Moreover, the graphs
illustrate that with increasing inlet Mach number, the choce of! sor

must decrease. A suitable range for this parameter would between
0:2  sor 0:4.

GMRES-GMG : Like FGMRES, GMRES satis es the optimality con-
dition and therefore represents a highly robust method. Her it is used
In an inner iteration cycle. When used as linear solver for thLEES,
the multigrid method proves not to converge fully satisfaary. Cer-
tain error frequencies may not be reduced su cient enough a@hthe
convergence behavior becomes strongly dependent on theesid pa-
rameters. However, when employed as preconditioner for GNES, the
GMG method shows its high capabilities. Recently, di erentauthors
have already proposed GMG methods to accelerate Krylov syizce
methods (Wienands et al., 2000; Zubair et al., 2007). This pential is
exploited by the use of GMG as a preconditioner for this solveon g-
uration.
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Figure 4.4: lIteration number compared to the explicit choice of sor for the FGMRES-

GMRES-SSORI( sor) solution algorithm: dependance on frequency for an
inlet Ma = 0:01 (left), dependance on inlet Mach number at a frequency
f =500Hz (right).

For multigrid preconditioners many open variables exist ash must be
speci ed. These include the number of discretization lewvgl the type
of cycle (V-, F-, or W-cycle), the number of pre- and post smaleing
iterations ( 1; 2) and the relaxation parameter! sor. Latter value is
employed as a Iter to dampen small wavelength components. he
success of the GMRES-GMG procedure mainly depends on the id®o
of ! sor. Therefore, it is optimized for the model combustor prob-
lem. Fig. 4.5 shows the variation of iteration numbers depe&img on
the speci c choice of! sor. At rst sight it is clear that the iteration
number is relatively insensitive to the explicit choice of sor, except
for low frequencies. This makes the method more robust conrpd
to the formally introduced FGMRES-GMRES algorithm. Accordng
to Wienands et al. (2000), the amount of pre- and post-smoatty it-
erations is to be chosen such that; > when employing GMG as
preconditioner.

BiCGstab-GMG : Although BiCGstab may break down before an
exact solution is calculated, the method requires signi ¢d less mem-
ory and is less expensive in terms of work per iteration comye to
the GMRES algorithm (van der Vorst, 2009). It is therefore dected
as a third alternative. The reduced memory consumption is asbed
to the fact that BiCGstab does not need to store subspace vers.
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Figure 4.5: Iteration number compared to the explicit choice of sor oOf the pre- and post
smoothing iterants of the GMRES-GMG solution algorithm: deendance on
frequency for an inletMa = 0:01 (left), dependance on inlet Mach number
at a frequencyf = 500Hz (right).

All preconditioning parameters behave similarly to the GMES-GMG
algorithm and are therefore chosen equivalently.

For the sake of clarity of the solver formulations, the linelasolution al-
gorithm is always mentioned in rst place while preconditimers used are
listed thereafter. With respect to Fig. 4.4 and 4.5, note thiathe di erent
algorithms may not be compared against each other, since tiember of
iterations is only a relative measure of the speed of convergce. The com-
parison of the three dierent iterative solvers on the genécr combustion
chamber is shown in the next section in terms of computatioh&ime.

4.5.3 Performance Comparison

In order to compare the performance of the three di erent itetive algo-
rithms, the CPU-seconds are compared to reach a convergeatwion. The
numerical error for all three algorithms is estimated as

o<

x O . 2 X
1 jb AXij 1 -
. ax(x].S) where S 0.1n ~ IXil; (4.40)

N
N
1

i=1
where the subscripti denotes the iteration number. A converged solution is

reached when = 0:001 is established. The benchmark problem of Fig. 4.3
is chosen in the following.
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4.5 Convergence Analysis

Fig. 4.6 shows the performance of the three algorithms vesfrequency at
an inlet Mach number ofMa = 0:05. The BiCGstab-GMG algorithm shows
a strong frequency dependance and does not converge for fiexacies below
f . 750Hz. At higher frequencies BiCGstab-GMG does convergavever,
slightly slower than the other two considered algorithms. EGstab-GMG
also showed to be very sensitive in respect to the explicit aite of free
parameters. The FGMRES-GMRES algorithm shows a lower depaency
upon frequency. Only in the very narrow band beloww < 400Hz the time
to obtain a convergent solution increases. In this band ofdguencies, how-
ever, thermoacoustic instabilities are generally suspect and a numerical
routine must be able to retrieve acoustic solutions in thigrhit. Consuming
higher amounts of computational time in this range is thereire undesir-
able. Here, the GMRES-GMG algorithm shows its potential of qoviding
constant convergence speeds over the complete frequenayge

A similar behavior for the GMRES-GMG algorithm is found whenchang-
ing the inlet Mach number of the con guration for a constant fequency
of 500Hz (Fig. 4.6). As illustrated in Fig. 4.3, the mean veloty gradient
over the ame zone then changes equivalently with inlet Machumber. The
GMRES-GMG algorithm shows a very robust behavior with a relaely con-
stant convergence speed over the complete Mach number ranG&EMRES-
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Figure 4.6: Performance comparison in CPU-seconds of three di erentatative algo-
rithms: FGMRES-GMRES, GMRES-GMG and BiCGstab-GMG for the
generic combustor problem. Left: Variation of frequency aan inlet Mach
number ofMa = 0:05; Right: Variation of inlet Mach number at a frequency
of f = 500Hz.
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4 Solution of Large Linear Systems

GMRES performs equally well. On the other hand, the BiCGstalsMG
algorithm only showed converging behavior for very low Machumbers.

From the considerations, the GMRES-GMG algorithm is choseas itera-
tive solver for three dimensional problem sets of this thesias it provides
constantly high convergence speed independent of frequgrand velocity
distributions. For complex geometries, the GMG preconditiner may not
be able to represent the con guration's geometry su cienty enough on the
coarsest grid. In such cases, FGMRES-GMRES provides with aigble al-
ternative. The BiCGstab-GMG may be a suitable choice when osidering
low Mach number/high frequency applications, as the memorgonsumption
is lower than in the aforementioned algorithms.
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5  Prediction of Acoustic Scattering
Behavior

Combustion chamber ows generally have a complex dynamic drieature a
large diversity of di erent ow con gurations. In technical devices, the ow
coming from a feeding system is generally contracted in sV@r channels
of an injector nozzle and a swirling uid motion is imposed. Te ow
then expands into a combustion chamber experiencing an alptuchange
in area. A strong shear layer is formed separating an innerofm an outer
recirculation zone. Due to the signi cant radial momentum othe jets the
shear layer may impinge onto the combustion chamber walls.

As the di erent ow con gurations are diverse, so are the acastic ow inter-
actions: Acoustic waves interact with vortical structuresn close proximity
of ow separation edges leading to attenuation or ampli caibn processes of
the acoustic energy. Shear layers may also refract sound ainduence the
scattering process into higher order modes (Ribner, 1964Yortical struc-
tures traveling inside the shear layers may be deformed whinpinging onto
walls, causing a certain feedback to the acoustic eld. Forigh Reynolds-
number ows, acoustic waves may also interact with turbulen uctuations
(Howe, 1984).

A combustor ow eld may be subdivided into its di erent components.
Each component may then be studied individually in order to gnerate reli-
able statements on the suitability of LNSES to predict acoug interactions

in realistic combustion chamber con gurations. This apprach is followed
in this section. First, a simple area expansion is consideravhich mainly

features damping of acoustic waves. Then, a ow contractiom an ori ce

Is analyzed, where energy is also transferred from the vardil to the acous-
tic modes for certain frequency ranges, leading to ampli ¢en of sound.
Swirler vane channels may be thought of as representativelssoich a con g-
uration. Both aforementioned problems have in common thathie vortices
separate in a -more or less- free shear layer. This is not theese for a grazing
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5 Prediction of Acoustic Scattering Behavior

ow in a T-joint, the third test case considered. There, vorical structures

impinge onto con ning walls and may provide an acoustic fedack. For

this test case aeroacoustic interactions are strongest. rally, the last test

integrates the individual problems into one computation: Acomplex swirled

combustion chamber ow is simulated including an industribcombustion

injector developed by Avio S.p.Al The complexity of the acoustic analysis
increases with every con guration.

Main aim of this section is to study the e ect of acoustic-vaex interactions
and the resulting implications on the acoustic losses. Thelsition procedure
of Section 3.3.5, which solves the matrix inversion problemof Eq. (4.2)
twice for each frequency, is applied to determine the complescattering
coe cients of the dierent ow con gurations mentioned. Co upling with
entropy waves is not considered herein, assuming isentrofiehavior of all
uctuating components, viz. p= c”. Governing equations, stabilization
schemes and wave extraction procedure are implemented iretkexible nite
element package COMSOL Multiphysics (2010).

5.1 Area Expansion

The rst con guration studied is an area expansion depictedn Fig 5.1.
Its geometry consists of two pipe segments which are co-difaconnected,
having an upstream diameter ofl, and a downstream diameter ofly. The
upstream pipe has a length of,, while the length of the downstream pipe
is lq. The area ratio A; = 0:35 is selected to resemble the experimental
measurements of Ronneberger (1987). The measurements atibzad to

l —
U]_ - AU Ad u2 —_

b= p2 —

Figure 5.1: Schematic presentation of geometry and ow conditions of tharea expansion
of the experimental set up of Ronneberger (1987).

L http://www.aviogroup.com/
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5.1 Area Expansion

validate the present method. Table 5.1 gathers the main chacteristics of
this test case.

Acoustic phenomena involved are the scattering process d&pe waves into

higher order modes at the area expansion, refraction of salim the expand-

ing shear layer and the attenuation of sound generated thrgh acoustic-

vorticity interactions. Latter e ect results from the trig gering process of
vortical structures by acoustic uctuations at the trailing edge. At small

Strouhal numbers Gt < 0:25) the shear layer features instability (see
Michalke, 1965), leading to aeroacoustic interactions.

The area expansion is used to study two main e ects: First, #ncapability of
the LNSEs is demonstrated to capture acoustic- ow couplingnd the mode
scattering e ects. Secondly, the test case is used to studid in uence of
the acoustic boundary layer. Some authors in the literaturdelieve that
acoustic- ow interaction processes are signi cantly in lenced by the e ect
of the acoustic boundary layer Kierkegaard et al. (2012a,b)f so, the mesh
re nement of wall boundaries would exceed the ones encourgd in typical
CFD simulations where the boundary is fully resolved. Thissidue to the
fact that the acoustic boundary layer (already at moderateréquencies, see
Eg. (2.50)), becomes an order of magnitude smaller than theaiid dynamic
boundary layer. With the unavailability of wall models incaporating the
e ect of the acoustic boundary layer, this requirement woul not be desir-
able and would restrict the use of LNSEs to at most small scabeoblems for

Table 5.1: Geometrical and physical operating conditions of the suddearea expansion
Ronneberger (1987).

Description Variable CFD/ICAA
upstream pipe diameter dy 0:05m
downstream pipe diameter  dg 0:085m
upstream pipe length ly 0:5m
downstream pipe length lg 0:7m

area ratio A= 0.35
Mach number at inlet Ma 0.2
Reynolds number at inlet Re 1.88 1C°
kinematic viscosity 155 10°m?s !t
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5 Prediction of Acoustic Scattering Behavior

the near future. Therefore, two computations with di erentboundary layer
resolutions are performed. The rst uses the LNSEs incorpating the e ect
of molecular viscosity and the second uses the non-viscoasiaterpart, the
LEEs, where the acoustic boundary layer is not resolved.

In order to design the di erent mesh con gurations for the smulations using
LNSEs and LEEs, one has to be aware of the di erent length s&a involved
in aeroacoustic problems. Resolving only the acoustic wd@agth , is not
su cient. In order to capture the main acoustic- ow interaction processes,
resolution of the vortical length scale is necessary as well is roughly an
order of magnitude smaller for low Mach number con guratioa , = Ma .
As vortical structures originate from the trailing edge andoropagate inside
the shear layer until they are dissolved, this region is signantly re ned to
capture the vorticity length scale in the complete frequencrange of interest.
The resolution of the uniform ow in the upstream and downsteam ducts,
where generally only acoustic waves travel, is dedicated spund waves
with shortest wavelength or the highest frequency. The shtmst wavelength
considered atf =5100Hz is resolved by a minimum of 15 cells. These
considerations are common to both LNSEs and LEESs resolutisnHowever,
for the LNSEs a di erent upstream near wall re nement is chosn. Up
to a Strouhal number of St < 0:25, after which aero-acoustic interactions
theoretically vanish, the acoustic boundary layer is resgkd by at least four
cells. In case that the acoustic boundary layer contributesigni cantly to
the aeroacoustic interactions, di erences in the computadns with LEEs
must be seen up toSt < 0:25. For the LEEs, only the hydrodynamic
boundary layer is resolved by four cells. Beginning from themallest cell
located directly at the edge of the area expansion, the grigsow in axial and
radial direction with an element growth of 2%. Rectangularlements are
chosen in conjunction with second order Lagrangian interation functions.
The di erent mesh re nements result in overall 900k and 350ldegrees of
freedom for the LNSEs and LEEs computations, respectively.

In order to establish a well-posed mathematical problem, wvinlet bound-
ary conditions need to be de ned in two dimensional space. #ere ecting
acoustic impedance boundaries are subscribed for the adougharacter-
istic, Eq. (2.38) with Z = 1, while vorticity perturbations are assumed to
vanish, setting the velocity components parallel to the it to zero, viz.
0; = 0. At the domain outlet, only a boundary condition for the upstream
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5.1 Area Expansion

re ected wave needs to be imposed, as vorticity perturbaties are simply
convected out of the domain. Similarly to the inlet, this is @dne by im-
posing zero re ections using an impedance boundary conditi. The only
di erence between LNSEs and LEEs computation is the de nibn of the
wall boundary. As the e ect of the acoustic boundary layer iestimated
in the following simulations, consequently acoustic noiplwall boundaries
are ascribed for the LNSEs in the upstream duct = 0. For LEEs, slip
boundaries are ascribed instead, Eq. (2.51). To reduce thensputational
e ort, the LNSEs and LEEs are formulated in a cylindrical coodinate sys-
tem (see Appendix B.2) and a symmetry boundary is chosen faneé center
axis. Any symmetry line or plane does not permit the presenad acoustic
uxes and friction forces yielding the symmetry boundary codition,

%:0:

n &¢=0;
@

(5.1)

For this test case also the in uence of the nite element stailization scheme
Is assessed as well. It is found that the GLS scheme perfornsdightly

better compared to the SUPG scheme in case of the LNSEs. GLSaisle
to reduces the numerical error by overall 1% compared to thegerimental

data. However, when LEEs are employed, SUPG and GLS produamdar

orders of accuracy. For consistency, the following simuians are performed
using the GLS stabilization scheme using a stabilization pameter de ned

in Eq. (3.38) using =0:1.

Main focus of this section is to validate the prediction capalities of
the LNSEs and LEEs solely, errors stemming from the mean oweld
computations are undesired and minimized by restricting th modeling
to the subgrid turbulent scales. Thus, a well validated LESiswlation is
time averaged to produce the mean ow elds. This is done witim the
ow solver AVBP developed from CERFACS (Schoenefeld and Ryyard,
1999). The same mesh consisting of block-structured hexahna elements
and boundary conditions as described by Feller and Polifk¢2012) are
utilized. For boundary layers, the applied wall model switces between
logarithmic and linear law depending on the value ofy*. On average
ay" = 35 is achieved. To produce the mean ow elds, overall ©26s
are time averaged while the time step satis es a Courant-Fedrich-Levi
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5 Prediction of Acoustic Scattering Behavior

number (CFL) of 0:7. Subgrid turbulent scales are modeled using a Wall
Attached Layer Eddy model developed by Nicoud and Ducros (29).

5.1.1 Scattering Matrix

The procedure described in Section 3.3.5 is used to compubketscattering
matrix of the area expansion. LNSEs and LEEs are solved in alimdrical

coordinate system and two simultaneous simulations are germed exciting
the area expansion once from upstream and once from downsimedirection
to retrieve all scattering matrix coe cients. Acoustic forcing is implemented
by inserting the source vector

X Xs
su=  cosh > 10 (5.2)
S
into the nite element procedure of Eq. (3.2), where s de nes the thickness
of the region of the excitation source ands its axial location. Outside of
the excitation region, the source term is set to zero. The neking scattering
matrix is plotted versus the upstream Helmholtz number

Id
He= —u. (5.3)
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Figure 5.2: Amplitude and phase of scattering matrix coe cients of a suden area ex-
pansion atMa = 0:2. Results of LNSEs and LEEs with experimental data
of Ronneberger (1987).
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in Fig. 5.2. Amplitudes and phases are resolved with a frequey step
of 50Hz up to the rst cut-on frequency of the rst non planar mode at
Hecton = 2:2. In comparison to the experimental results of Ronneberger
(1987), both equation sets, viz. LNSEs and LEESs, accuratebapture the
scattering behavior of the sudden area expansion. Increagire ection and
decreasing transmission coe cients amplitudes are obsesd. Characteristic
in ection points in jR™j at about He = 0:3 and Q6 are captured with high
accuracy. The phase behavior is equally well predicted.

Direct comparison of LNSEs and LEEs shows nearly no deviatian the
results. Scattering coe cients predicted with LNSEs show ply a slightly
smoother trend. This is attributed to the stronger vorticity perturbations
produced by the LEEs ansatz, due to the absence of viscosityarger am-
plitudes of vorticity in the wave extraction region increas the error of the
least-square algorithm. In the LNSESs, viscous e ects conbute to the
suppression of vorticity waves and thus possibly reduce th#ing error.
Nevertheless, the similarity in the results between LNSEsnd LEEs, may
lead to the preliminary conclusion that the coupling mechasm between
acoustic waves and the hydrodynamic mode is not strongly inenced by
molecular viscosity of the acoustic boundary layer in this grticular case.
As it will be shown, this is also not the case for other con guations like a
single hole ori ce. The strong similarity in the results, casidering the very
di erent mesh resolution, also proves that grid independase is established.

Fig. 5.2 also compares the current approach to an LES/systeidenti cation
ansatz of Feller and Polifke (2012) yielding the same ordenf accuracy.
Feller and Polifke (2012) argued that the linearized methd neglects two
main aeroacoustic interaction e ects: The scattering of smd into turbu-
lence as well as the reverse e ect of the acoustic on the uidydamic eld.
Although LNSEs and LEEs do neglect such e ects, they do not een highly
pronounced for this very test case. Both linearized equaticsets are able to
capture the scattering matrix elements for the sudden areagansion with
high accuracy.
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Figure 5.3: Acoustic resistanceZ.s and reactanceZ.,. of a sudden area expansion at
Ma = 0:2. Results of LNSEs and LEEs with experimental data of Ron-
neberger (1987) and results achieved by the LES/SI approadheller and
Polifke (2012).

5.1.2 Acoustic Impedance

In this section the results of the acoustic impedance are sk to demon-
strate the capabilities of the optimized hybrid approach tocapture the
acoustic ow interaction process and mode scattering mecham in detail.
First, the analytic representation of the lumped impedances introduced
from various publications (Feller and Polifke, 2012; Kar§ 1953; Morse and
Ingard, 1987; Peat, 1988)

Z = Pu_ P = Zrest 1 Zreac (5.4)
chy

Its real part is called resistance s, Whereas its imaginary part is generally
referred to as reactance eac. The resistance contains inertial information
about the damping behavior of the system. The reactance deibes the

scattering process and temporal storage of acoustic enengyevanescent
higher-order modes. When the acoustic energy from the higheder modes
Is back-scattered into the plane wave mode, a phase shift istroduced.

Fig. 5.3 plots the evolution of the resistance and reactancersus the non
dimensional Strouhal number

St= - (5.5)

where is the boundary layer thickness in the upstream pipe close the
separation edge. Boij and Nilsson (2006) estimate this thiness to be 10 %
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5.1 Area Expansion

of the upstream pipe radiug . The Strouhal number represents the ratio of
time scales between the acoustic and mean ow eld. If the tim-scales are
approximately of the same order, then most-likely acoustiow interactions
appear.

Ronneberger's measurements are in excellent agreementhwihe results
obtained through the linearized equations. In the followig, the discussion
of the results is split into three Strouhal number ranges. Awrding to the
di erentiation made in Feller and Polifke (2012) these rames are associated
to three di erent physical phenomena which lead to the obseed impedance
behavior.

In the low Strouhal number range &t  0:25), Feller and Polifke (2012)
observe an initially constant resistance, which then gradlly changes to a
lower level. This observation is con rmed by the linearizedpproach. At
about St = 0:25 the resistance becomes constant again. Throughout the
low Strouhal number range, the reactance remains mostly cstant. This
characteristic behavior observed is associated with the tigodynamic insta-
bility of the shear layer, which is triggered by the impingig acoustic waves.
Interaction causes an energy transfer from the acoustic the vortical mode,
which results in a loss of acoustic energy or equivalently an increase of
resistance (Boij and Nilsson, 2003, 2006). According to Mialke (1965) the
shear layer features instability only up to a Strouhal numbeof St  0:25
after which it reaches a stable state. Thus, after passing i point, the
interaction is supposed to vanish, which is con rmed by a nely constant
resistance.

The second range between®@b St  0:4 is characterized by constant lev-
els of resistance as well as an increasing reactance. Theenhgdng acoustic

phenomenon can be associated to the well known end-correatat pipe dis-

continuities (see Section 2.7.1.2 for elaboration). As theactance features
a constant slope, this indicates a constant end-correctian this frequency

range.

In the higher Strouhal number rangeSt  0:4, more acoustic energy is
scattered from the plane wave mode into higher order duct med at the area
expansion. As the frequency approaches the cut-on frequgnigher order
modes are allowed to propagate through longer distances imetdownstream
duct, leading to a delayed back-scattering process into thane wave mode.
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5 Prediction of Acoustic Scattering Behavior

This behavior is characterized by an increasing reactanc&he results shown
in Fig. 5.3 prove the capability of LNSEs as well as LEEs to céyre the
physics with similar accuracy for all three Strouhal numberanges.

5.2 Orice

In the second test case, the current approach is used to datene the scat-
tering coe cients of a single hole ori ce schematically shen in Fig. 5.4.
The geometry consists of a constant area duct with diameterwhich is in-
tersected by a sharp edged ori ce with a hole diameter ak, and thickness
t. The duct section upstream of the ori ce has a length of,, whereas the
length of the downstream duct islq. The geometry and inlet ow velocity
(up = 9m/s) are selected to allow comparison with the experimeal mea-
surements of Testud et al. (2009). Table 5.2 gathers the matharacteristics
of this test case. Compared to the area expansion, which feats only at-
tenuation of sound, the ow inside an ori ce may cause net anlpcation of
acoustic energy. This feature is analyzed in this section.

Despite the geometric simplicity of an ori ce, strong acoug- ow inter-

actions can be observed: The ow reaching the orice is cordcted to a
central jet and a shear layer is formed between the expandingw and the

outer recirculation zones. In regions of ow separation, atistic waves trig-
ger vortical modes in the ow eld which are then convected denstream
inside the shear layer. For certain frequency ranges, theesr layer ampli-
es the vortical structures (Michalke, 1965). This processay lead to a net
ampli cation of the acoustic energy if the vortical energy s fed back into
the acoustic mode by aeroacoustic interactions. If this tygof ampli cation

occurs at frequencies which correspond to resonance frageies of the com-

u — : N : d —
Uy — Cd| d ; ug —
Py — 5 o 5 s —

Figure 5.4: Schematic presentation of geometry and ow conditions ofragle hole ori ce
of experimental set up of Testud et al. (2009).
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plete system, a resonant feedback loop is created, yieldilagge amplitude
oscillations (Rockwell and Naudascher, 1979). Latter phemenon is called
whistling and is a completely non-linear phenomenon. Howew it can also
be studied by means of a linear analysis (Testud et al., 2009)

Acoustic elds for a discrete number of frequencies are calated using
LNSEs and LEEs formulated in a cylindrical coordinate systa. A GLS
Petrov-Galerkin approach is applied for nite element stabization using
the qap parameter of Eq. (3.38). As shown previously for the suddenea
expansion the viscous acoustic boundary layer has negligibn uence on
the scattering behavior of the acoustic element. It is thefere neglected
subsequently and not resolved numerically. Eq. (2.51) is pleed to all solid
walls. All other domain boundaries are chosen analogouslp the area
expansion test case. At the axis of rotation again a symmettyoundary is
assigned to reduce the computational e ort.

Due to the smaller dimensions of this test case the two dimansal acous-
tic mesh consists only of roughly 200 rectangular elements which are dis-
cretized using second order Langragian test functions. Qwdl, this leads to
120.000 degrees of freedom. The ori @@=2 t is discretized by 15 5 cells
respectively. Element growth rates in upstream and downstam direction
do not exceed 1 percent, resulting in a highly uniform grid dtribution.
The resulting system matrix is e ciently solved using the drect LU fac-
torization method for large system matrices called MUMPS. ¢t a single

Table 5.2: Geometrical and physical operating conditions of the singlhole ori ce Testud

et al. (2009).

Description Variable CFD/CAA
pipe diameter d 0:03m

ori ce hole diameter do 0:015m

ori ce thickness t 0:005m
upstream pipe length ly 0:15m
downstream pipe length lg 0:36 m
Mach number at inlet Ma 0.026
Reynolds number at inlet Re 1.8 10
kinematic viscosity 155 10°m?s !t
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matrix inversion the computational time required by the diect algorithm
Is approximately 12 seconds using a single core processarthe same way
as for the sudden area expansion, regions of wave extractame chosen up-
stream 0:.09m X 0:03m and 015m x  0:85m downstream of
the ori ce outlet plane (x =0 m).

The mean ow eld is calculated performing a time average oveLES so-
lutions. Subgrid scale model, discretization schemes andFIC number are
chosen equally to the described simulation of Section 5.1. h& mesh of
Lacombe et al. (2011) is adopted for the present computatienlt is signif-
icantly re ned around the ori ce's leading and trailing edges. Main aim of
the employed discretization is to capture the correct ow agle of the ow
contraction at the upstream edge, the separation point andhe shear layer
expansion inside the orice. It is believed that these parasters strongly
In uence the acoustic- ow interaction processes at an orce con guration.
The ne discretization employed yielded a total number of & million cells.
Overall, 0:3 s are time averaged to produce the mean ow eld. A time step
was chosen to satisfy CFk 0:7 for the ow eld computations.

5.2.1 Scattering Matrix

For a discrete number of frequencids= 200 5100 Hz with a frequency step
of f =50 Hz, the results of the scattering matrix coe cients are fiown
in Fig. 5.5. The results are plotted versus the ori ce Stroual number

St= (5.6)

wherein, u, = ug(d=d;)? describes the ow velocity through the ori ce.
Again, high agreement in the complete frequency range betwrethe pre-
dicted scattering matrix coe cients of the LNSEs or LEEs andthe experi-
mental measurements is observed.

In the low frequency limit, amplitudes of the re ection coe cients predicted
by the linearized equations are about constant, whereas tlexperimental
results show a slight negative slope. After a drop, the re ¢&on coe cients
increase sharply aroundst = 0:25. Similarly, amplitude transmission coef-
cients increase and reach a maximum at about the same Stroahnumber.
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Figure 5.5: Amplitude and phase of scattering matrix coe cients of an orce
(u=9m s 1). Results of LNSEs and LEEs with experimental data of Testud
et al. (2009) and results achieved by the LES/SI approach Lambe et al.
(2011).

In this frequency range, strong aeroacoustic interactioméds to the ampli-
cation of acoustic waves resulting in transmission coe cents much larger
than unity. At higher Strouhal numbers (St > 0:4), the shear layer stabilizes
again, leading to decreasing transmission and re ection e@ients.

LNSEs and LEEs are both able to capture all acoustic ow inteaction pro-
cesses in the studied Strouhal number range in trend as wedl im frequency.
Predicted amplitudes and phases are nearly identical for to linearized
equation sets and are in excellent agreement with the measunents for all
scattering matrix coe cients. Only some deviations to the gperimental
data is observed for higher Strouhal numbers.

A comparison to the LES/SI approach of Lacombe et al. (2011hews that
the scattering behavior of the test case is predicted with gher accuracy
by the LNSEs and LEEs. At higher Strouhal numbers $t > 0.5), the
LES/SI approach predicts a higher order mode. Its appearaagchowever,
IS not in agreement with the experiments and results of the LBEs and
LEEs simulations. A possible explanation may be the under pdiction
of the in ow velocity in the LES/SI computations by 0:2m s ! yielding

a mean ow velocity of up = 8:8m s . However, the results should still
scale with Strouhal number which was adapted accordinglyrfthe LES/SI

representation in Fig. 5.5. A more recent publications witltorrected in ow
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5 Prediction of Acoustic Scattering Behavior

velocity still shows the appearance of this higher order agstic mode (see
Lacombe et al., 2013).

5.2.2 Whistling Criterion

As described above, orices may be subjected to a phenomenoalled
whistling. Although, this is a completely non-linear e ectits onset may
be predicted by a linear approach such as the LNSEs. Whistgnresults
from a shear layer instability at the ori ce which ampli es acoustic waves
and may lead to self-sustained oscillations in pipe-netwks, such as ventila-
tion or supply systems. Auegan and Starobinski (1999) dered a criterion

to determine the frequency regions where whistling may patgally occur.

The criterion can be formulated as follows: calculate the mimum and

maximum eigenvalue (min; max) Of,

0 1
: : T () Map (1)

= | S.Se th Se=& 1 Ma K. (5.7
eig( ) wi LMZRW!) T () (5.7)

where | is the identity matrix and Se the scattering matrix in terms of
exergy and the superscript denotes the hermitian transpose. The obtained
eigenvalues de ne the margins of the ratio of dissipated agstic power
(Pin  Pout) to the incident acoustic powerpP;,, i.e.

Pn P
min mTw max - (5-8)
in

The authors distinguish between three di erent cases:

min 0 and ax > O, the system damps acoustic energy and the
outgoing acoustic power is lower than the incoming acoustmower,

N

mn < 0 and nax = 0, the system ampli es acoustic energy and the
outgoing power may exceed the incoming acoustic power,

N

mn =0 and nax =0, the element is energetically neutral and neither
ampli es nor damps acoustic waves.

The whistling potential of the ori ce is characterized for abroad range of
frequencies in Fig. 5.6. Three distinct regions can be idemd. At low
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Strouhal numbers Gt < 0:2), min 0 and the ori ce dissipates acoustic
energy. Both, LNSEs and LEEs are in good agreement with the msure-
ments.

The second range between:® St  0:4 is characterized by negative
values of ,in which exhibit a minimum at St  0:28. Here, acoustic sound
is potentially produced by the ori ce, which leads to a net arpli cation
of incident acoustic waves. LNSEs and LEEs predict the whigtg mode
at slightly higher Strouhal numbers. The magnitude of the genvalues is
captured with quantitative accuracy by LNSEs but not by the LEEs. Here,
a rst discrepancy between the two linearized models is obsed: Although
showing qualitative agreement, the LEEs do not coincide witthe results of
the LNSEs. A slightly lower i, is predicted, indicating that more sound
is produced than physically observed. This behavior is aitvuted to the
missing molecular viscosity in the LEES, which inevitablydads to a stronger
growth of the vortical structures and therewith to a stronge aeroacoustic
coupling. The behavior found is believed to be unique to liaeized sets of
equations and will be explained in more detail in the next s&aon of the
T-joint where interactions are found to be stronger.

Similar to the case of the area expansion, a resolution of theoustic bound-
ary layer does not seem important to capture the main aero-auastic e ects
of an ori ce. A numerical edge-to-edge instability obserwkby Kierkegaard
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Figure 5.6: Minimum and maximum eigenvalues (nin max) Of the eigenvalue problem
in Eg. (5.7). Results of LNSEs and LEEs with experimental dat of Testud
et al. (2009) and results achieved by the LES/SI approach Lambe et al.
(2011).

99



5 Prediction of Acoustic Scattering Behavior

et al. (2012a), when slip wall boundary conditions are suhsieed to the ori-
ce walls, is not observed in the present study. In the third ange &t > 0:4)
the ori ce again potentially dissipates acoustic energy.

This section successfully illustrates that the LNSEs as wels LEEs are able
to capture basic sound attenuation as well as ampli cation fpcesses with
slight di erences in accuracy. In regions close to the fregucy of instability
of a shear layer, where maximum ampli cation of incident aaastic waves
occurs, LEEs are shown to slightly over predict the acoustiow coupling
processes.

5.3 T-Joint

A grazing ow in a T-joint is the third validation test case for which the
LNSEs are solved. This con guration features a ow through anain pipe
to which a side branch is attached perpendicular to the cerdt axis of the
main pipe. Unlike in an area expansion or an ori ce, the shedayer which
separates at the trailing edge of the upstream pipe intersgan does not
evolve freely. Instead it expands until it reaches the dowhream edge. In
a grazing ow con guration the shear layer separates the stmant medium
in the side branch from the mean ow inside the pipe.

Similarly to the single hole ori ce, this con guration may exhibit energy
transfer to or from the acoustic eld, depending on the Strobal number
considered. Consequently, incident acoustic waves arehgt ampli ed or

Py — x Xref Pg —

Figure 5.7: Schematic presentation of geometry and ow conditions of geing ow in a
T-joint experimentally measured by Karlsson andAbom (2010).
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attenuated. The mechanism behind this acoustic- ow couptig may be de-
scribed by a feedback loop of the following chain of events:

" the acoustic eld excites the shear layer at the upstream ede of the
T-joint, where the ow separates. Instability of the shear ayer leads
to the generation of vortical disturbances,

" the disturbances are convected through the shear layer anthteract
with the acoustic eld, resulting in a transfer of acoustic aergy from
the ow eld into the acoustic eld, and vice versa,

" the additional sound produced through aeroacoustic inteactions prop-
agates to the upstream edge, the most receptive area for tHeesr layer
instability, creating a certain feedback loop.

The concept of the feedback loop is very similar to the one alased in
low Mach number ows over deep cavities (Rockwell, 1983) ordiimholtz
resonators. Under resonance conditions, e.g. in pipe syat this process
may also lead to the phenomenon of whistling already explad for the
ori ce con guration.

In order to analyze the acoustic scattering behavior of a Tojnt, the theory
for the determination of scattering coe cients of acoustictwo-ports of Sec-
tion 3.3.5 must be extended to acoustic three-ports. The dtaring matrix
of an acoustic three-port is de ned by

0 5 1 0 R T T 10 o 1
u u S;u d;u u

% Bs E = % Tus Rs Tas g % s g (5.9
p:j- Tu;d Ts;d Rd pd

whereR's denote the re ection coe cients and T's describe the transmission
coe cients from one branch to the other. The direction of acastic transmis-
sion is included in the respective subscripts: The rst indef u=d=g de nes
the point of origin of an acoustic wave to be transmitted, whe the second
subscript de nes the direction in which the acoustic wave isransmitted.
p:fdzsde nes the complex pressure wave amplitudes in the upstreaonanch
(subscript u), downstream branch (subscriptd) or side branch (subscript
S), traveling either in downstream + or upstream direction
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Figure 5.8: Dierent acoustic excitation cases of the T-joint and locaibn of complex
pressure amplitudes. Case |, case Il and case Il denote éaton from
upstream, side and downstream branch, respectively.

In order to obtain all unknown scattering matrix coe cients of Eq. (5.9)
three instead of formerly two independent acoustic stateseed to be
de ned. This is done by performing three acoustic simulatizss for each
discrete angular frequency , as shown in Fig. 5.8. In the rst simulation,
the T-joint is numerically excited from the upstream branch(case ) by
introducing a forcing function of Eg. (5.2), in the linearizd momentum
equation in x-direction. Other contributions to the forcing vector are
chosen to be zero in this case. In a second and third case, cHsand

l1l, the T-joint is excited from the side branch direction ard from the

downstream direction, respectively. Following this routie provides nine
equations for the nine unknown scattering matrix coe ciens of an acoustic
three-port.

5.3.1 Con guration

The T-joint consists of two pipe segments of equal diametek Both inter-
sect each other in an angle of 90 degrees. The main pipe hasragth of
Ilm while the side branch pipe section i& long. The edge geometry at the
intersection of both pipes has a strong impact onto the aeroaustic behav-
ior, see e.g. Bruggeman et al. (1991) and Kooijman et al. (2)0 Here, in
this thesis, a sharped edge T-joint is considered.

The ow enters the main pipe with an average Mach number of:0 and
forms a turbulent shear layerRe O (10°) at the pipe intersection which
impinges onto the downstream edge. Tab. 5.3 summarizes theogetric
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Table 5.3: Geometrical and physical operating conditions of the T-juction Karlsson and
Abom (2010) for the LES and LNSEs computations.

Description Variable LES/LNSEs
pipe diameter d 0:033m
main pipe length I 0:364m
sidebranch pipe length ls 0:172m
ambient pressure p 101325m
ambient temperature T 29815K
speed of sound c 34618m s'?
kinematic viscosity 1568 10 m?s?
Mach number at inlet Ma 0.1
Reynolds number at inlet Re 6 10

and operating conditions. The numerical results are compad to the ex-
perimental data of Karlsson andAbom (2010). The con gurations di er

in the duct diameter d < dexp, = 0:057m. While the Strouhal number and
the Mach number show similarity, the Reynolds number of theimulation

iIs 58 percent smaller than in the experiment. Feller et al. Z010b) argue
that this discrepancy has little in uence on the momentum thckness of the
shear layer and that the data collapses well with Strouhal maber.

5.3.2 Large Eddy Simulation of Flow Field

In the context of cavity noise prediction, Slimon et al. (199) highlight the
importance of the turbulence model. In order to accurately nedict the
uid dynamics of the T-joint, LES is used within the ow solver AVBP

(Schoenefeld and Rudgyard, 1999). Series of data are timeseaged to
produce the mean ow eld, which is input to the acoustic soler. At
this point it is noted that also Reynolds-averaged Navieri8kes turbulence
closures can be used under some limitations (Tam et al., 1993However,
in order to clearly validate the accuracy of LNSEs a much hig e ort

iIs undertaken in correctly predicting the mean ow eld and $ear layer
dynamics.
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The domain is discretized using the same mesh con guratiorwhich is
described in detail by Feller et al. (2010b). Overall, ve mllion hexahe-
dral cells are used. The spatial and temporal derivatives arapproximated
using a second-order Lax-Wendro scheme and an explicit Earl scheme,
respectively. Time marching is performed with a CFL number&isfying
CFL< 0:7.

The choice of subgrid scale model has a signi cant e ect on ¢hdynamics
of the shear layer and the near-wall structures (see Furebya Grinstein,
2002). The results of Bogey and Bailly (2005), using a dynambmagorin-
sky model, suggest that this subgrid scale model is overly alsive and
arti cially decreases the Reynolds number. Therefore, agathe e ect of
the unresolved scales is modeled via the WALE approach by Mied and
Ducros (1999), which should better represent boundary andhaar layers.

For the in ow velocity boundary condition turbulent pro le s, experimen-
tally measured by Zagarola and Smits (1998), are prescribed\ velocity
inlet is also assumed for the side branch boundary with a biasw velocity
set to zero. Walls are adiabatic and no-slip conditions aresed. The uid
dynamic boundary layer is fully resolved below dimensiorde radii of the
pipe sectionofr* 5. At the out ow boundary of the main pipe a pressure
outlet is applied. Fig. 5.9 shows the result of the time aveged LES over
0:3s axial ow velocity distribution.

Figure 5.9: Inputs to the acoustic LNSEs solver, left: mean axial velagi u, of grazing
T-joint ow, right: unstructured acoustic mesh consistingof tetrahedral and
hexahedral nite elements.
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5.3.3 Scattering Matrix

The LNSEs are solved up to 3000Hz using a discrete frequendgps of
f =100Hz. Geometry and ow conditions are highly three dimensnal
and the LNSEs are therefore formulated in a Cartesian coortite system
in three dimensional space. The computational domain is dicretized
using approximately 280.000 tetrahedral and hexahedraleshents and sec-
ond order Lagrangian interpolation functions, yielding a d¢tal number of
2.1 million degrees of freedonNqors. FoOur layers of hexahedral elements
are used to discretize the uid dynamic boundary layer. Reghs of separa-
tion edges at the intersection of main and side branch are agpusly re ned
in order to capture the ow separation accurately. The acoug mesh is
displayed in Fig. 5.9. The GLS- stabilization nite elementscheme is em-
ployed. However, test runs using the SUPG approach have showsimilarly
accurate results. The resulting large system matrix is inveed for discrete
frequencies, using the proposed Krylov subspace solver GE®GMG of

Section 4.5.2.

The result of the scattering matrix is plotted versus the Stwuhal number
de ned in Karlsson andAbom (2010), providing best comparability between
experimental and numerical con guration,

fd
St= —%; (5.10)
Uvc
where u,. is the convective velocity of the shear layer disturbance drap-
proximated as 045Mac, and de = =4 is the e ective diameter of the
joint.

Results of the amplitudes of scattering matrix coe cients,Eq. (5.9), as well
as the respective arguments are illustrated in Fig. 5.10 arel11. The re-
sults can be di erentiated in three di erent Strouhal numbe ranges. For
small Strouhal numbersSt < 0:5, all coe cients tend to a quasi-stationary

response. This corresponds to the operability region of degs such as
Helmholtz-resonators, where the area of intersection is ofuch smaller di-

mension compared to the main duct. The LNSEs manage to captuthis

trend with relatively high accuracy.

For 0:5 < St < 2.5, hydrodynamically unstable modes appear inside the
ow at integer multiples of the Strouhal number (Karlsson aml Abom,
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Figure 5.10: Amplitudes of scattering matrix coe cients, Eq. (5.9), of a sharp edged T-
joint at Ma = 0:1 versus Strouhal number. Results of LNSEs are compared
to the experimental data of Karlsson andAbom (2010) and to the results
of the LES/SI approach of Feller et al. (2010b).

2010; Meissner, 2002) and the re ection and transmission&gients show
a highly oscillatory behavior. Bruggeman (1987) shows thadhis is related
to the position of the vortex during the acoustic cycle and ta explicit dis-
tribution of vorticity. In order to describe the obtained results more thor-
oughly, we di erentiate between the three cases of excitatn from upstream
(Ru; Tu:s; Tu:g), from the side branch {s.u; Rs; Ts.q) and from downstream
(Ta.u; Ta:s; Rg) direction. In the rst and second case scattering matrix cef-
cients exhibit a strong frequency dependance, whereas ihé case of down-
stream excitation no pronounced dependance is observed. eEfmechanism
leading to this e ect is the same for upstream and side branclxcitation
cases and is explained by the above described feedback lodpwever, the
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situation is di erent when exciting from downstream directon: Acoustic
waves are already scattered at the downstream edge and reabtle up-
stream separation edge only indirectly, leading to smalldriggering of the
hydrodynamic instabilities and thus lower aeroacoustic teractions. Us-
ing a model for the vortex distribution derived by Bruggeman(1987) and
Howe's model of Eq. (2.58), a model for the limiting Strouhatumbers, for
which the high re ection and transmission coe cients are olserved may be
derived following Meissner (2002):
|
St+tan !+~ =2n — (5.11)
St 2

where n is a certain mode number which is de ned as the ratio of the
convective travel time, , of the vortices from one edge to the other and
the acoustic oscillation periodT. The travel time can be approximated
by = d=u. Indeed for this Strouhal number range, this relatively simple
formula very well describes the ranges for which self-sustad oscillations
may occur.

The LNSEs clearly manage to predict the oscillatory trend adcattering and
transmission coe cients of the T-joint correctly. Especidly, the frequencies
of the ampli cation and attenuation of acoustic sound are gatured by the
linear approach, taking the discrepancies in the mean ow le into con-
sideration. However, the nite magnitudes reached by the @eriment are
signi cantly over predicted, especially of the upstream ash side branch ex-
citation cases. The linear model predicts a stronger aeraasstic interaction
which is unphysical. This can be explained through followm hypothesis:
In general, shear layers feature two di erent ow regimes. HAer separa-
tion, a laminar shear layer is formed, which may itself be sulvided in
a stable and a potentially unstable region. In latter regiorsmall distur-
bances may be exponentially ampli ed. After a critical Reynlds number
Is reached a laminar-turbulent transition takes place and &ully turbulent
region follows (Schlichting et al., 2006). A purely linear gproach based
on the LNSEs is able to describe the triggering process andpexential
growth of the Kelvin-Helmholtz instability correctly, however as second or-
der e ects like turbulence are only incorporated through te mean ow
eld, the transition into the turbulence regime is not captued correctly.
After having reached this transition point vortical structures will still be
partially allowed to grow, whereas in reality the growth of sch structures
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Is bounded by turbulence e ects. Thus, if aeroacoustic intactions are not
con ned to the region of laminar shear layer growth but exted into the
region of the turbulent shear layer, the acoustic interactin with vortical
structures will be over predicted by the linearized Navie6tokes equations
due to the stronger vortex structures. That aeroacoustic teractions are
taking place in the complete cross-section is most likely ¢hcase for the
T-joint (see Bruggeman, 1987; Hofmans, 1998).

This reasoning also provides an explanation for the fact thaaeroacous-
tic interactions in an area expansion and an ori ce were précted with
higher accuracy. There, most probably, the aeroacousticteractions are
con ned to the laminar regime of linear growth of Kelvin Helnmoltz insta-
bilities, where the LNSEs are still valid and most accurateThis nding is
supported by many authors, who state that the aeroacoustiaeractions,
e.g. for the area expansion, happen in close proximity to theeparation
edge (Boij and Nilsson, 2003, 2006). This may also explaingtdeviations
between LNSEs and LEEs for the ori ce con guration of Sectio 5.2. Al-
though nearly full agreement is observed in the complete fjaency range, at
Strouhal numbers where the highest aeroacoustic interach was observed,
LEEs over predict the sound generation through ow coupling As LNSEs
include viscous e ects, growth of vortical structures is pdially bounded by
laminar viscosity which may extend the range of validity of he approach.
This will enable the LNSEs to better describe the interactio phenomena,
but only to some limited extend. Viscosity may have an e ect o the growth
of vortical structures already in a laminar ow regime. Thus in order to
improve aeroacoustic predictions in Strouhal number rangavhere Kelvin-
Helmholtz instabilities occur it is slightly more advantagous to consider
LNSEs instead of LEEs.

In the region beyondSt > 2.5, the oscillatory behavior decays signi cantly
and again a quasi-stationary response can be observed. Imsthegion, the
vortices interact multiple times with acoustic waves durig their convec-
tion time to the downstream edge and acoustic cancellationeets become
signi cant. Magnitude as well as trend are captured with redtively good
agreement by the LNSEs.

Phase angles of the re ection coe cients are shown in Fig. 81. Despite
of the large disagreement in magnitudes of scattering coeients at the fre-
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Figure 5.11: Phase angles of scattering matrix coe cients, Eg. (5.9), o& sharp edged T-
joint at Ma = 0:1 versus Strouhal number. Results of LNSEs are compared
to the experimental data of Karlsson andAbom (2010) and to the results
of the LES/SI approach of Feller et al. (2010b).

guencies where hydrodynamic instabilities appear the resgtive arguments
are captured by the LNSEs with higher agreement in the compkefrequency
range. Phase angles are close to values of O or and vary in regions where
strong acoustic ow coupling occurs. Generally, a phase $hcan be ob-
served when maxima and minima of the respective scatteringpe& cient
amplitudes are reached. Solely points of discrete maximadaminima are
again over predicted.
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5 Prediction of Acoustic Scattering Behavior

A comparison with the LES/SI technique of Feller et al. (20Db) shows
that the higher order approach yields much more accurate n@ss in this
case. Especially magnitudes of re ection and transmissiaoe cients are
captured in higher detail than the linear models. This showghat when
the turbulence e ect on the vortical scales is captured coectly, also the
magnitude of the coe cients can be captured.

5.3.4 Acoustic Power Conservation

Karlsson and Abom (2010) show that ampli cation or attenuation e ects
can be studied by observing the averaged power ratibé/i; of outgoing to
ingoing acoustic power for each re ection or transmissioroe cient. These
can be calculated from the passive scattering matrix data,de (5.9),

0 HNiﬁu HNiﬁu HNiﬁu !

i i i 1
Wv'pfj H/V|p; HWi

0
s g;mgzmujz (L M)ATsui®  Taul®
nmp; nmpz w\npz (1+M)2JTUSJ jRsj® (1#,\,”22]-'};3]2
Wiy Wiy Wi iTuai?  (L+ M)3Tsd?  FeiRal?

H\Nlpa H\Nlp; HN|pd

(5.12)

As the Mach number is included into the expressions, the coestive e ect
of the mean ow on the wave propagation is taken into accountTo analyze
whether acoustic energy is absorbed or produced, the powettios of the
speci ¢ scattering matrix can be summed up, assuming boundare ection
coe cients at @ 7 to be zero. These are de ned as the power ratios which
are based on the same ingoing acoustic wavg's fic or fy:

AW i gut hWi , hWi , HWi

. = — + — + —d 5.13

AW i oyt - H‘Nipu + H‘Nips + H‘Nip;- (5 14)
Wiin |\, Wiy Wig  HWig |
H\/Viout — H‘NiDu + H‘Nips + I’Wipg_ (5 15)
Wi Wi,  HWWi, = HWi, '

1 By Py P

In case a sum exceeds unity, energy of the vortical mode is risderred
to the acoustic mode and hence more acoustic power is emitttb]dm the
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5.4 Non-Reactive Swirler Nozzle

system than is introduced. Values below unity indicate acatic energy
absorption. The assumption of low acoustic re ection is val for the current

computations, as the acoustic re ection coe cients do not gceed an value
of R 0:02. Thus, the sum over the power ratios of a certain excitatio
case represent the acoustic power absorbed or produced well

Figure 5.12 shows the computed acoustic power ratios of E@S.13)-(5.15)
which correspond to the di erent excitation case I-ll1l. TheLNSEs predict
a signi cant overproduction for incident acoustic wave amiitudes f, and
two maxima are predicted instead of one in the experiments. hE sum of
power ratios for an acoustic wave amplitud@:*(case Il) exhibits a slightly
higher agreement with the experiments. Generally, the fregncy ranges for
which acoustic energy ampli cation Ps > 1) or acoustic energy attenua-
tion (Ps < 1) is present are predicted correctly by the LNSEs. However,
the magnitudes of the acoustic power ratios are signi cantl over or un-
der predicted indicating an overly amplifying or dissipaing behavior of the
LNSEs. This supports the fact that most probably the vortex gength is
over predicted and therewith the interaction described thwugh the integral
in Eq. (2.58). The best agreement is again reached for case Il
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Figure 5.12: Sums of acoustic power ratios, Eg. (5.13)-(5.15) of a shardged T-joint at
M = 0:1 versus Strouhal number. Results of LNSEs are compared toeth
experimental data of Karlsson andAbom (2010).

5.4 Non-Reactive Swirler Nozzle

Chapter 5 is structured in a way to increase the understandgnof the un-
derlying acoustic- ow interaction phenomena step by stepsonsidering val-
idation test cases with increasing complexity. This consagntly leads to
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5 Prediction of Acoustic Scattering Behavior

the study of acoustic interaction processes with a three diensional and
highly complex ow eld created by an industrial injection system. The
con guration includes an area expansion where the uid dis@arges into
the combustion chamber. It includes ow contractions such sathe ori ce
con guration, e.g. the swirler vane channels, and due to thsetrong ra-
dial momentum of the swirling uid motion vortices may impinge onto wall
surfaces providing a possible acoustic feedback.

The swirl nozzle is mounted at the end of a circular plenum whtdiameter
dy and lengthl,. The nozzle connects the plenum to the combustion cham-
ber (CC), which is square in cross-section. It has a total aadi length of |4
and side wall length ofl.. The nozzle investigated is a partially evapora-
tion rapid mixing (PERM) injection system, developed by AvD S.p.A. (see
e.g. Marinov et al. (2010)). In detalil, it consists of two caetating swirl
channels and a centered injector. As the uid passes throughe nozzle cir-
cumferential momentum is imposed. At its exit, the ow expauls into the
combustion chamber and inner and outer recirculation zoneme formed.
Fig. 5.14 illustrates the complexity of geometry and ow coditions.

The chosen test conditions correspond to two di erent inletow temper-

atures at a constant air mass ow rate. In the rst Case A, ambent air

temperatures are used. Then the air is preheated in Case B tcone realis-
tic engine inlet conditions ofTi, = 573:15K. Consequently, inlet Mach and
Reynolds number vary with the inlet temperature. The geomeical and

ow conditions are gathered in Tab. 5.4.

The mean ow elds necessary for the acoustic analysis are gulied using
a standard k- turbulence closure model proposed by Launder and Spald-

u — _ 7 d —
_ A oc /.D A .

- i =4 - T~ i e

Pu = Q Pa —

Figure 5.13: Schematic presentation of the geometry and ow conditionsfdahe atmo-
spheric pressure test rig including an industrial swirl naze, inner and outer
recirculation zones are also shown.
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5.4 Non-Reactive Swirler Nozzle

Table 5.4: Geometrical and physical operating conditions of the noreactive swirl injec-

tor ow.
Description Variable Case A Case B
upstream pipe diameter dy 0:1245m
downstream edge length lg 0:15m
upstream pipe length ly 1:34m
downstream length lg 0:890m
inlet temperature Tin 29315K 57315K
Mach number at inlet Mai, 0.007 0.01
Reynolds number at inlet  Re, 1.96 10 1:22 10
kinematic viscosity 155 10°m?s ! 5012 10°m?s?

ing (1972). All free calibration constants are chosen acabngly. The use
of k- models in aeroacoustic applications is not new and has beep-a
plied to study scattering matrices of generic con guratioa (Kierkegaard
et al.,, 2012a,b) but also e.g. for the prediction of jet noisproblems or
outlet impedances (Bailly et al., 1996; Jorg et al., 2013; Kavaran et al.,
1994). The unstructured computational mesh comprises owr 1.8 million
elements. Tetrahedral elements are used to discretize thengplex features
of the swirl nozzle while hexahedra elements are used for thezzle exit as
well as the combustion chamber and plenum sections. Speaate is taken
for discretization of the shear layer separation point at te atomizer lip,
its expansion and the outer diameter of the nozzle di usor. &ond order
upwind schemes are employed for the momentum and energy et

For the uid dynamic simulations a mass ow is prescribed at he inlet
while at the outlet an ambient pressure level is imposed. Pameters of
turbulence productionk and dissipation at the inlet are simply calculated
by assuming turbulence levels and a length scale. Howeveugdto the long
plenum section turbulence parameters are able to developtiinthey reach
the injector nozzle. The in uence of the wall is incorporaté through the
de nition of wall functions for the momentum and energy equon. For
the simulations with preheated air, the plenum walls are bmlved to be
adiabatic due to their insulation. The combustor walls, hoever, are air
cooled and are therefore assumed non-adiabatic by presantdp a constant
wall temperature. Its speci c value is determined iteratiely until the sim-
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5 Prediction of Acoustic Scattering Behavior

ulated outlet combustor temperature is equivalent to its masured value.
It was believed that the axial impedance distribution alonghe combustion
chamber may have an in uence on the acoustic scattering behar.

Using the mean ow elds from the RANS computations, the LNSE de ned
in a cartesian coordinate system are solved for a discreteduency range
of 25-800 Hz with a resolution of f =25Hz. The computational domain is
discretized using roughly 230.000 tetrahedral elements ihsecond order
Lagrangian test functions are selected. Regions of ow sap#éion and shear
layer expansion are re ned as shown in Fig. 5.15. A GLS- nitelement
stabilization technique introduced by Franca et al. (1992js chosen for the
presented test case in order to better account for reactiveetms in the
LNSEs. In terms of degrees of freedonN(ss), the acoustic mesh comprises
only a fraction of 30 percent ofN4.ts compared to the RANS computation.
Grid independence is ensured by varying the grid size for angie frequency.

Acoustic boundary conditions are chosen equally to all afementioned vali-
dation test cases. Due to the large size of the system matrtke developed
GMRES-GMG algorithm is used herein to solve the resultingriear set of
LNSEs for every distinct frequency. The algorithm is highlye cient and
additionally allows parallelization yielding computatian times of around 30
minutes per frequency. This time span comprises the soluti@f one matrix
inversion problem. The simulations are performed on a deski machine
using overall eight cores.

The same ow elds computed in this section will be used in thdollowing
Chapter 6 to analyze the eigenfrequencies of the combustionamber ow
under non-reactive conditions.

Figure 5.14: Normalized mean axial ow velocity eld u=un.x of mean ow eld compu-
tations of Case A at ambient in ow temperatures.
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5.4 Non-Reactive Swirler Nozzle

Figure 5.15: Three dimensional unstructured grid of the non-reactive eobustion cham-
ber ow con guration used for the acoustic computations, ste through the
mid plane (left) and view on the discretization close to the ozzle outlet

(right).
5.4.1 Experimental Measurements

The experimental measurements are performed at the atmosgic combus-
tion test rig originally designed by Eckstein (2004). A detded description
of the main components can be found therein. In a later studyhe same
test rig is used for the measurements of ame transfer mates (Alemela,
2009). It has been found that the FTFs measured at a single ctunstion

chamber test rig are not comparable to the FTFs measured at aannular
combustion chamber (Fanaca et al., 2010). In order to meetaability of

the FTFs, the authors propose a design rule for the area expsian. There-
fore, a new combustion chamber having a greater cross seatie designed
ful lling the general guideline proposed. In the course ofhie present study
this con guration is optimized for the measurement of scatdring matrices.

The two-source method, introduced by Munjal and Doige (1990, is ap-
plied to determine the experimental scattering matrices. e technique
works very similarly to the numerical simulations performé using LNSEs
and requires two independent acoustic states in order to cstnuct a scat-
tering matrix. This is achieved by harmonically exciting tre inlet air ow
using a siren con guration. A fraction of around 35 percentfothe inlet air
mass ow is excited, whereas the other fraction bypasses tsgen. Then,
the pulsating air ows through a 1:2m long plenum section. At three con-
secutive locations along the duct, air temperatures are meared. A series of
three dynamic pressure transducers of type PCB-J106B are omded about
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5 Prediction of Acoustic Scattering Behavior

8d away from the injector con guration whered denotes the outlet diame-
ter of the nozzle. The pressure transducer distances fromeoanother are
chosen non-uniformly following the general guideline of Ben and Abom
(1986). After the air passes through the swirl nozzle, the w expands
into a square combustion chamber. Windows on either side @l visual
access. About 10 further downstream of the combustion chamber inlet
plane, a second series of three dynamic pressure transdgadsrpositioned.
Their consecutive distances are chosen irregularly in acdance with the
upstream measurement section. At the outlet of the downsteen measure-
ment section a perforated screen is mounted yielding re @on coe cients
of aboutR  0:6 for the considered frequency range. An exhaust gas system
collects the air mass ow at the outlet.

The second acoustic state is constructed by mounting a sirém the down-

stream end of the combustion chamber. It periodically injas fresh air in

the circumference direction. When the downstream siren ismployed the

upstream siren is solely bypassed. To ensure linear behavad the scat-

tering matrix coe cients, it is veri ed that the velocity u ctuations at the

nozzle outlet do not excee(lles j=Cc < 0:1. This is done by extrapolating the
acoustic signals measured in the downstream combustion ahiaer section
to the nozzle outlet. Acquisition times are chosen to be of B2per frequency
at a sampling rate of 16 kHz to ensure statistical convergeac Calibration

of the pressure transducers is performed before and after amsarements.

The frequency range considered in the experiments is 1008{. It is noted
that the experimental measurements face limitations in théow frequency
limit. Thisis due to high re ection coe cients at inlet and o utlet boundaries
(R 1). Then, the two acoustic states become linearly dependaand the
two-source method breaks down. Moreover, due to the speaialracteristic
of the considered spray atomizer nozzle only low amounts afauistic energy
are transmitted to the upstream and downstream sections, spectively.
Considering the high turbulent noise levels of the ow the ginal to noise
ratio may degrade. This is especially of a concern when exag with the

downstream siren which has a low acoustic power. The high drgency limit

iIs bounded by the operability range of the available infrasticture.
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5.4 Non-Reactive Swirler Nozzle

5.4.2 Scattering Matrix

For a broad range of frequencies up to 800Hz, the results ofetlscatter-
ing matrix coe cients are shown in Fig. 5.16. Amplitudes andphases are
plotted against frequencyf . Blue and red symbols denote the conditions
of Case A and Case B respectively. In the low frequency limit! O, the
transmission and re ection amplitudes seem to tend towardsimilar values
for both excitation cases. Between OH&x f < 200Hz in the cold ow
Case A and between OH&x f < 400Hz in Case B, the amplitude scat-
tering coe cients show distinct Strouhal number characterstics which are
a result of acoustic- ow interaction processes. Beyond thgf > 200Hz
and f > 400Hz, respectively), the transmission coe cientd ™ and T de-
crease and the re ection coe cientsR™ and R increase steadily for both
considered cases showing a quasi-steady trend.

The scattering matrix coe cient phases are also shown in Fg. 5.16.
There, a similar characteristic is observed: A sharp freqoey shift at a
distinct frequency. In the region before the shift we obseevconstant phase
levels. In the region after the shift, phases for the reeatn ( R) and
transmission coe cients ( T) show a steady growing or decreasing trend.
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Figure 5.16: Scattering matrix coe cients of non-reactive con ned swiling ow at atmo-
spheric ( ) and elevated inlet temperatures |( ), experiments are plotted
in comparison to the result of LNSEs, amplitudes of scattarg matrix co-
e cients (left) and their respective arguments (right).
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5 Prediction of Acoustic Scattering Behavior

The comparison of the LNSEs results with the experimental da clearly
demonstrates that the approach accurately captures the agstic scatter-
ing behavior of a ow eld generated by an industrial injecton system.
Acoustic- ow interaction phenomena in the low frequency mage as well
as constantly increasing and decreasing amplitudes are tayed with rel-

atively high accuracy. Phase shifts of the re ected and trasmitted planar
waves are equally well predicted. Small discrepancies afeserved predict-
ing the location of peaks for the re ection amplitudes. Thigs attributed

to inaccuracies in the uid dynamic eld.

Acoustic- ow interaction processes are further illustragd in Fig. 5.17 for
three distinct frequencies of 150 Hz, 400 Hz and 800 Hz of th@ld ow Case
A. The rst chosen frequency corresponds to the range whereaustic- ow
interactions seem to be more pronounced. Fields of pressued velocity

Figure 5.17: Acoustic elds of perturbed pressurep? (left) and velocity u? (right) at
di erent frequencies of upstream excitationf =150Hz, 400 Hz and 800 Hz
from top to bottom, respectively.
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5.4 Non-Reactive Swirler Nozzle

uctuations are shown in the left and right column, respectrely. For all
three frequencies it is clearly visible how vortical strucires are excited in
the burner mouth and travel along the shear layer. These vadal struc-
tures impinge onto the combustion chamber walls for low fregncies. By
comparison of the magnitudes of the velocity uctuations athe three fre-
guencies it can be observed that highest vorticity amplituels are reached for
the 150 Hz case, which is exactly the frequency where strongriations in
the scattering matrix coe cients are observed. Thus, in thesmall frequency
range higher acoustic- ow interactions are observed. In thnext section the
e ect of these vortical structures on the acoustic loss geraion potential
Is shown.

It is interesting to note that despite the fact that RANS modds tend to
misspredict swirling ows with high radial pressure gradiets, the acoustic
scattering behavior using RANS computed mean ow elds is gatured with
relatively high accuracy by the LNSEs. Many publications, ee e.g. Boij
and Nilsson (2006); Munt (1977), suggest that the importanacoustic- ow
interaction phenomena happen in close proximity of ow sepation edges
(for an area expansion). As our employed RANS model uses badition
constants measured for ow separation cases, we may assunmattthis
phenomenon is captured in relatively high detail by the turblence model.

5.4.3 Acoustic Loss Margins

As already described, the scattering matrix contains valude information

of the system's potential damping behavior. A method to aces this in-
formation from the already known scattering matrix coe cients has been
introduced for the ori ce con guration in Section 5.2.2 andis based on the
ideas of Auegan and Starobinski (1999). The experimentand numerical
data is post-processed to obtain the values of,, and nax Which de ne

the margins of dissipated acoustic power to incident acoustpower, see
Eq. (5.8).

The values nin and max are plotted in Fig. 5.18 over frequency for both
ow conditions investigated. In the complete frequency rage solely acoustic
damping is observed which is con rmed by positive values of.ax and a min

close to zero. At low frequencies,max Shows a relatively constant trend.
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5 Prediction of Acoustic Scattering Behavior

However, between 150Hz f  300Hz for case Aand 300Hz f  450Hz
for case B, values of o« abruptly start to decrease and a constant negative
slope is observed. The slope of the curve then changes agawwards higher
frequencies. For the frequency range considered, the swidzzle behaves
very similar to an ori ce con guration shown in Fig. 5.6 in the sense that
both con gurations damp acoustic waves in the low frequenclymit.

LNSEs manage to accurately predict the marginsmin; max in magnitude
as well as trend for both Cases A and B. Solely a slightly lowek,, is
observed compared to the experiments. If the additional infmation about
the damping potential is considered when observing Fig. 9. 1it is evident
that highest magnitudes of vortical structures (at 150 Hz) tansfer to high
amounts of acoustic damping potential.

The severe misprediction of frequency regions of strong astic- ow cou-
pling, found for the T-joint case, cannot be observed for thajection sys-
tem ow eld. The scattering matrix of Fig. 5.16 and damping potential of
Fig. 5.18 illustrate this statement convincingly. As it sems, the aeroacous-
tic interactions take place in ow regimes of the shear layewhich may be
purely described by the linear model. Thus, the aeroacoustieedback loop
described in Section 5.3 is indeed represented correctlyowever, the con-
guration does not exhibit strong Kelvin-Helmholtz instabilities as observed
in the cases of the ori ce and the T-joint. A similarity whichis shared with
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Figure 5.18: System's damping potentiality (min; max) plotted against frequency, ex-
periments are compared to the results the LNSEs computatisrfor the two
cases of ambient inlet temperatures| () and elevated temperatures|( ).
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the area expansion test case. In the frequency range consatk both sys-
tems purely damp acoustic energy and a high agreement withgarimental
data is achieved.

The high amounts of acoustic loss potential observed in thew-frequency
regime stresses the fact that numerical models incorporag the conversion
process between acoustic and vortical structures are edsanto reliably
predict low frequency instabilities. Similarly, informaion about acoustic
losses is generally needed to predict magnitudes of satucat amplitudes,
as ame saturation occurs when the energy input of the ame ig balance
with acoustic eld and boundary losses.

5.5 Concluding Remarks

A hybrid method, a combination of a ow simulation includingan appropri-
ate turbulence closure and the frequency space LNSEs appebais shown
to be capable to determine the scattering matrix coe cientsof a set of
di erent ow con gurations. It has been found that the acoustic loss mech-
anisms are captured in detail by the presented method. Suchraethod
may be used in conjunction with a network modeling approachiorder
to assess certain network elements at relatively low costsrmpared to an
experimental approach or a compressible LES. As it is showm the case of
the injection system, these elements may feature highly cghex geometries
and ow conditions which may not be accessible to analyticahodeling.

However, the applicability limits of the LNSEs and LEEs appoach are also
shown in the case of the T-joint. There, itis illustrated thd if strong Kelvin-
Helmholtz instabilities appear in certain frequency bandsthe linearized
model approach fails to predicting the nite magnitudes of lhe scattering
matrix coe cients observed in the experiments. Following he hypothesis
made, the region of vortex formation and propagation througa stable lam-
inar shear layer are well described, but in regions where th@minar shear
layer gets unstable and promotes the growth of Kelvin-Helnditz instabil-
ities is not captured physically. The LNSEs predict an expamntial growth
of such ow instabilities only bounded by laminar viscosity Thus, if the
aeroacoustic interaction expands into this range, where ndinear phenom-
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5 Prediction of Acoustic Scattering Behavior

ena (like turbulence) limit the growth of disturbances, tha the linear model
will su er from inaccuracies leading to an overly excessiyarediction of the

interactions between ow eld and acoustic waves. The stroger the growth

of Kelvin-Helmholtz instabilities, i.e. the more unstablesuch instabilities
are, the earlier the point is reached where non-linear satron mechanisms
set in.

This nding inevitably leads to the discussion of the validiy of the linear
assumptions made. As found by Davis and Holland (2004) for gutical
applications, linear and non-linear models for the acoustiwave propagation
in a duct only have negligible di erences for amplitudes of% of the static
pressure. Thus, even if the excitation signals in the experents are not fully
harmonic (e.g. for siren con gurations), this may not explan di erences in
the results obtained. Also, in the con gurations studied tle authors largely
estimated the in uence of excitation amplitude on the scattring behavior
and found the con gurations to be fully in the linear regime ¢ee Karlsson
and Abom (2010); Ronneberger (1987); Testud et al. (2009)). Thefore,
we have to expect a localized non-linear behavior in the uagting eld
especially in the description of the growth of vortical disirbances which can
be captured in the experiments but not with the current lineaized approach.
As shown, this behavior will depend on the particular case nsidered and,
thus, is di cult to handle in a general fashion. Expansion otthe approach to
incorporate turbulence e ects e.g. of Feller and Politke2012), however, will
complicate the analysis and increase the computational aessigni cantly.
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6 Global Stability Analysis

Although the isentropic assumption is not valid for multidmensional ow
elds, see Eq. (2.11), the above studies have shown that thatioduced
errors are negligible for isothermal ow con gurations. Hwever, as soon
as the heat release has an unsteady componeqt§®) or a mean entropy
gradientis presentinside the ow ( sw c,r T=T) the isentropic assumption
IS violated.

The main aim of this thesis is to address combustion installies. This

necessitates not only a detailed analysis of the acoustioftical interaction

processes, but must also include the description of acouséntropy coupling
(Dowling, 1995; Nicoud and Wieczorek, 2009). This processlinked to an
energy transfer from the acoustic to the entropy mode, leatly to attenu-

ation of combustor modes. Therefore, to take this interaain process into
account, the isentropic assumption is discarded and the fudet of LNSEs
including the linearized energy equation are solved.

The reverse e ect of energy transfer from the entropy spotsalgk to the
acoustic eld is not considered in this thesis. This phenonm@n is generally
caused by acceleration of entropy spots inside the downstra vane passage
(Cumpsty and Marble, 1977; Marble and Candel, 1977). The ctitbution
of this e ect to the thermoacoustic feedback loop as well azlated noise
emissions is subject to discussions in the literature (Ptke et al., 2001; Sat-
telmayer, 2003), as well as experimental (Bake et al., 2008hd numerical
investigations (Leyko et al., 2009).

In this chapter the second methodology, presented in Seati®.3.6, of the
eigenvalue analysis using LNSEs is validated. Since the teedy behavior
of the ame is now included, the solution algorithm requiresiot only the
knowledge of the mean ow eld, but also a model for the unstedy ame
behavior, i.e. for,. In the presented test cases this is done by means of
an analytical model or by incorporating an experimentally raasured FTF
function.
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6 Global Stability Analysis

Note that when assuming non-isentropic wave propagation ¢grid require-
ment changes slightly. After coupling with the ame, entrofy waves are gen-
erated which are convected downstream. These have similaawelength as
the vortical structures but, compared to the acoustic wavehgth, are much
shorter s = Ma ,. However, unlike vortical structures which dissolve rela-
tively quickly in expanding shear layers, this type of uctuwation is convected
along larger distances throughout the combustor. Then, espially at small
Mach numbers, the combustion chamber needs to be signi caytre ned.

The Helmholtz equation represents the zero Mach number litmivhen pre-
dicting stability of combustion systems. Using this scalarquation, a
guadratic eigenvalue problem may be de ned which can be sely using the
same iterative routine as in Section 3.3.6. It is a kind of sta-of-the art tool

to predict thermoacoustic instabilities for complex threadimensional com-
bustion chamber con gurations (Gullaud and Nicoud, 2012; Moud et al.,
2007; Selle et al., 2006). Here, it will be used to highlight drences to the
developed LNSEs tool which takes mean ow e ects into accotinDetails

on the routine and nite element treatment are shown and explined in
Appendix E.

6.1 Generic Premixed Combustion Chamber

A simple premixed combustor which is frequently used in thehermoacous-
tic society to validate network models is discussed next (Dding, 1995). Its
main advantage is that a huge number of di erent in uencing @rameters
can be studied which are essential for the development of th@acoustic
tools like the one presented in this thesis.

As it will be shown a semi-analytical solution of the form of lte matrix
Eqg. (2.30) can be retrieved. This dispersion relation is deed without

taking viscous e ects into account. Thus, in order to be comstent with the

semi-analytical solution the LEESs are solved instead of LNES. This step is
only performed for reasons of formality and simulations usgy LNSEs yield
approximately the same results.
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6.1 Generic Premixed Combustion Chamber

6.1.1 Con guration

The con guration considered is depicted in Fig. 6.1 and is an@ dimensional
duct of length L and constant cross section. The fresh gas in the left duct is
separated from the hot gas by a thin ame sheet of thickness located in
the middle of the duct. It is assumed that the ame causes a teperature
jump from the hot-to-fresh gas side of4=T,.

If assuming that the fresh gas enters the domain from the leftoundary at
a speci ¢ state, it is possible to derive equations represiamy the mean ow
eld in the complete generic combustion chamber. Doing so,enassume the
static temperature to vary along both duct segments and in th anisentropic
ame region in form of a hyperbolic tangent function, simila to Wieczorek
and Nicoud (2010)

1

Tg+ Ty Tqg T X X
0+ 4 Ytanh@m A, (6.1)

T = — 2 =

where x; de nes the mid point of the ame region. Then, the mean ow
eld may be calculated by assuming conservation of mass, memtum, and
total temperature, i.e.

u = const.; (6.2)

p+ u?=const.; (6.3)
_ dT;

q - Cp ud—X’ (64)

where T; = T + u?=(2c;). The mean ow is then entirely de ned by the
choice of inlet parameters, i.e. static pressuig, static temperatureT, and
Mach-number Ma,. Dowling (1995) proposed this con guration to study

u — d —

pU_> pd .

L

Figure 6.1: Quasi one dimensional model combustor of length, shaded area represents
ame region separating fresh to burnt gas sides.
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6 Global Stability Analysis

the e ect of the mean ow on combustion instabilities, whileNicoud and
Wieczorek (2009) have extensively studied the con guratiousing one and
two dimensional LEEsS.

6.1.2 Semi-Analytical Model

A semi-analytical solution may be derived when assuming thame sheet
to be in nitely thin (Dowling, 1995). Then the ow in the upst ream (index
u) and downstream (indexd) duct segments can be assumed to be uniform
and isentropic. Thus, with constant velocity and temperatue distribution
along the two duct elements the acoustic solution of pressyrvelocity and
entropy waves are described by

px) = Pre ' X+p e, (6.5)

0 = - pre K pek (6.6)

§(x) = 7te kex; (6.7)
wherek; = !=u is the complex wavenumber of the convected entropy uc-
tuations 8" andk = !=¢(1 M) the respective complex wavenumber of

the acoustic pressure waves traveling in upstrearp(é ") or downstream
(p €k X) direction. Note that entropy uctuations may only be convected
with the mean ow and, thus, have only one wave component.

The ame region cannot be considered as isentropic and jummrmditions
on both sides of the in nitely thin ame need to be derived. Irtegrating
conservation of mass, momentum and total energy over the lite X;
andxs + , where ! 0 and performing a linearization one obtains:

0+ "u=0; (6.8)
|p+’\u2+2 ud =0; (6.9)
T + %uZ (0+7u)+ u gf+un = Q (6.10)

where Q(t) = éexp(i!t ). At the upstream (x = 0) and downstream
(x = L) boundary, general impedance boundary conditions are imped
P cZ,=q0in; =0, see EqQ. (2.38). Substitution of the solutions Eqs. (6.5)
(6.7) in the jJump conditions of Egs. (6.8)-(6.10), taking ito account the
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6.1 Generic Premixed Combustion Chamber

relations of Egs. (2.16) and (2.17) and assuming that no ey wave en-
ters the domain through its inlet, leads together with the tvo impedance
boundary conditions to the following compact matrix notaton:

S(!)P =0: (6.11)

Herein, P = (! B, B Py %9* k)T s the unknown solution vector and

S(!') a coe cient matrix containing,

; 1 Zu) (1+ Zu) 0

(1+Mye ¥t (M, 1)eket=2 & (1+ Mg)e i
S(1)= B (L+My)%e Kt=2 (M, 1)1 (1+ Mg)%e *ix
Ss1 Sz S33
0 0 (1 Zge kit
0 0
2@ Md)?”‘dx Mg
(1 Mg)2ehe* Mg

534 Mé)’:z
(1+ Zg)ekaL 0
(6.12)
where,
i " o1 by
_ G 2 ik x.
= = + + + = + = u )
Sa1 Cd%)(l My) My 1t SMi p&e . (6.13)
i " 11 cﬁl
= & - sV _g ik, X.
Sso Cd%)(l Mu) My 1 oM on e (6.14)
" 1 1 .
Sz3 = (1+Mg) Mg+ 1t éMg e KaX; (6.15)
" #
1 1 .
Saa = (1 Mg) Mg — §M§ giax: (6.16)

Solutions of the Eq. (6.11) can be obtained when requiring ¢hmatrix S(! )
to be singular. Thus, a dispersion relation deb(! ) = 0 is obtained of
which the complex roots are the semi-analytical eigenvalsie The iterative
procedure of Polifke (2003) is then used to solve for the diste eigenvalues.
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6 Global Stability Analysis

6.1.3 Steady Heat Release Rate ( §, =0)

First, the heat release is assumed to be steady and thus no smuiof heat
release uctuations is present inside the domainfj( = 0). The parameters
of the problem areL =1 m, T, =300K, T4 =1200K, p, =101 320 Pa and for
the ame sheet a thickness¢ = 0:04L and a positionx; = 0:5L are chosen
analogously for all considered cases herein.

Before comparing the results, it is stressed that one may exqt di erences
between the semi-analytical solution Eq. (6.11) and the LEEcomputations
for one main reason: In the simulations the ame front is notn nitely thin
as in the semi-analytical model. It is at least as thick as thsize of the
nite element in this region. The nite element mesh is shownn Fig. 6.2
and consists of 15.000 triangular elements which are re ned the ame
zone. The two dimensional LEEs are solved using a SUPG nitdeznent
stabilization technique.

In rst instance, simple acoustic boundary conditions are lwsen setting
velocity uctuations 4, = 0 at the inlet while at the outlet pressure uctua-
tions vanishpg'= 0 (case 1). For the two dimensional LEEs formulation it is
further assumed that entropy as well as vorticity uctuations vanish at the
domain inlet assumings™= 0 and 0; = O, respectively. For the upper and
lower wall boundaries, slip conditions are prescribed fohé velocity uctu-
ations. The rst four eigenmodes for this case are shown in ¢hleft graph
in Fig.6.3. If the mean ow is at rest (Ma, = 0) no coupling of acoustic
and entropy waves occurs and thus, no ampli cation or atteration is gen-
erated. The frequencies are purely real, which is captureg the Helmholtz
equation and LEEs and is in good agreement with the analyti€golution:
1354 Hz, 3472Hz, 5588 Hz, 8298 Hz for the rst four modes, respectively.

Figure 6.2: Finite element mesh of generic premixed combustor con guiian using tri-
angular elements.
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Figure 6.3: Evolution of the rst four eigenmodes for a steady ame §, = 0) of the
academic con guration of Fig. 6.1. For each mode the inlet Md@ number
is varied fromMa, =0 0:16 with an increment of 004. Arrows indicate
direction of increasing inlet Mach number. Semi-analytidaesults are plotted
against LEEs and the solution of the Helmholtz equation; L&f boundary
conditions of case 1; Right: boundary conditions of case 2.

As soon asMa, > 0, mean ow e ects become signi cant and even for
small Mach numbers of @4 the imaginary part of the eigenmode is pos-
itive. Hence, the eigenmodes decay exponentially witR (exp(i't )). If
the inlet Mach number is further increased, the imaginary pa increases
simultaneously more and more. Highest damping rates are @ed for
Ma, = 0:16 where the imaginary party yields: 53¢, 38s !, 57s !, 48s?
for the rst four modes, respectively. A shift in real frequacy can also be
observed which is non negligible for the second and forth med 24 Hz
and 58Hz, respectively. The LEEs tend to under or over-estimasethe
solution obtained from the semi-analytical solution. Howeer, considering
the in nite thickness of the ame, assumed to derive the semanalytical
solution, these di erences are small. It has been veri ed dt the results
of the LEEs converge towards the semi-analytical result whefurther de-
creasing the ame thickness. Note that for all Mach numbersansidered
the eigenvalues of the Helmholtz solution remain purely réaas the equa-
tions is based on the assumption of a quiescent medium\{ 0). Thus, the
Helmholtz equation does completely neglect any damping gemated in this
con guration.

The damping observed for case 1 originates from two e ectsirbt, acoustic
waves trigger entropy waves in the steady ame region whichre convected
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6 Global Stability Analysis

out of the domain. This coupling process is described by ER.01). Sec-
ondly, acoustic energy is radiated out of the domain since ¢hboundary
conditions formerly chosen permit an acoustic energy ux wdn a ow is
present. Thus, in order to estimate the attenuation from aagstic-entropy
coupling only, a di erent set of boundary conditions is presibed to in-
and outlet zeroing the acoustic energy ux in presence of a rae ow (case
2). This is achieved by correcting the above boundaries foomvective ow
e ects, by choosingu™ u=( p)0 =0 and p+ ul =0 for the in- and outlet,
respectively. Compared to the rst case, the damping ratestaMa, = 0:16
slightly decrease for mode one, three and four: 43's49s !, 34s?!. The
impact is signi cantly higher on the second mode: 123. However, this
e ect can be explained through a velocity node in the ame ragn which
reduces the acoustic-entropy coupling. The shift towardswer real parts of
the eigenvalues is observed in this case as well. Agreemeatween LEESs
and analytical solution is found to be good while the error fahe Helmholtz
equation increases signi cantly withMa, and can reach in maximum about
47 Hz for the real and 45s! for the imaginary part of the frequency.

6.1.4 Unsteady Heat Release Rate ( §, 60)

Now, unsteady combustion is included in the consideratiory introducing
the globaln- model into the dispersion relation of Eq. (6.11) for the semi
analytical model

P

1ne” 0; (6.17)

&=

at the location x = x;. For the LEEs a local formulation of then- model
Is introduced to model the heat release rate per unit volumef the nite
ame region
i : n
Q = &m(x)e" "0(Xrer ); With  ny(x) = _ P Uh, (6.18)
Up 10¢ f
When employing the Helmholtz Eq. (2.25), the relation in Eq(2.22) pro-
vides a direct link between velocity and pressure uctuatins. Trans-
formation into frequency space needs to be performed additially using
Eq. (2.12).
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6.1 Generic Premixed Combustion Chamber

In order to validate the LEEs for the unsteady ame case, two icerent val-
ues of interaction index are considered, vin = 1 and n = 3, corresponding
to a small and large amplitude of the ame response, respeatly. The time
delay is chosen to mimic typical combustor conditions =0:4ms and the
simpli ed set of inlet and outlet boundary conditions is chgen (case 1),
viz. & =0 and p = 0O for inlet and outlet, respectively. Again, we expect
di erences in the results for the in Section 6.1.3 mentionegkason, but also
because the reference point for the ame model is chosen dilg upstream
of the ame region (x = 0:48L) in order to be consistent with the idea of
the n- model. Unlike for the semi-analytical model it cannot be clsen
directly at X, = L=2.

When the amplitude of the ame is smalln = 1, Fig. 6.4 left shows the
results obtained with the semi-analytical model foMa, =0 0:16 and two
solutions of the LEEs for zero andMa, = 0:16 inlet conditions. At zero
Mach number the agreement between semi-analytical solut@nd LEEs is
excellent for all four modes. Mode one and four are alreadyasie at this
zero Mach number limit, while mode two is marginally stable£(f) = 0)
and mode three shows a clearly unstable characteristie(f) < 0). If
a mean ow is introduced, this has a stabilizing e ect on all dur modes
considered. At theMa, = 0:16 limit, all modes show a stable behavior.
This trend is accurately predicted by the LEEs model. Note tat also the
shift in frequency is captured with good agreement.

When the amplitude of the ame response is high = 3, Fig. 6.4 right shows
that mode three is generally more ampli ed at zero mean ow aaditions.

Compared to the small amplitude response of the ame case, auoh higher
inlet Mach number must be reached in order to stabilize the nae (Ma, >

0:1). For the other modes, a similar behavior is observed as far= 1.

LEEs manage to predict the trend correctly but deviations aMa, = 0:16
are higher than before. However, overall a good agreementaishieved for
both conditions.

Next, the impact of the ame parameters on the combustor eigenodes is
studied. When a ame model ofn- type is introduced to the equations
the situation becomes complex. In this case, the Helmholtzjeation will

predict eigenmodes which are either stable or unstable, dapding on the
phase relationship between pressure and heat release uations Eq. (1.1).
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Figure 6.4: Evolution of the rst four eigenmodes for an unsteady ame ¢} 6 O,
=4 ms) of the academic con guration of Fig. 6.1 for di erent \alues of
the mean ow inlet Mach number Ma,. Semi-analytical results are varied
Ma, = 0 0:16. LEEs only displayMa, = 0 and Ma, = 0:16 results.
Arrows indicate direction of increasing Mach number. Leftsmall amplitude
responsen = 1; Right: high amplitude responsen = 3.

In uence of damping is not accounted for due to the nature ofite equa-
tion. A parametric study is conducted for the rst two modes D highlight
the di erences between the quiescent assumption and LEEs. h& inter-

0; 0:2; 0:4;:::; 3ms, respectively. This study is performed by retrieving
solely solutions from the LEEs and Helmholtz equation.

A subtle way to compare the di erences in frequency predicin between
the Helmholtz equation and the LEEs is shown in Nicoud and Wezorek
(2009). Their presentation is adopted herein and the resuty gure is
shown in Fig. 6.5 for the rst and second eigenmode. The graptisplays
the frequency shifts between solutions of the LEEs d¥la, = 0:16 and
Helmholtz equation (i.e. Ma, = 0) for each value of the ame responsen
and ) and thus provides information of the error in frequencyR (f ) and
growth rate =(f ) made by assuming a medium at rest.

It is directly evident that a method based on the quiescent ntBum as-
sumption, like the Helmholtz equation, is not able to predicthe frequen-
cies incorporating mean ow e ects. Indeed, the frequencyhange depends
strongly on the acoustic- ame coupling (values oh and ). The shift in
real frequency for both modes is always negative and yieldp to 70Hz
and 180Hz for the rst and second mode, respectively. This resuis
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6.2 Two-Phase Flow Combustion Instabilities

consistent with the ndings of Section 6.1.3 but shows a strger trend.
Although the rst mode is only stabilized by the presence of anean ow,
the shift in imaginary frequency of the second mode can eithbe positive
or negative. Thus, including a mean ow may stabilize this paicular mode
e.g. forn 1 or destabilize it e.g. forn > 1 and > 1ms. Summariz-
ing the results yields that frequencies of instabilities cahardly be guessed
when assuming a zero mean ow. Depending on the acoustic- @&rcou-
pling and acoustic boundary conditions an error is introdusd. Including
a mean ow may Yield a stabilizing e ect but can similarly al® turn into
a stronger forcing of thermoacoustic instabilities. More@r, the achieved
results suggest that inclusion of acoustic interaction e@s with entropy
waves is recommendable in many cases.
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Figure 6.5: Dierence in real and imaginary part of rst and second eigemode predicted
by LEEs (Ma, = 0:16) and Helmholtz equation Ma, = 0), frequency shifts
are plotted as a function of interaction indexn while the values of the time
delays are varied along the curves from = 0 to 3ms. Arrows indicate the
direction of increasing . Left: First eigenmode; Right: Second eigenmode.

6.2 Two-Phase Flow Combustion Instabilities

From the validated test cases one may conclude that acoustiorticity cou-
pling of Chapter 5 is equally important as acoustic-entropgoupling of Sec-
tion 6.1. It has been shown that both e ects generally damp eobustion
instabilities in the low frequency limit, although -under ®me limitations-
the reverse e ect of ampli cation may also occur. Up until nav the e ects
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6 Global Stability Analysis

have been considered separately. This is changed in thedallng section as
both coupling processes and their e ect on eigenfrequensiill be consid-
ered conjointly.

The validation test case is the same atmospheric combusti@hamber al-
ready used in section 5.4 to validate the scattering matriseof a non-
reactive swirled combustion chamber ow. Now, the eigenfgeiencies of
the con guration are considered under reactive conditionBy introducing a
kerosene mass ow to the centered injector of the injector male. Liquid
Im breakup, atomization and evaporation processes then del to the gen-
eration of a reactive mixture which burns along the shear lays between
the recirculating zones. The test rig is modi ed to perform ¥periments
with self-excitation by establishing a thermoacoustic fetback loop. This is
achieved by introducing a subsonic nozzle at the downstreanoundary of
the combustor.

In order to increase con dence in the robustness and accukaof the pre-
sented method, the approach to the full reactive combustioohamber is
subdivided into four consecutive steps. First, the eigenndes are consid-
ered under zero mean ow conditions. Then, in the second caseconstant
mean ow is introduced at atmospheric temperatures. The mea ow ve-
locity is then increased by preheating the inlet air, in the lird test case, but
keeping the air mass ow constant. Finally, in the last step he in uence
of the ame is introduced. The complexity increases with evg validation
test case considered.

This section is structured as follows: First, the atmospher pressure test rig
is illustrated. Then, the measurement equipment and methadare brie y
discussed. Measurements mainly comprise the evaluationtbe eigenfre-
guencies of the combustion chamber. This is achieved by parhing acous-
tic damping measurements yielding real and imaginary partsf the eigen-
frequencies. However, to provide all necessary data for igdtion purposes
the acoustic boundary conditions need to be provided, as wak a FTF for
the reactive case.
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Figure 6.6: Atmospheric pressure test rig including parts of the plenunsection, the in-
jector nozzle, combustion chamber and convergent-divergenozzle of Case
D. Field shows the dimensionless temperature distributiocomputed using
RANS model and PDF transported mixture fraction approach.

6.2.1 Experimental Con guration and Measurements

The atmospheric test rig is shown in Fig. 6.6 with its chara@ristic mean
temperature distribution for the reactive case. The upstr@m plenum sec-
tion has the same lengtH, = 1:34 m as for the scattering matrix measure-
ments of Section 5.4. Downstream of the injector nozzle, tr@mbustion
chamber expands to a lengthy = 0:73 m which comprises a window sec-
tion allowing optical access and a measurement section. Atg¢ end of the
combustor two di erent boundary conditions are mounted forthe present
validation measurements. For cases with no reaction a peréded screen
iIs used. In the case including reaction a converging-diveng nozzle is
mounted providing high amounts of acoustic re ection. The mtical section
of the nozzle has a diameted, = 16 mm. Unlike the scattering matrix
measurements of Section 5.4, no downstream siren is present

First the operating condition for the experimental validaton case are de-
termined. In order to show the capability of the numerical méod to dis-
criminate between stable and unstable combustor operatipthe combustor
needs to feature a self-excited unstable operating conaiti. However, in
case of instability the ame saturates and its ame transferfunction, be-
ing in the non-linear regime, cannot be measured. Thus, in ithcase the
LNSEs and Helmholtz equation remain mathematically uncl@sl. In or-
der to resolve this conict, an operating condition must be lksosen which
Is acoustically stable to provide the FTF as well as acousatly unstable
to provide the eigenfrequency of instability. This is reated by mounting a
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low and a high re ecting boundary condition to the downstrean end of the
combustion chamber. Latter condition may close the thermaaustic feed-
back loop leading to a combustor instability. These two di eent conditions
are represented by a perforated screen and an acceleratedzie ow.

For both boundary conditions the air ratio and air mass ow isramped up
and down while recording time series of the pressure sign#fter Fourier
transformation the maximum pressure amplitudes of the fragency spec-
trum are summarized in Fig. 6.7 for both boundaries. Low presre ampli-
tude levels are observed for the complete operability rangénen employing
a perforated screen at the combustor outlet (Fig. 6.7 left).Only at the
lean extinction limit slightly higher pressure levels are @ached. This il-
lustrates that a ame transfer function may be measured in tB complete
operability range displayed, except at the lean extinctiotimit. Now, the
nozzle is mounted and the time series at each operating poante again post
processed to determine the maximum pressure amplitudes glesyed in the
right Fig. 6.7. Again, slightly higher pulsations are obsesed at the lean ex-
tinction limit at high . However, signi cant pressure amplitudes of around
260 Pa are reached at high thermal powers, i.e. high air massw and low
air ratio, which indicates the presence of a thermoacoustigstability.

From these considerations the validation test case is de deat my, =
459 s?! and at an air ratio of = 1:6. On the one hand, a FTF can
be measured at these conditions using a perforated screentlg outlet

! 250

=4 200

-4 150
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0

Figure 6.7: Contour of pressure amplitude in the combustion chamber wing air mass
ow and air ratio for two di erent boundary conditions at the outlet: a low-
re ecting perforated screen (left) and a subsonic nozzleight).
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6.2 Two-Phase Flow Combustion Instabilities

(Fig. 6.7 left). On the other hand, a self-excited thermoaagstic instability
Is observed when using a convergent-divergent nozzle (F&7 right). The
instability causes pressure amplitude levels of around 1B&.

As already explained above, the reactive combustor test @as highly com-
plex as it integrates a variety of di erent interaction e ects. To allow for a
better understanding of the problem and its associated meaow e ects,
the problem is subdivided into a number of di erent steps wih increasing
complexity. First, the combustion chamber modes are congced under zero
ow conditions in a Case A. Then, a mass owm,;, =459 s !is prescribed
to the combustor inlet in Case B. The same inlet air mass ow o€ase
B is then preheated to temperatures offj, = 573K in the next Case C.
Air preheating results in an approximate doubling of the maxnum velocity
reached in the swirl injector exit plane. In the nal Case D, &erosene mass
ow is supplied to the centered injector of the swirler and ateady ame
establishes. Only in this case, a convergent-divergent rabz is mounted
at the combustion chamber exit. For all other cases a perfaed screen is
employed. All operating conditions are summarized in Tab..6.

Table 6.1: Operating conditions of atmospheric pressure test rig of éhfour investigated
Cases A, B, C and D. Downstream boundary condition is specideaccording
to PS: perforated screen; NOZ: convergent-divergent noezl

Parameters Case A CaseB CaseC CaseD
Mair [9/s] 0 45 45 45
Tin K] 293 293 573 573
[-] - - - 1.6
DS boundary  [-] PS PS PS NOZ

6.2.1.1 Acoustic Damping Measurements

Generally only the real part of the eigenfrequencies of conmtor modes are
provided for experimental test cases found in the literat@w. Determination
of the decay or growth rates of eigenmodes is far more compldxowever,
recently Wagner et al. (2013) have proposed a method to deteine the
decay rated ; of a given combustor con guration. Their technique is appéd
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to the current atmospheric combustion test rig to provide nbonly the
real part of the eigenfrequencies but also their respectiekecay rate. This
information allows a better validation of LNSEs and Helmhdag solvers.

For all di erent cases investigated the siren of Kathan et al(2010) is con-
nected to the downstream part of the combustion chamber hawy a circular
port with a diameter of ds = 0:012 m. The siren intake is locatets = 60 mm

away from the outlet section. Its exact location is depicteth Fig. 6.6. The
siren can be operated under two di erent conditions: Provithg a continu-

ous excitation signal at distinct frequencies, or, excitg the test rig for an
amount of nine excitation periodsT. In this time span a certain satura-
tion amplitude is reached. After 9, acoustic excitation is stopped for 4%

and the pressure levels decay exponentially with a respe&idecay rate of
exp( !it) (cp. to Eq. (3.48)). This speci c siren operation is realied by
perforating the rotating disc of the siren by an amount of nia perforations
(compared to 54 perforations for continuous excitation).

The continuous siren operation is used to identify the pressee amplitude
spectra of the combustion test rig in order to determine the @roximate
locations of the eigenfrequencies. Then, in a next step, tlsecond siren
disc is mounted and the test rig is excited periodically for'® at the ap-
proximate eigenfrequencies of combustion chamber. The trgient pressure
signals are recorded using piezo transducers located in fienum and com-
bustion chamber section with a sampling rate of 20 kHz. A Gilsbsampler is
used which calculates the probability distributions of frquency and damp-
ing rates using a Monte-Carlo type of method. In this thesishe JAGS
algorithm available online is used (Plummer, 2012). Wagnesat al. (2013)
have found this approach to be highly robust compared to othanethods
commonly found in literature.

Damping coe cients measured for the four cases of investigan are shown
in Tab. 6.2 for eigenmodes up to 1000Hz. Damping rates readhi®r the
zero mean ow case are relatively low compared to the caseghwmean ow
except for the frequency at 730 Hz which is fully conform witkhe previous
results. The damping reached for the zero mean ow case mussult en-
tirely from the acoustic energy transmission at the inlet ath outlet bound-
aries. In case of a thermoacoustic instability where acoustamplitudes
exponentially grow in time (i.e. negative values of ;), the measurement
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6.2 Two-Phase Flow Combustion Instabilities

Table 6.2: Eigenfrequencies and damping rates of combustion chambest rig including
and excluding mean ow in the non-reactive case.

Description Frequency Damping Rate
Mar [9/s] Tin[K]  [[1 f [HZ] =2 [s 1]
0 293 - 125 40
292.8 47
499.5 50
730 110
954 62
45 293 - 164 40
288 130
496 160
737 170
957 110
45 573 - 165 -
290 48
605 210
973 150
45 573 1.6 90.9 4.7

technique loses its validity and only the frequencies of aations may be
retrieved from the pressure time series.

6.2.1.2 Acoustic Boundary Characterization

In order to provide all necessary data for LNSEs validationthe acoustic
boundary conditions at in ow and out ow need to be availablefor all cases
considered. The boundary's impedance Eq. (2.38) governsetacoustic en-
ergy ux out of the system and therefore contributes to the ograll com-
bustor damping. Inlet and outlet impedances are determineoly measuring
the acoustic re ection coe cients at the same operating coditions but in a
separate experiment. At the inlet of the plenum a stationargiren naturally
provides a perforated screen. Measurement of the acousteeaction coe -
cients of such boundaries is straightforward and well knowin the existing
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6 Global Stability Analysis

literature. The re ection behavior for the siren intake aredisplayed for the
rst three measurement conditions in Fig. 6.8. Similarly, he downstream
re ection coe cient of the perforated screen is determinedor the cases A,
B and C and is displayed below in the same Fig. 6.8.

For Case D the same inlet boundary conditions are used for tHENSEs
as in Case C. At the outlet, the nozzle mimics the presence dfe rst
vane passage of the turbine. Due to a low signal-to-noise i@atn case of
a thermoacoustic instability, measurement of the re ectin coe cient be-
comes di cult. Therefore, the re ection coe cient is obtai ned from acoustic
theory using an one dimensional formulation of the LEEs (Laarque and
Poinsot, 2008). The routine is described in detail in Append F and is
implemented into Matlab. Amplitude and phase of the resuliig re ection
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Figure 6.8: Amplitudes and phases of the re ection coe cients at the upgeam R* and
downstreamR boundary for operation Cases A, B and C. Top: Upstream
boundary, Bottom: Downstream boundary.
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6.2 Two-Phase Flow Combustion Instabilities

coe cient for the speci ¢ nozzle mounted at the combustor eit are shown
in Fig. 6.9.

6.2.1.3 Spray Flame Transfer Function

For the reactive Case D, the ame transfer function of the sy ame pro-
duced by the injection system is measured additionally. TRiFTF needs to
be provided to the numerical LNSEs eigenvalue solver in ond&® provide
a model for the unsteady heat release ratg, (! ). This is done by per-
forming the measurement routine described in Section 2.6ahd assessing
the transfer matrices of the two acoustic states with and witout ame.
A perforated screen is mounted to the combustor exit ensugnlow acous-
tic re ection coe cients and a stable ame operation. Fig. 6.10 shows the
result of the measured FTF. The temperaturel;,, which is necessary to
close Eq. (2.37), is chosen from the incompressible ow sitations. Av-
eraging this temperature over a plane just downstream of thame yields
T = 2020 K.

The FTF shows a very similar characteristic to gaseous ame&p. with
Alemela, 2009; Lieuwen and Yang, 2005). A frequency step ddHz is
used during the experiments. Roughness in the representatiof the FTF
are due to a degraded signal to noise ratio, especially whem@oying the
downstream siren. For this excitation state, the pressureaplitudes reached
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Figure 6.9: Amplitude and phase of frequency dependent re ection coeient of the sub-
sonic nozzle mounted downstream of the combustion chambefr ©ase D.
Prediction is performed using the numerical routine of Appadix F.
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6 Global Stability Analysis

in the combustion chamber are already relatively low. Whenhie acoustic
signals are transmitted to the upstream plenum section vide swirl injector,
the amplitudes are further decreased due to the low transnsi®n coe cients
of the injector (seejT j in Fig. 5.16).

6.2.2 Mean Flow Computations

The non-reactive ow con gurations (Case A, B and C) are calglated us-
ing the same speci cations as in Section 5.4. For the reac#ivcalculation
(Case D) only the mesh is slightly re ned in the ame region yelding a total

amount of 1.9 million elements. Instead of the standarkl- turbulence clo-
sure model, a modi ed version called renormalized group (RB) k- model
is employed. The method is proposed by Yakhot et al. (1992) dns based
on their theory derived in Yakhot and Orszag (1986). For Cade, the elds

of unknown variables are initialized by prescribing the owelds computed
in the preheated Case C. Then, in a next step, kerosene draslare in-
jected into the combustion chamber and in a last step the amés ignited.

Chemical reaction is modeled in terms of a PDF transported miure frac-

tion variable approach with a total number of 30 species coiagred. The
numerical computations were also veri ed by performing simlations with

an eddy dissipation concept model yielding similar results
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Figure 6.10: Amplitude and phase of ame transfer function measured at th operating
conditions of Case D ( = 1:6; m,; = 45 g/s) using a two-source microphone
technique.
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6.2 Two-Phase Flow Combustion Instabilities

Liquid kerosene is injected by prescribing a characteristdroplet diameter

and respective mass ow rate at the end of the atomizer lip. [@plet diam-

eters are determined experimentally by Avio S.p.A. and arerpvided to the

numerical computation. All droplets are transported throgh the computa-

tional domain until they fully evaporate using a Lagrangiarapproach. Heat
ux through the combustor walls becomes non-negligible inhis case and is
accounted for by prescribing constant temperature to all eobustor walls.

The wall temperatures are varied iteratively, similarly tothe procedure of
Section 5.4.

6.2.3 Non-Reactive Flow ( q, = § =0)

For the acoustic simulations of the three di erent cases whiout acoustic-
ame coupling (oqy = 8, = 0, Case A, B and C) the frequency dependent
impedance boundary conditions of Fig. 6.8 are subscribed itdet and out-
let boundaries. Additionally, velocity uctuations parallel to the inlet are
assumed to be zero, i.e. zeroing vorticity uctuations,

Ojj =0: (619)

Entropy uctuations vanish by subscribing Eq. (2.45). At sdid walls slip
conditions of Eqg. (2.51) and vanishing gradients of pressirand density
uctuations of Eq. (2.53) are chosen.

Using the Helmholtz equation, only one condition needs to henposed on
each boundary. For mass ow inlet and outlet the same frequey depen-
dent impedance boundary conditions are used as subscribed the LNSEs.
Velocity amplitudes for the zero mean ow assumption becomdirectly
coupled to pressure amplituded ¢ = r pP= (in Eq. (2.22)). A homoge-
nous Neumann condition results when injecting this exprass into the slip
boundary condition of Eq. (2.51) (see also Eq. (E.4)).

We expect deviations of the numerical computations compateto the ex-
perimental data for the following reasons: (1) The siren imbduces an ad-
ditional mass ux to the system which may lead to a short-ternchange in
the acoustic ow state and boundary conditions. (2) The sine is connected
via a tube to the combustion chamber (diameted = 12mm and length
| = 1:5m). Strictly speaking, the experimental and numerical sep are not
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Figure 6.11: Combustor eigenmodes of quiescent operating condition o&s2 A. Results
of real and imaginary part of eigenfrequencies, i.eR(f) and =(f), are
plotted of experiments, Helmholtz equation and LNSEs.

the same as the siren supply tube is neglected in the numedic@mputa-
tions. (3) Furthermore, in the zero mean ow case (Case A) thassessment
of the boundary re ection coe cients R is done by introducing a 8 g/s
mass ow rate. Otherwise, performing re ection coe cient measurements
employing sirens would be infeasible. (4) Damping generdtthrough struc-
ture vibration or small slits and holes in the con guration 5 not accounted
for in the numerical simulations. However, the combustor Wis are at least
100 mm thick and, thus, the in uence of structural vibrations is assumed to
be of low order.

For the quiescent conditions of Case A the LNSEs reduce to tlsystem
of Egs. (2.21)-(2.23), apart from the di usion term, and shald yield very

similar eigenmodes compared to the Helmholtz equation. Thiis indeed
the case, as shown by the results plotted in Fig. 6.11. For dlbur modes
both models coincide. Higher mode damping is predicted atwomagni-
tudes of re ection coe cients (modes one and two) while loweamounts
of mode damping are observed for frequency regions charaized through

higher re ection coe cients at domain boundaries (modes tihee and four),
see Fig. 6.8. Results obtained with LNSEs and Helmholtz eqi@n are fully

in line with these considerations: With the unavailability of acoustic- ow
coupling in Case A, the only contributor to acoustic damping-(f ) should

be the acoustic energy ux through the domain boundaries, wth is gov-
erned by their acoustic impedances. Therefore, if the cooteimpedances
are prescribed to the simulation, then, experimental restsl and simulations
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6.2 Two-Phase Flow Combustion Instabilities

should not deviate from one another. However, di erences ithe results
are observed which increase with frequency. As mentionedase the dif-
ferences may be explained through the measurement of acocistoundary
conditions: To operate the sirens a nite mass ow had to be imoduced.
Thus, the impedances do not represent quiescent conditionsThe very
strong deviation of mode four at 730Hz can not be explainedrbugh this
consideration. Even when arti cially decreasing the bourary re ection
coe cients in the Helmholtz computations to values belowR < 0:1 the
experimental measured damping rate could not be reached. &hleviation
can only be explained through di erences in the geometric nayuration. It

must be noted that also eigenmodes inside the plenum sectierist which
are not plotted.

The frequencies associated with the rst four modes found ithe experi-
mental campaign of Case B and Case C are gathered in the leftdanght

graph of Fig. 6.12, respectively. Tab. 6.3 and Tab. 6.4 showe errors made
by the respective acoustic model. A set of longitudinal acstic modes is
found in the combustor. All modes are signi cantly damped foboth cases
as part of the acoustic energy leaves the domain through th@bndaries but
also -and most importantly- acoustic- ow coupling sets in.This is conform
with the ndings of Section 5.4. It is evident that the acousic- ow coupling

must contribute signi cantly to the damping rates reached wen compar-
ing the experimental values to the solutions of the Helmhattequation. As
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Figure 6.12: Combustor eigenmodes of ambient and preheated operatingnditions of
Case B (left) and Case C (right), respectively. Results of akand imaginary
part of eigenfrequencies, i.eR(f) and =(f), are plotted of experiments,
Helmholtz equation and LNSEs.
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6 Global Stability Analysis

explained, the Helmholtz equation solely incorporates thm uence of the
damping generated at the acoustic boundaries. Especially frequencies
f > 250Hz, the contribution of acoustic- ow interactions is renarkably
high. This fact emphasizes the importance of acoustic- ownieraction pro-
cesses on combustor damping.

Table 6.3: Experimental measured eigenfrequencies of case B of contlmmschamber test
rig and error of made by LNSEs and Helmholtz code.

Mode Experiments LNSEs Helmholtz Eq.
R(f)[Hz] =(f) [/s] (R(F))[%] (=(F))[%] (R(f))[%] (=(f)) [%]
1 164 40 4.8 25.5 9.3 32.0
2 288 130 2.4 0.2 2.4 81.3
3 496 160 2.3 2.7 1.2 86.4
4 737 170 0.7 27.4 1.0 93.9

At ambient in ow temperatures (Case B), a lower amount of daming is
measured for the rst mode. With increasing mode number the amping
increases signi cantly and reaches values of up to 170'sfor mode four.
Overall, the agreement with the LNSEs is very good with respeto fre-
guency and damping rates as shown in Tab. 6.3. Similarly to Ga A,
highest deviation is observed for the fourth acoustic modeCurrently, the
origin of the deviations cannot be explained.

When considering the quiescent approximation of the eigemdes using a
Helmholtz equation, the frequencies of the respective madare captured
with relatively high agreement, cp. Tab. 6.3. However, thenability of the

model to account for mean ow e ects results in a signi cant under predic-
tion of the combustor damping. For modes one, two and three éhdi er-

ences in damping rates are 1065 139s ! and 160s?, respectively. If the
presence of a ame is incorporated into the Helmholtz equatn, probably
only small amounts of energy input by the ame are enough to bance the
acoustic losses. Thus, a Helmholtz solver will tendentiolysnd a combus-

tion chamber to be more unstable when operated under reaaticonditions.

For the Helmholtz equation also eigenmodes pulsating ingidhe plenum
section are determined. These modes have not been deterndiegperimen-
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6.2 Two-Phase Flow Combustion Instabilities

Table 6.4: Experimental measured eigenfrequencies of case C of conibaschamber test
rig and error of made by LNSEs and Helmholtz equation.

Mode Experiments LNSEs Helmholtz Eq.
R(f)[Hz] =(f)[/s] (R(F))[%] (=(F))[%] (R(f))[%] (=(f)) [%]

1 165 - 5.0 - 21.2 -

2 290 48 2.4 18.7 22.5 28.7

3 605 210 1.0 1.7 9.5 90.9

tally. Their presence is explained through the high amountsf acoustic re-
ections and low amounts of acoustic transmissions featuteby the injector
nozzle. This leads to a partially decoupling of modes in thdgnum section
and modes observed inside the combustion chamber. Using theSEs the
presence of plenum modes can be observed as well. Howevearabse of the
increased computational costs only the experimental det@ined combustor
modes are searched for.

When the inlet air is preheated (Case C) the ow velocity thraigh the rig
nearly doubles. In this case, a higher impact on the frequeaas of oscilla-
tions is expected (Tab. 6.4). Rather low amounts of dampingra reached
for low mode numbers. Experimentally the damping rate for tb rst mode
could not be evaluated as the statistical error is large ande resulting ex-
ponential t shows low agreement with the pressure time sess. However,
LNSEs predict a low damping rate in this frequency range whias of similar
order to the second acoustic mode observed. As LNSEs dampprgdic-
tions are of similar order of the Helmholtz equation, acoust ow coupling
must have an insigni cant e ect in the low frequency regime.The agree-
ment reached between LNSEs and the experimental data is agdiigh, as
seen from the corresponding Fig. 6.12. As the damping readhfer the rst
two modes is of the order of the acoustic losses through theumalaries, the
Helmholtz equation performs well in predicting the dampindgor mode one
and two. However, as soon as acoustic- ow coupling becomeaggominant
it fails in providing the correct magnitude as it can be obseed for mode
three. Interestingly, another de ciency of the Helmholtz quation can be
observed: with an increase in ow velocity also the real pastof the fre-
guencies are mispredicted by about 21%, 22% and 9% for modeg,ctwo
and three, respectively.
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The eigenvalue simulations of this section show an irreguleonvergence be-
havior. This is related to the fact that experimentally meaared boundary
conditions (or FTF in the next section) are employed. All mesurements
are performed with a frequency step of 10 Hz and the resultseanot smooth
on a local scale, due to measurement errors. If the eigenwallinearization
point surpasses an integer multiple of 10 Hz the eigenmode® dound to
experience a stronger shift in frequency leading to problenin the conver-
gence behavior of the iterative routine. The convergenceitarium after
which the iterative routine of Section 3.3.6 is ended, is thefore chosen
to be more nonrestrictive =2 10Hz! oj. In future, such problems can
be overcome by either employing higher order interpolatioechemes or by
approximating the measured data with su ciently smooth mockls. With
this convergence criterion chosen, the eigenvalue wouldngerge within a
number of two to three iterations.

6.2.4 Unsteady Heat Release Rate ( §, 6 0)

Solving the LNSESs as in the preceding section means ndingeleigenmodes
of the combustor, taking into account mean ow e ects and acostic losses
through the boundaries but neglecting steady and unsteadyeets of the
ame. When addressing thermoacoustic problems, howevehd ultimate
objective is to discriminate between unstable and stable otbustor opera-
tion which requires the inclusion of a ame response. This ithe goal of
the current section which treats the reactive Case D by accaoting for the
acoustic- ame coupling incorporating the experimentallyneasured FTF of
Fig. 6.10 into the LNSEs formulation.

The FTF is included numerically by reformulating it as a locan- model
using Eqg. (2.36) and Eqg. (2.34). A ame sheet over the completcombustor
cross section with thickness; = 0:01 m is inserted into the region of highest
rate of reaction atx; = 0:073m as depicted in Fig. 6.13. The kinetic rate of
reaction is obtained, performing an area average of the sifations using an
eddy dissipation model. Parameters of global(! ) and (! ) are considered
frequency dependent and are interpolated for every iterain step from the
experimentally measured data of Fig. 6.10. For interpoladn the pulsation
I« 1 0f a previous iteration k 1) is used following the iterative routine of
Section 3.3.6.
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Figure 6.13: Kinetic rate of reaction averaged radially over space. Ressifrom three di-
mensional steady reactive combustion simulation using anldy dissipation
concept model. Shaded area shows nite thickness and axiathtion of the
unsteady combustion model in the acoustic simulations.

The frequency spectrum at the operating point is illustratd in Fig. 6.14
and shows two sharp peaks at frequencies of:95lz and 51 Hz reach-
ing pressure amplitudes of 128Pa and 215Pa, respectively. From the
amplitudes reached it is concluded that the rst eigenmodesimost likely
unstable. Pressure levels reached for the second mode at:9H¥ are of the
order of the background noise levels and therefore the modedonsidered
to be in the stable regime. At this particular frequency the FF also shows
a low source strength, cp. Fig. 6.10 left.

Overall, two simulations are performed: One in which the stggly e ect of
the ame through the mean temperature eld is accounted but eglecting
any unsteady e ects @, 6 0). And another one in which the acoustic-
ame coupling is incorporated and the combustor may featurenstability
(8, 6 0). This is done for both simulation tools (Helmholtz and LNSES).
However, using the Helmholtz equation all eigenfrequensieetween 50 Hz-
800 Hz are predicted while using the LNSEs it is focused on th& modes
of interest.

For the cases including and excluding an unsteady heat reksarate the
modes predicted by the LNSEs and Helmholtz equation are pted in

Fig. 6.15, left and right, respectively. For the unstable mde at 90 Hz,
it can be observed that the LNSEs correctly predict a shift '/m the stable
(=(f) > 0) to the unstable regime €(f ) < 0) when the unsteady e ect of
the ame is included. An instability is predicted at 97 Hz andcorresponds
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Figure 6.14: Pressure amplitude spectrum of combustion chamber operdtander acous-
tically unstable conditions of Case D. Pure acoustic signahd data t using
a Savitzky-Golay lter.

to the quarter wave mode in the combustion chamber. Interasigly, it is

often believed that low frequency instabilities are causedy entropy cou-
pling. The feedback mechanism of accelerated entropy spass however,
not accounted for and thus, the low frequency of instabilitynust originate
from mean ow e ects. In the present framework the instabilty can be
explained by the fact that the mean ow may introduce large sifts to the

frequency of oscillations. The di erence in frequency comaped to the rst

stable mode of the Helmholtz equationy = 0) is 67 Hz. Such shifts to
lower values in frequency have already been observed in thaleer sections.
The Helmholtz equation, however, nds the rst mode to be in he fully

stable regime. A prediction not supported by the experimest

The second mode observed in the frequency spectrum of Figléat 510 Hz
Is found to be stable by the LNSEs tool but is predicted as unable using
the Helmholtz equation. Here, again, the di erence in fregency is 36 Hz,
when including the mean ow. This shift in frequency is most pbably
responsible for the stable mode prediction by the LNSEs. Whdooking
at Fig. 6.10 in this range the ame shows almost no acoustic sponse.
Arti cially increasing the ame response, however, would dectly yield an
unstable mode for the LNSEs as well.

For both acoustic modes considered, the LNSEs manage to cag the fre-
guency of instability and is able to correctly discriminatebetween stable
and unstable combustor operation. LNSESs results are conforwith the ex-
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perimental ndings. When neglecting mean ow e ects using he Helmholtz
equation a completely di erent acoustic mode is found to benstable and
the instability at 90 Hz is not predicted at all.
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Figure 6.15: Acoustic modes of LNSEs (left) and Helmholtz equation (righ for the at-
mospheric pressure test rig including combustion (Case Nlodes including
the stationary e ect of the ame (passive ame, §, = 0) are plotted as well
as the modes associated with unsteady combustion (activere, 8, 6 0).

6.3 Concluding Remarks

In this chapter a global stability analysis of combustion cAmbers was per-
formed using LNSEs. Two con gurations were studied: a generpremixed
combustor con guration and an experimental single combust test rig em-
ploying an industrial injection system developed by Avio $.A.

For both considered cases including a mean ow eld withoutay unsteadi-
ness in the reaction yields a stabilizing e ect of the combtisn chamber
eigenmodes, cp. to Figs. 6.3 and 6.12. As the experimentahdmistion
chamber solely damps acoustic waves (cp. Fig. 5.18), comgliof acoustic
with entropy or vorticity modes leads to a stabilizing e ectof the combustor
eigenmodes. This stabilizing e ect of the mean ow eld can Bo be ob-
served when including the e ect of the unsteady ame, see e.figs. 6.4 and
6.5 left. However, as shown by the Figs. 6.5 right and 6.15 inding a mean
ow and unsteadiness of reaction may also lead to a destalilng e ect on
the combustor eigenmodes. Moreover, the mean ow eld sigoantly al-
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ters the frequencies of instability and therewith the acous coupling with
the ame.

The LNSEs are able to assess the stabilizing, but also desi&ing e ect
of the mean ow eld onto the combustion chamber modes with ratively
high accuracy in frequency as well as in growth rate. As the Heholtz
equation is derived on basis of a quiescent assumption, itenot include
the mean ow e ect on combustion instabilities. Consequerty, the damp-
ing or attenuation of combustion chamber modes, i.e= (f ), is continuously
misspredicted using the Helmholtz equation. For cases witlower mean
ow speed and no reaction, the Helmholtz equation, howevemanages to
predict the frequenciesk (f ) of the combustor modes with similar accuracy
than the LNSEs. However, as soon as the ow speed is approxitaly dou-
bled by preheating the inlet air at constant mass ow, also tk frequencies
exhibit errors much greater than those predicted using theNSEs. Finally,
when unsteady reaction was included the Helmholtz equatigrredicted an
unstable mode which was found to be stable in the experimerasd a sta-
ble mode which was found to exhibit instability. Thereforethe Helmholtz
equation may only provide with rough approximations of the mades of in-
stability and great care needs to be taken when higher ow wetities are
reached within a combustion chamber.

When performing an eigenvalue analysis using the LNSEs, tlegyenvalues
were found to exhibit small shifts in frequencies and were heasily traceable
by the iterative routine. To increase robustness of the metdology, the
following three steps are proposed for future investigatns:

" Representation of experimentally measured boundary contilons and
ame FTF by smoothened curves, using e.g. a Savitzky-Golayiter
performing a local polynomial regression or theoretical niels.

"~ For all regions in the eld, the local density of the uid dyn amic data
points must be considerably higher than the density of the ocoputa-
tional nodes of the acoustic simulation. Otherwise, intem@ation may
cause inaccurate representations of uid dynamic boundargnd shear
layer proles. If by chance, interpolation arti cially causes a point
of in ection in the representation of the mean ow distribution, this
would inevitably lead to the promotion of local hydrodynamgt instabili-
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ties. From the incompressible uid dynamic theory of Michake (1965)
it is well known that an in ection point in the ow eld causes the
appearance of such ow instabilities.

" Great care needs to be taken to represent shear layers emitg from
leading or trailing edges of any con guration in the acousti simulation.
This requires a relatively ne resolution of such regions irthe uid
dynamic simulations.

This observed sensitivity was also observable for the Helwltz equation,
but was more pronounced when using the LNSEs. The simulatiaf the
scattering matrices of Chapter 5 did not show such sensittigs.
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7  Conclusion

Two di erent numerical solvers are presented in this thesigvhich solve for
the acoustic elds or eigenfrequencies and eigenmodes oflinimensional
ow con gurations employing complex impedances and activer passive
ames. They are based on the linearized Navier-Stokes equ@ts which
account for the propagation of three types of disturbancesa¢oustic, vor-
ticity and entropy). Interaction between the di erent disturbances leads to
a transfer of energy from one to the other and allows to capteracoustic
attenuation and ampli cation processes. Di erent stabilzed nite element
procedures are introduced which may be interpreted as metti® modeling
the e ect of the unresolved subgrid scales. The schemes pidw nite ele-
ment stabilization with lowest amounts of numerical di usbn and preserve
the order of accuracy of the interpolating functions. After nite element
discretization, large system matrices may arise in three mensional space.
In order to solve such large problem sets, di erent iteratig solvers are de-
signed. The Krylov subspace method of GMRES used in conjumnah with
a geometric multigrid acceleration technique has proven tgield best con-
vergence rates and is relative insensitive to variations iinequency and ow
eld. This technique has been applied either to invert the sstem matrix or
to accelerate the shift and invert formulation of the Arnold algorithm. The
resulting solvers are tested on a large variety of di erentow con gurations.

At rst, only coupling of acoustic waves with coherent vortcal structures
are considered. The LNSEs manage to capture accurately theaim acous-
tic ow interaction processes for the di erent ow con gurations of an area
expansion, an ori ce and an industrial aeroengine injectiosystem. Com-
parisons of scattering matrices as well as acoustic energgldnces illustrate
the quality of the approach and justify all assumptions madelnterestingly,
at frequencies where strong uid dynamic instabilities argresent in the
ow (only observed in case of a T-joint) deviations occur andhe aeroa-
coustic interaction is signi cantly over predicted. This eect is attributed

to the over prediction of the growth rate of vortical structuwes which are
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convectively transported downstream. Larger growth lead® stronger vor-
tical disturbances and consequently to stronger acoustiow interactions.
This over prediction, results from an insu cient inclusion of the e ect of
turbulence which provides a certain physical bound to the ¢t@rent vortex
growth. This issue can be resolved even in this purely lineramework and
future work will be dedicated to this subject.

When a ame is absent, predicting the eigenmodes of a combimst chamber
con guration using LNSESs, the presence of the ow generallgads to a sig-
ni cant increase of acoustic damping. Main contributor is he swirling ow
produced by the injection system at which multiple shear lagrs are formed
and discharge into the combustion chamber. In addition, acstic entropy
interactions with a stationary ame may further increase the acoustic loss
process. For certain frequencies the damping reached by skemechanisms
seems to be of much higher order than the damping introduceldrough per-
forated screens (cp. Gullaud and Nicoud, 2012). But not onlyhe damping
Is changed, also the frequencies of oscillations experiera shift in maxi-
mum of about 50 Hz when the in uence of the ow is accounted for. When
a ame is introduced, the mean ow can have a stabilizing but o -on the
contrary- a destabilizing e ect on the thermoacoustic mode Depending
on the characteristics of the ame, even the frequency of alations can be
shifted by 150Hz for the generic premixed combustor case and of about

67 Hz for the experimental test case compared to the zero meaw case.
This may have a drastic e ect on the acoustic coupling proceswith the
ame. A method neglecting the mean ow eld will hardly be capable of
predicting the eigenmodes and stability of the system corcdy. However,
for the case with lower ow speeds inside the combustor it idil believed
that, e.g., a Helmholtz equation is still able to provide reltively accurate
results.

The method proposed is very general and has considerable gratal to com-
plement current state-of-the-art thermoacoustic and aeaxoustic analysis
in the near future. On the one hand, LNSEs can be used to suppdow-
order lumped network model approaches by supplying scatteg or transfer
matrices of complex ow con gurations. If a mean ow eld is available,
the routine may provide scattering matrices within a few hots until up to
a day (depending on the frequency range and frequency redmun). On
the other hand, it can be used to verify the existence and stdity of eigen-
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7 Conclusion

modes computed by a network model approach or a Helmholtz aadUsing
this higher order tool, the gap between lower order approaek and an high
delity LES can be lled.

Despite the method's high potential, there are still some pblems involved.
As the determination of scattering matrices proved to be higy robust, the

problems are mainly associated with the thermoacoustic @gmode anal-
ysis. One problem concerns the observed sensitivity of thegenmodes to
irregularities in boundary conditions and mean ow represdation. An-

other problem is associated with the prediction of a multitde of eigen-
modes mostly located at low frequencies which contain phgal as well as
spurious modes. In such cases, discrimination between piogs and unphys-
ical solution becomes di cult. A solution followed in this thesis is to run a
Helmholtz solver computation beforehand and to feed the nal$ing eigenfre-
guencies as starting values to the LNSEs solver. Also, a refmgonalization
of eigenvectors, as proposed in Section 4.1.1, may becom@ifable. In or-
der to extend the current approach to larger systems, the ise of code
parallelization must also be considered. At the moment, teicannot be suf-
ciently realized by Comsol Multiphysics which is ine cient in large parts

and is only capable to provide a solid starting ground.

Possibilities of further research employing the developethemes are multi-
fold. Here, only two of them are mentioned: Inclusion of entpy waves and
their coupling in an accelerated ow in downstream turbine &ne passage,
which possibly leads to low frequency instabilities, can b&udied. Experi-
mental tests are readily available in the literature, see..g. the papers by
Zukoski and Auerbach (1976) and Bake et al. (2009). Furtheromne, the here
proposed method can be employed to study uid dynamic instalities and
their respective source regions, the so-called wave-makegion (see Ober-
leithner et al., 2012). In this case, it is probably advisalkel to introduce the
incompressible assumption before linearizing the equatis.
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APPENDIX






A Inuence of Viscosity on
Acoustic Wave Propagation

Derivations in this section are partially based on the lectie series given
by Prof. Sujith at the Technical University of Munich in 2011 The sec-
tion estimates the importance of viscosity for wave propad¢jan problems.
Assuming purely one dimensional wave propagation and a math at rest
u =0, the linearized equation of momentum yields

@b_ 1@b, @

@t @x @%
The equation may be made non dimensional by substituting diemsionless
variables into the equation:

(A1)

t X p° u®
t = — x =5 p’= Cow s A2
a g Pref Pref =( ©) (A.2)

using a characteristic acoustic length scale, and time scale ,. Substitu-
tion, multiplication with pef = ¢, and rearrangement of the terms yields

@i _ @b, @

= - : A.3
@t @x 2 ,@x )2 A3)

with the acoustic time and length scale related by = 1=f = ,=cand

viscosity dened as = c¢ =2 where de nes the molecule's mean free

path length. Thus, viscosity becomes only important if the @e cient of
the viscous term is of the order

— L (A.4)

a
The magnitude of the molecule's free path length is genenalbf the order
O(10 ®m). Thus, only if 4 is su ciently small, i.e. the frequency is high,
molecular viscosity becomes important for acoustic wave gpagation. This
is for example the case when computing the noise audible inetiiar eld of
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A Inuence of Viscosity on Acoustic Wave Propagation

jet engines where high frequency components travel alongda distances.
Note, however, that any acoustic ow interactions stemmindgrom convective
or reactive terms were eliminated for the derivation. The eect of viscosity is
much more important for the convectively transported vortcal and entropy
modes which have much lower length scaleg s Ma 5. Thus, the

e ect of viscosity on aeroacoustic interactions may be muahnore important
to thermoacoustic stability analysis.
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B Forms of Transport Equations

B.1 Forms of Energy Conservation Equation

The conservation of energy equation, Eq. (2.3), may be wrén in very dif-

ferent forms. The present study choses pressure to be therpitive variable

to represent energy conservation. This choice is motivatedrough the fact

that the pressure variable can easily be determined expemmtally at sur-

faces and is a conservation variable. Other forms of the eggrequation
found in literature (e.g. Nicoud and Wieczorek (2009)) empy the entropy
variable. However, as entropy is not conserved and can not Ipeeasured
directly it is not chosen for the present approach. Next, thenergy equa-
tion is derived in terms of pressure variable starting fromts formulation in

terms of total energyE,

DE _ @Quj @pu @
= + fiu = B.1
Dt @x @x ' @x (B.1)
From the Fourier's law for thermal heat conductiong is de ned as
@T
= — B.2
q ax (B.2)
Substitution of enthalpy h = e+ p= then yields
bh_Dp Qv @q (B.3)

ot ot T@x @x

Using the equations of statgp= RT andh = ¢, T and assuming constant
C, and ratio of speci c heats nally yields

2
@p @p @u @u
! = = 14 --_5:
+ + @x ( )iy +

Y
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B Forms of Transport Equations

Note that the conservation of mass equation, Eq. (2.1), wassed to derive
this equation. Equally, the energy equation can be writtenni terms of
entropy variable s using the entropy formulation of Eq. (2.6) which leads to

= _@Q/+ P ——A (BS)

B.2 Cylindrical Coordinate System

Often it is advantageous to formulate the transport equatins in a cylindrical
coordinate system. This is especially the case when considg con gura-
tions which are symmetric with respect to the axis of rotatin. Then, the
transport equations may be formulated in two dimensional sze but rep-
resent the con guration in a quasi three dimensional mannerConversion
between a Cartesian and a cylindrical coordinate system i®de through

X = rcos; (B.6)
y = rsin; (B.7)
z = z (B.8)

wherer is the radius and de nes an angle. The continuity equation then
writes

@ 1@ _
@t+ F@§ ru,)+ (u )+ @§U 7) = (B.9)
the momentum transport equatlons equally yields
1
@u L @u ueu oy wv,_ @p
@t @r r @ @z r . @r (B.10)

+ }_@$ )+}—@r+—@zr — * Or;
r@ r@ @z or
@u+u@u u@u, u@u u _ 1@p
@ '@ r @ @z r ,ra@ (B.11)
i_@rz )+1-_@ —@ + ; |
ey tre Terx t9¢
@H+ur@H+U_@+uz@_ _ @p
@1 @r r @ @z @z (B.12)
N 1@ 1@ @ '
——(r z)+ —— ; zz t Qz:
I‘@I( r@ @

162



B.2 Cylindrical Coordinate System

and nally the energy equation using the pressure variablefmulation,

@p  @p 1@p @p 1@ . 1@u_@u _

ot Yer're e rev're ez
@u 1@u u - @Qu

+ ( 1)ay + ( 1) rr@,"' r F@ T + 1z @Z )

@u l@u u @u @y+ 1@@ N @u

+ — t =t a— z 7227~ _ -
@r r @ r @z @r r @ @z
(B.13)

The components of the viscous stress tensor are now de ned as

'@u 2 1@ 1@u, @u"

"7 fer zrere ez’ (8:14)
< 2iGY Sigm GG e
- %HZ éi@srulrgu;@% %‘Z‘Z (B.16)
T = e oo '
R AP i L:
z z ‘@ @z’ '
. _ @u, 0¥ (B.19)

Next, the problem is reduced to two dimensions using = 0 and assuming
rotational symmetry alongr =0 and @=@x= O,

@ 1@ Q@

@t+ F@r( ru,)+ @é 2)=0; (B.20)
@u+ur@u+uz@ _ @p
@t @r @z @r, (B.21)

j@ur 4@Ur 1@“2 + i@ iy
@2 3@? 3@z@r 3r @r 3r2 '

5+ 0,
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B Forms of Transport Equations

@y+ur@y @y _ @p

+ U, —> =
@t @r @z @%
j@uz 4@”2 1@Ur + 1 @u @H . (822)
@  3@% 3@z@r3 @z r @r + 0z

@p  @p @p 1@ @‘ -
@;rur@r @Z P r@grur) @z = ( i)w 523
+( 1) @u @u @y @u . '

rr @r rz @Z zr @r ZZ@Z .

The equations can be linearized in the same way as describedChapter 2.
In order to keep the formulation more compact we introduce @ index
notation againi;j = (r;z). Linearization leads to

@0+ @E'+ 0@ @O 0@ + Ur 0:O (B.24)

+Ui

ot @x @x "ex “ex T r
@9 U @f uo@ 1@ "@_
, ot Yex Yex' “er 2@r (.25)
4@u0 4@uO 1 @u? .\ 4 @ﬁ iu05 v '
@z 3 @? 3@r@z 3r @r 3r2 " '
as,, @b, 1@, 1@ "G
, @t ‘ox” ex @z " @z (B.26)
4@u° 4@u0 l@u0 1 @ﬁ 1@@15+ 4 '
@ 3 @% 3@z@r 3r @z r @r z

B.3 Matrix notation of LNSEsS

Egs. (2.8)-(2.10) can also be written in compact matrix forrmotation which

may allow for a simpler di erentiation between the individual terms (con-
vection, di usion, reaction) contributing to the acoustic problem. Using the
general variable = (% 0Oy;0y;0,;P)7, all ve linearized equations of mass,

momentum and energy can be written in form of

@\
C D =fg B.27
+ @x + (B.27)

for a cylindrical coordinate system.x; is the coordinate vector and is speci-
ed through x; = (r;z). Matrices Aj, C and D are the convective matrices

164



B.3 Matrix notation of LNSEs

in the i-th direction, the reactive matrix and the di usive matrix. fs is a
source v%ctor. The constant ccie cient %onvective matriced\ Yvrites

Uy O 0O O
O ua 0 0 I=
Ay = 0O O u, 0 O ;Ay=
O 0 Ouy O
O p 0O 0O u
0
u, 0 O
O u, O
A;=8 0 0 u
O 0 O
O 0 O
while the reacti\ée matrix reads
0 0
1@ @ 4 @z
2 @x @x @x%
C = 1@ @y
2@x @x
1@ @3
2@x% @x
o @@ )2
0
(@]
@x
@;
@@x@
ex T ox
@ H)e (0

u, 0 0 0
Ou 0 0 O
0 0u 0 1=§; (B.28)
0 0 0u O
00 poO u
1
0
0O O
0 0 §&; (B.29)
u, 1=
P U
0]
(@]
@x
@] @3
ox ' @
@3
@)g@)
1 ==
( )ox 1 (B.30)
0]
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@ @y @3
ox T ox?t ox

Making use of the Schwarz's law of continuous second deriiets and chang-
ing di erentiation order, the di usive matrix yields
0

0
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B Forms of Transport Equations

Finally, the source vector de ned for thermoacoustic prol@ms is de ned as
0 1

0
fo = 0 : (B.32)
0
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C Acoustic Energy

The conservation of acoustic energy can be written in di ergial form. It
states that the temporal change of acoustic energy in a sysateplus the
acoustic energy ux out of the boundaries is equal to the acstic sources
inside the system.

@E @i _ - s

@t @x
by integration over a domain and applying the gaussian divegence the-
orem one obtains

Z @E Z Z

@td-l_ linj d = Dd : (C.2)

(C.1)

C.1 Acoustic Energy in a Quiescent Medium

Considering a uid without motion u; = 0, and hencep = const: and assum-
ing = const;, the di erential equation describing the external energy ban
acoustic system can be calculated from the momentum equatid=qg. (2.9),
times perturbations of mass owu? yielding

—~@— iA+u-—x:o: (C.3)

The internal energy is expressed by the linearized Euler egg equation,
Eqg. (2.24), multiplied by pX( ¢?) which leads to

1
@ % o@a_ 140,

The total overall energy, composed of internal and externanergy, is ob-
tained by a simple addition of Eq. (C.3) and Eq. (C.4), yieldng
@ p*> . u 02

@tZC2 2 \ @x—EzO} I_cz{i.g“}

(C.5)

E
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C Acoustic Energy

Note that the total energy E of the system consists of two terms. One
resembles the kinetic energy of the systey, = p®=2 ¢ The other can
be interpreted as the amount of energy needed for an isentiogompression
of an ideal gas and hence de nes the potential energy of thessggm. One
can clarify this consideration by a simple considerationf i
1 %
Ept= o pdv; (C.6)

Vv
Vv

de nes the potential energy of a given system. Its di erenaal volume can
be rewritten as

dv = %dv; (C.7)
wherev = 1= . Applying the isentropic change of state
v=p~p Y (C.8)

and linearizing the equation of the state aroung

dv = 1 4= Vv
- = —_— V = —, C.9
dp, =P P 5 (C.9)
nally leads to
1 v . 1y v p2
Epot = Vo pv dv = Vo pv—p dp= o2 (C.10)

Assuming that the acoustic ux over the boundaried; is zero, the total en-
ergy inside the system is directly proportional to the soueterm S. In this
case ifS > 0, the acoustic energy of the system increases, I@E=@t 9,
and the system becomes unstable. This condition is known dsetRayleigh
criterion of Eq. (1.1).

C.2 Acoustic Energy in an Isentropic Medium

To retrieve the acoustic energy from an isentropic medium isomewhat
more complex as acoustic- ow coupling becomes important.oF the sake
of clarity only the derivation is shortly explained next: Sarting point is

168



C.3 Stability Considerations of Acoustic Energy

the multiplication of the linearized mass equation, Eq. (21), linearized
Navier-Stokes momentum equation, Eq. (2.22), and the linaaed energy
equation, Eq. (2.23), withujul, u? + u; °and p*=( p), respectively. In-
uence of viscosity is neglected (= = 0). Adding the linearized mass
equation to the linearized momentum and energy equations,aking use of
the isentropic relation, Eq. (2.18), and performing some ntla one nally

obtains the energy equation sorted in the form of Eq. (C.1):

@0 u(B 1 (2 pO !
— @ pCUO —@A+—(°p° e uwlu Sy uula
t 2 S
@I E 2 p } P {I7 Y )
. | (C.11)
@ﬁ p°@ 0
+ @ = A yul+ udy
| &% @ po@x "7
S

The contributions to the source termS can be interpreted as uctuating
heat release and vorticity. Note that steady-state conseation of mass,
momentum and adiabatic energy was used for the derivation.

@ _ @,

i_ 1@,
Tex~ ex (€13

@_ o
“ax~ Pax (C.14)

C.3 Stability Considerations of Acoustic Energy

The growth or damping rate of the acoustic energy can also be evaluated
from the energy balance of a given system. By assuming thattlamplitudes
of harmonic uctuations slowly change with time

h o h o h oo
p’= Re p(x)e™ . u’= Re 0;(x)€e" . @ = Re §,(x)€" | /(C.15)
and substituting this ansatz into the acoustic energy balate equations
Eg. (C.5) or Eq. (C.11) leads to the following equation for

-
= 2= (C.16)
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C Acoustic Energy

E is a measure of the overall acoustic energy content of a corsban system,
| ; is the acoustic ux leaving the combustor andS de nes the volume

averaged source term, precisely speaking
Y4 4 y4

E= Ed; li= Iinjd ; S = Sd: (C.17)
@
Thus, the growth rate of acoustic energy can be evaluated as the di er-
ence between the combustion source terB and the acoustic losses at the
boundariesl| ;. Instability for a given pulsation! occures if the growth rate
exceeds values greater then oneX 1), which is equivalent in writing

| i>S: (C.18)

Whether these functions grow or decay in time for a given pwsion ! will
determine the stability of the system.
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D  Additional LNSEs Validation
Testcases

Other than the test cases considered in Chapters 5-6 addial validation
cases were considered in order to generate a thorough untemding of the
underlying physical phenomena. Apart from very generic ondimensional
axial ow con gurations, which are not mentioned herein, two di erent cases
investigating aeroacoustic interactions are consideredThese comprise a
generic one dimensional shear layer which promotes the gtbvef a Kelvin-
Helmholtz instability at a certain pulsation! and an open pipe termination
where a jet issues in a quiescent atmosphere. For the rst tesase an
analytical solution exists, while for the second test caseerimental data
Is available.

D.1 Radiation and Refraction in Two Dimensional
Shear Layer

The rst problem considered deals with the prediction of radhtion and re-
fraction of sound through a two dimensional shear layer (Mos and Agar-
wal, 2004). A time-harmonic acoustic energy source is loeak inside a two
dimensional jet. It may be thought of as an acoustic source iaing from
turbulent jet noise. All acoustic waves the source generaeare radiated
and refracted by the jet shear layer. An hydrodynamic instabty wave
Is triggered by the acoustic source which is convected dovweam by the
mean ow.

In combustion chamber ows general multiple shear layers arpresent, e.g.
the ow expansion out of the swirl injection system or at the mitting jets
from air dilution holes or perforated screens. Thereforehé problem is
solved to prove the LEE capability (or LNSE) to capture the man ow
e ects of refraction and convection of sound waves by sheaaykers. In

171



D Additional LNSEs Validation Testcases

a con ned combustion chamber environment refraction and attering of
sound may result in phase shifts for the longitudinal wave ppagation which
may alter the thermoacoustic feedback loop.

The baseline ow is parallelu, = 0 and the unidirectional sheared ow is
described through a Gaussian function

8 h i
2 upexp  In(2)(y=b h=b? h

w(y) = uo p In2)(y b Oyy . (D.1)
: 0

while the density relation is deduced from the Crocco-Buseann relation

0 1
N 1M§u(y) @1 MA (D.2)

0 1
o _ T gl 4 ucy) ,
(y) To To Uo 2 Uo Uo

where the subscript§0°de ne the values at the center axis of the jet. The
time-harmonic acoustic source term is given by

h
f=Aexp Byx?+ Byy* (D.3)

The problems parameters areMy = 0:789, To = 600K, T; = 300K,
R =287Tm?K 's?2 =14,b=13 A =103%gm?s?3 By =
0:04log(2)m 2, By = 0:32log(2)m 2. The mean pressure is constant
p=p =103330kgm?'s 2 The Strouhal number isSt = 0:087 based
on the center jet velocity up and the jet diameter 2. At a pulsation

l o = 76rad s ! the acoustic source triggers a hydrodynamic instability.
This is the pulsation for which the LEEs are solved.

The computational domain expands from Xmin; Xmax]  [Ymin; Ymax] =
[ 250 225] [0;100] and contains a physical domain and a bu er zone.
The purpose of a bu er zone is to avoid acoustic re ections &dm computa-
tional boundaries by the introduction of acoustic damping.Here, acoustic
waves decay exponentially by prescribing an arti cial imaigary part to
the otherwise purely real frequency . At y = 0 a symmetry boundary is
placed. The computational mesh uses rectangular elementd 945. Near
the acoustic source, at the origin of the problem, the mesh @ustered in
x andy direction in order to better resolve the mean ow and the acastic
source. This problem corresponds to the Problem 1 of Catego# in the
4th CAA Workshop on Benchmark Problems (Morris and Agarwal2004).

172



D.1 Radiation and Refraction in Two Dimensional Shear Layer

D.1.1 Analytical Solution

The numerical generated solution is compared to the analgtisolution pro-
vided by Agarwal et al. (2004). Starting with the frequency pace formu-
lation of the LEESs, the authors reduce the system of equatigrto a single
third-order partial di erential equation. Its third order di erential operator
is the well-known Lilley wave operator. By applying a Fourietransform
in streamwise x-direction the Lilley operator is reduced t@ second order
ordinary di erential Rayleigh operator. After integration of the Rayleigh
equation in the cross-stream direction and inverse Fourigransform in x-
direction the nal solution is obtained.

D.1.2 Unstable Hydrodynamic Solution

When predicting acoustic propagation phenomena in a sheaayker using
LEEs, the shear layer will exhibit instability at a certain frequency. Many
authors claim that these instabilities are non-physical. Bwever, this re-
guires a more di erentiated consideration: The occurrencef a hydrody-
namic instability is completely physical but its unboundedgrowth is not,
since in reality it is suppressed by viscosity and non-line& ects. In fact,

every shear layer with in ection points exhibits instabilty at certain fre-

guencies (cp. Michalke, 1965). In this sense, it may be advageous to
include viscosity by employing the LNSEs instead of the nowiscous LEES,
since LNSEs reduce the growth of vortical scales by includjrthe in uence
of viscosity. To be consistent with the analytical solutiorwhich was derived
for a non-viscous ow, only the LEEs are considered.

The unstable solution of the LEEs is presented in Fig. D.1 andompared
to its respective analytical solution. The LNSEs are solvedsing 3rd order
Lagrangian nite elements and a SUPG nite element scheme. MAhydro-

dynamic instability is triggered in close proximity of the aoustic source
and is convected in downstream direction, obscuring the agstic solution

in this area. Its wavelength is much smaller compared to theavelength of
the corresponding acoustic signal. The existence and sptgrowth of the

instability at the distinct pulsation ! = 76s ! is accurately captured by the
LEESs solver.
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D Additional LNSEs Validation Testcases
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Figure D.1: Fluctuating pressure distribution in the physical domain #&ng liney = 15.
Acoustic solution contains a hydrodynamic instability wae. Comparison of
LEE computation and analytic solution.

D.1.3 Purely Acoustic Solution

In many aeroacoustic applications the triggering of a Kelm-Helmholtz in-
stability is not desired, since the uid dynamic instability wave obscures
the acoustic solution (as seen in Fig. D.1). For such applitans, it is a
main aim to retrieve a clear picture of the acoustic wave pr@gation phe-
nomena in the computational domain. To suppress the triggerg of the
instability wave in the LEEs, Rao and Morris (2006) have used SUPG -
nite element stabilization technique in conjunction with au er layer at the
domain boundaries. The authors argue that with ne tuning ofthe SUPG
scheme, bu er layer region as well as the numerical mesh emytd, the
hydrodynamically unstable component of the solution may bextracted.

It was tried to replicate their results by employing the saméechnique and
approximately the same discretization scheme and order bdid not succeed
directly. In the current investigations their proposed tebnique was not
found robust in extracting the instability wave from the solition. However, a
solution solely based on the acoustic waves could nally bétained mostly
by means of calibrating the bu er layer and mesh by trial and gor. Fig. D.2

shows that the predicted solution captures the analyticall stable solution.
Therefore, it is concluded that the radiation and refractio of sound through
a shear layer is predicted by the LEEs quite accurately. Thevo dimensional
acoustic eld is plotted in Fig. D.3. It shows the typical sience region in
the wake of the jet.
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Figure D.2: Fluctuating pressure distribution p° along liney = 15 (left), y = 50 (mid-
dle) and x = 100 (right) of purely acoustic solution, Comparison of LEE
computation and analytic solution.

The picture drawn from the aforementioned publication of Ra and Morris
(2006) may implicate that the SUPG technique is a highly di wsive scheme.
This is not the case. It is believed that the explicit distritution of mesh
elements, order of shape functions and bu er layer lead to éhsuppression
of the instability wave. Explicitly the mesh resolution in the source re-
gion governs the presence of the instability wave. This argwentation is
supported by the fact that by switching o the SUPG nite element sta-
bilization scheme for the hydrodynamically stable solutio, the solution is
not altered and does not change into the unstable regime of&en D.1.2.

The purely acoustic solution is retrieved in order to study hie prediction
capabilities of LEEs for sound radiation and refraction in get ow. It
Is believed that by suppressing the instability wave, maineroacoustic in-
teraction e ects cannot be captured accurately as acoustwaves may not
interact with vortical structures. This e ect was found to be a main driver
of acoustic losses inside a multidimensional ow eld.
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Figure D.3: Acoustic eld of uctuating pressure including the hydrodynamic instability
wave (upper graph) and absence of an instability wave (lowgraph) of the
mean ow. Solution of the LEEs for the benchmark problem onef@ategory
four in (Morris and Agarwal, 2004).

D.2 Acoustic Re ection of an Open Pipe Termination

In the second additional test case the LNSE procedure dedwed in Section
3.3.5 is modi ed to determine the re ection coe cient of an goen pipe
termination. For this case a variety of experimentally meaged cold ow
con gurations and analytical models exist for which the preent technique
can be validated. However, as this case can be interpreted the outlet
of a gas turbine, the jet temperatures are generally signiantly elevated
compared to atmosphere. For this conditions little-to-norvalidation data
exists so far. Therefore the LNSESs technique is used to getarthe range of
higher temperature ratios ofTjet=T1 and to assess the re ection coe cient
of a pipe termination with di erent temperature ratios. This is done in the
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D.2 Acoustic Re ection of an Open Pipe Termination

publication of Jorg et al. (2013) and is not further illustrated herein. There,
also deviations to the existing theory by Munt (1977) are asssed.
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E Helmholtz Solver

E.1 Governing Equation

For a medium at rest the LNSEs reduce to a single wave or Helmto
equation in time, Eqg. (2.24), and frequency domain, Eq. (25}, respectively.
These type of equations were already derived in Section 2 .4tlare recalled
herein for sake of completeness. As the mean ow is assumedvanish
only acoustic waves propagate, while vorticity and entropyaves do not
propagate. The wave equation incorporating a heat releaseusce term
writes,

1@° @,1@P _ (1)@,

2@ @x @x 2 @t (E.1)

where the RHS source term is frequently modeled as a functioh a time
delayed velocity uctuation at a reference point in the burer mouth. It
requires the knowledge about of the time history of acouststates at that
position. This is not favorable and complicates the treatnrg considerably.
Moreover, the treatment of impedance boundary conditionséazomes more
complicated and therefore it is advantageous to introducehé harmonic
assumption, transforming the wave equation into frequencgpace,

- @ 1@ _; 1. (E.2)

P @x @x @ @

Using the linearized momentum Eq. (2.22) and the ame modekq. (2.34),
the volumetric heat source translates to

4 - %m(xi)e : .(xn@(@;r;f)ni;ref; (E.3)
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E.2 Boundary Conditions

E.2 Boundary Conditions

The boundary conditions derived in Section 2.7 for the LNSEare also valid
for the wave- and Helmholtz equation when assuming a ow at s& These
conditions include velocity uctuations as unknown varialles. However,
in the Helmholtz equation velocity uctuations are not primitive variables
which are solved. They are rather directly coupled to the pssure uc-
tuations through Eq. (2.22). This requires to reformulate he important
boundary conditions and has implications on the nite elem& method de-
scribed later. Since only one scalar equations is solvedJyonne condition
needs to be imposed on every boundary of the computationalrdain. For
a solid, non-moving wall at which velocity uctuations vansh @ = 0, use of
Eqg. (2.22) translates the boundary condition from a Dirichét to a Neumann

type, i.e.

@ni =0; on@ \: (E.4)

@x

This boundary is also frequently used as a fully re ecting ilet at which

velocity uctuations vanish. The condition can also be impeed at a silenc-
ing chamber, where the velocity of the ow is strictly imposd. At open

outlets, where the outer pressure is imposed strongly ontbé ow domain,

pressure uctuations vanish. In case of a vanishing mean aqwhis yields a
fully re ecting boundary condition,

P=0; on@ p: (E.5)

In the most general case of a complex reduced impedaite p= chin; the
boundary condition translates to a Robin type of conditiondr the acoustic
pressure,

@n-+”—p:0' on@ z: (E.6)

@x' cz' ‘ |
Note that a treatment of the impedance boundary becomes ndnvial in
time space, since the second term on the LHS transforms to ai derivative
of the uctuating pressure and thus the time history of pressre uctuations
at the boundary must be known for every frequency component actua-
tions. Together with the boundary conditions on@= @p[ @ N[ @ 2
and heat release rate uctuations of Eq. (2.34), Eq. (E.2) dees a non-
linear quadratic eigenvalue problem.
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E.3 Finite Element Treatment

Eg. (E.2) can be spatially discretized and transformed inta nite element
eigenvalue problem using a nite element procedure. Consida spatial
domain 2 R with a piecewise smooth boundary@. N, de nes the
number of nite elements ; (i 2 1:::Ng), Ny the number of verticesvg
(k 2 1:::Np) of which Np elements are located o®@ . Without any loss in
generality we may integrate the Helmholtz equation over thentire domain
and multiply it with a test function w;, yielding
Z @ 1@! z 2
— —— w; d —pw d =0 : E.7
The weak formulation of the problem is obtained by integratig the rst
term by parts and making use of Eqgs. (E.4)-(E.6),
1@ @wy 21 z 1
“==Td i —pw d 12 pw d=0: E.8
@x@x I o, CZpVVJ Z 2 p\NJ ( )

Note that only the impedance boundary contributes to the bomdary in-
tegral on the LHS, sincep™=0 forall x 2 @p as wellasr p n =0 on
X 2 @ . For the following derivation we consider linear nite elenents
where' ¢ denotes the piecewise linear shape function for each noge It is
equal to one directly at nodevy and is zero for allvjgx. Next, we approxi-
mate the complex unknown functionp(x) by

X
pPx) = B k(x); (E.9)

k=1
which directly satis es the homogenous Dirichlet boundarycondition on
@ p. Following a Bubnov-Galerkin approach with weighting funtons cho-
sen equivalently to the solution variable approximationsyields

N 21@k@] X Z @ N2 1

=== =1dx ——='ind 172 —' ' jdx =0;
kzlpk @x @x kzlpk@z @x ' kzlpk c !
(E.10)

coe cients Px become constant and independent of space. Thus, they are
extracted from the integral. Introducing the symmetric matices

Z 1@' @'. Z i Z 1
—@;@;(dX; Dy = —'«'jd; Eg= —" k' dx;

Kkj =
2
@, cZ C

(E.11)
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which are of sizeN N we may rewrite Eq. (E.10) for the discrete acoustic
problem

!ZEij+!DkJ‘(!)P+Kij=O; (E.12)

whereP contains a number ofN complex coe cients . Matrix E and K
are completely real whereaB is complex except for the particular case of an
purely imaginary impedanceZ. Solving the homogeneous Eq. (E.12) means
nding the characteristic eigenfrequencies and eigenmoslef the burner
geometry, taking into account the ame by its mean temperatte eld but
neglecting its unsteady e ect. Because the coupling of acstics and ame

Is not accounted for, there is no possibility to discriminag between unstable
and stable operation conditions. As the ame acts as a sourc# acoustic
energy an extra term needs to be introduced to the RHS:

Z

S nx)e ke d (E43)
Note that S depends non-linearly on the pulsatioh and is not hermitian.
The non-linearity originates from the assumption that the msteady heat
release is a function of a time delayed velocity perturbatig which converts
into an exponential term in frequency space. Finally, the fudiscretized
thermoacoustic eigenvalue problem writes

Skj =

!ZEkJ‘P+!ij(!)P+ Kij: Skj(! )P (E.14)

In fact, Eq. (E.10) can not easily be converted into a linearigenvalue
problem since it still depends quadratically on the pulsatin! and contains
an exponential term inN. However, the rst non-linearity can be resolved
by introducing a new column vector

= 1P (E.15)
and rewrite Eg. (E.14) as
! Ekj P + ij(! )P! + Kij = Skj(! )P (E.16)

Both equations, Eq. (E.15) and Eq. (E.16), can then be transfmed into

the following matrix form,
2 32 3 32 3

2
50 TzgPz- g Q5P (E.17)
K D P, O E P,
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wherel de nes the unitary matrix. If the impedanceZ in matrix D does
not depend on the pulsation andS; (! ) = 0, this matrix system is a lin-
ear eigenvalue problem and may be solved for the eigenfrencies and
corresponding eigenmoded;(P). The obtained solution accounts for the
boundary conditions and can provide relevant informationfaout the shape
and frequency of the rst few combustor modes. However, theon-linearity
in N needs to be resolved in order to account for unsteady ameshik can
be done by introduction of an iterative technique of Nicoud teal. (2007):
If ! is the eigenfrequency at thek-th iteration, then matrix D including
the impedance and matrixS including the ame coupling are assumed to
be functions of the! ( ; of the last iteration step, and thus become con-
stant coe cient matrices. The quadratic eigenvalue problen is then de ned
through

PEiPr + DYk )P +[Ky  Sk(tk 1)]P =0: (E.18)

Initialization for ! ¢ is naturally done by calculation of the modes with an
acoustically passive ame. This routine is implemented inhis thesis around
the nite element package COMSOL Multiphysics which solveshe eigen-
value problem using an Arnoldi method available in the ARPA®-library
(Lehoucq et al., 1998). Iterative updating of the linearizgon point leads
to rapid convergence: For the real part of the eigenfrequenconvergence is
reached within four iterations while six iterations are geerally needed for
convergence of the eigenfrequencies imaginary part.

E.4 Validation Cases

Several test cases are selected to illustrate the potentiaf the method
to account for complex impedance boundary conditions as Wwels non-
isothermal active ames @, 6 0). The major di culty arising from the
thermoacoustic problem given by Eq. (E.2) or Eq. (E.18) origates from
the strong non-linearity of the source term with respect tolie pulsation
I'. Therefore, in a rst step, the purely acoustic problem is aasidered by
neglecting the in uence of the unsteady ame, viz.§, = 0. All test cases
presented herein allow for a detailed comparison to availebanalytical or
semi-analytical solutions.
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E.4.1 Isothermal Rectangular Cavity

In this test case the capability of the Helmholtz code is ass&ed to account
for complex valued impedances at domain boundaries. The cputational
domain is a rectangular cavity of lengthL = 0:4m and heighth = 0:1m
and the speed of sound inside the cavity is= 450m s . The domain is
discretized using a uniform distribution of 600 triangularnite elements.

Two sets of boundary conditions are considered in the follavg. At rst,
the side edge is subjected to an impedance boundary, adnitl a set of
longitudinal modes. In the second con guration, a complexmpedance is
imposed to the top edge vyielding a set of two dimensional oransversal
modes. Both con gurations and their respective boundary culitions are
shown in Fig. E.1.

E.4.1.1 One Dimensional Modes

A homogeneous Neumann boundary condition Eq. (E.4) is subdxed to
top, bottom and left boundaries, whereas a complex impedanof type

Z =2 +iz (E.19)

Is imposed at the right boundary (see Fig. E.1 left). A set ofree dimensional
or longitudinal modes are solutions to this con guration. h case of a purely
reactive impedance, vizZ = iZ; with Z; 2 R the eigenfrequencies are given
by

C C |
_n . C L : _
fn n2L oL arctan > n2N; (E.20)
Z=17Z+izZ
: /
Z=7Z +izZ
e
< /.
Oi:O 0i=0

Figure E.1: Isothermal rectangular cavity supporting a number of longudinal modes
(left) and a number of transversal modes (right).
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and are purely real.n de nes the mode index. In this case the acoustic ux
at the boundary is zero and the eigenmodes are marginally bta (=(f ) =
0). If, on the other hand, a purely resistive impedance is ssited, viz.
Z = Z, with Z; 2 R, the eigenfrequencies are complex valued and equal to
(_n.C c Z, +1
T ez
If Z, < O the acoustic ux at the boundary is positive and the eigennue
Is unstable &(f) < 0). If, on the other hand, Z, > 0 the eigenmode
becomes stable as the acoustic ux is negative transportiragoustic energy
out of the computational domain. However, the eigenfrequeres imaginary
part is independent of the mode indexh. Furthermore, if jZ,] > 1, viz.
(Z, +1)=Z, 1) > 1 the real part of f is a multiple of the half-wave
modec=2L, whereas ifjiZ;j < 1, viz. (Z, +1)=(Z;, 1)< 1, the frequencies
real part is of quarter wave mode shape, see Nicoud et al. (Z00Fig. E.2
illustrates that the solutions of the Helmholtz equation ae in full agreement
with the analytical ndings.

n2 N: (E.21)

E.4.1.2 Two Dimensional Modes

The following con guration admits a set of two dimensional mdes. Homo-
geneous Neumann boundary conditions are subscribed to Jdfbttom and

right edges, whereas a complex impedancé € Z, + iZ;) is imposed to the
top boundary of the computational domain (see Fig. E.1 right Solutions
of the eigenmodes can be deduced from the dispersion relatio

\

! ! b3

edon K ; ky+; = 0; with ky = ' k2 nT ;. n2N;
(E.22)
with a wavenumberk = !=c. Similarly to the considerations above, if the

impedance is purely reactive, viz.Z = iZ; with Z;j 2 R the acoustic ux
at the boundaries is zero and consequently the wave numbleris real. In
case of a purely resistive impedancé = Z, with Z, 2 R the acoustic ux
can be positive or negative depending on the mode index andtbeeal and
imaginary part of the eigenfrequencies depend d&fy. For both considered
cases and mode numbers, analytical solution, Eq. (E.22) andimerical
results show high agreement (see Fig. E.3).
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Figure E.2: Complex eigenvalues of one dimensional longitudinal modesa cavity de-
pending on the complex impedanc& = Z, + iZ;, value n indicates the
di erent eigenmodes of the con guration.

E.4.2 One Dimensional Combustor

In this case the capability of the Helmholtz solver is testetb account for
the in uence of acoustically active ames. The con guratian is quasi one
dimensional and consists of a straight duct of length = 0:5m and constant
cross sectiorh = 0:1m. A reactive mixture enters the duct from the left
boundary and is burnt in an in nitely thin ame sheet located in the middle
of the duct, see Fig. 6.1. Its unsteady e ect is modeled via ¢in- model
Crocco (1951, 1952). After reaction, the burnt gas leavesdldomain at the
right boundary. The temperature ratio from burnt to unburnt mixture is
chosen asl»,=T; = 4 to resemble engine conditions.

A semi-analytical solution can be obtained by consideringnlear wave prop-
agation in both ducts sections, up- and downstream of the am see
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Figure E.3: Complex eigenvalues of two dimensional modes in a cavity damling on the
complex impedanceZ = Z, + iZ;, top: purely real (resistive) impedance,
bottom: purely imaginary (reactive) impedance.

Egs. (3.43) and (3.44). At the interface of both ducts, jump elations are
de ned from pressure continuity, i.e.

Pr(X = 11) = P2(x =0) ; (E.23)

and conservation of mass,

1
Al = A0y + > b ; (E.24)
where the indices 1 and 2 de ne the states of the reactive mixte and the
burnt gases. We derive the semi-analytical solution for thgeneral case of
di erent duct lengths |, and |, and di erent cross sectionsA; and A..
For the unsteady heat release rat§, an- model is chosen

—plﬁy = Amne ' (E.25)

At the inlet ( x; = 0) the velocity uctuations are assumed to vanish, viz.
0 = 0. At the outlet ( x = I, + |,) the uid discharges into atmosphere and
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an acoustic open boundary is prescribed, viz #0. Using the de nitions
of re ection coe cients, these boundaries can be expressexs

R, = ﬂ:1; (E.26)
P

R, = P2 o il g (E.27)
87}

Applying Eqg. (3.43) and Eqg. (3.44) on the jump relations, Eq(E.23) and
(E.24) and introducing then- model Eq. (E.25) yields

pre “h+ preteh = )+, (E.28)
1+ne " pre'h peah = p,; (E.29)

where = A; 26=A, 1¢; IS a dimensionless coe cient which reduces to the
ratio of impedances when both ducts have constant cross seat Using

the jump relations Eqgs. (E.28) and (E.29) and the boundary calitions
Egs. (E.26) and (E.26) a matrixS of the type

S(!' )P =0; (E.30)

can be constructed, wher® de nes the vector of unknown complex pressure
amplitudes, viz. P = (97 ;0.:05;0,). Then, matrix S is of the form

2 3
1 1 0 0

g=fo i+ trmel efhgl lenel e 10,
21 l1+ne" ek 21+ 1+ne" e 0 1
0 0 e 2kdla 1

Requiring matrix S to be singular det®) = 0, yields a dispersion relation
for the unknown eigenfrequencie$ and eigenvectorsP of the problem.
However, the characteristic equation cannot be solved exptly for the
eigenfunctions! ,. Instead, numerical route nding has to be applied (see
Politke, 2003).

For the case of; = I, and A; = A, the semi-analytical solution is calculated
for two di erent values of the interaction index n, viz. n =0:01 andn =5
corresponding to small and high amplitude ame response msctively. The
time-lag = 10 “s is selected in accordance with Nicoud et al. (2007)
leading to a set of stable and unstable modes. The unstrucea mesh used
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for the Helmholtz algorithm consists of 17.500 triangular nite elements
which are re ned in the ame region located in the middle of tke duct.

Deviations from the semi-analytical solution can be expeetl for two reasons
(Benoit and Nicoud, 2005): First, the ame thickness of the ami-analytical
model is assumed to be in nitely thin. This can not be realize in the nite
element Helmholtz computation, where the ame thickness iat least as
thick as the typical cell size in the ame region. In the presa simulation
itis setto ; = 0:001lm. Secondly, as the ame has nite thickness the
reference point of the ame model can not be placed directiytd.=2, since
it belongs to the reactive mixture gas side.

In the following, the exact eigenfrequencies are comparead kig. E.4 with
the numerical results obtained from the iterative algoritim described in
Sec. 3.3.6. In the case of small amplitude response of the artn = 0:01),
the iterative Helmholtz solver is in good agreement with thanalytical nd-
ings. The rst and fourth mode are found to be stable, while tk third mode
is ampli ed by the unsteady ame. Mode two is neither stable or unstable
since a velocity node is located in the ame region. When anesady ame
is considered, i.e§ =0 (or n = 0), all four modes are marginally stable, as
No acoustic energy is transported in nor out of the system arttle acoustic
source function of the ame is zero.

A high ame response by the ame @ = 5) leaves the second mode un-
changed, while the rst and fourth mode are more damped. Fid=.4 shows
that the third mode is unstable and acoustically forced by ta ame. Com-
pared to the case withn = 0:01 the frequencieRR(f ) of the eigenmodes
deviate more strongly from the marginally stable solution whout unsteady
acoustic/ ame interaction. Generally, it can also be obseted that the pre-
diction error increases with increasing frequency.

E.4.3 Two Dimensional Combustor

The generic combustor test case with constant cross sectiamtroduced
above can be modied to incorporate an area chang&,=A; = 2 at the
ame location L=2. Temperature, speed of sound and density distribution
as well as all boundary conditions remain unchanged. The seanalytic
model of Eq. (E.31) is used by modi cation of the dimension&s coe cient
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Figure E.4: First four eigenfrequencies of the generic model combustasith constant
cross section. Simulation results are compared to the seamalytic solution
for small amplitude n = 0:01 (left) and high amplitude ame responsen =5
(right). Figures include location of modes with steady ameoperationn = 0.

to calculate the semi-analytical reference data. Kaufman et al. (2002)
solve this case analytically for the limitingn ! O.

Similarly to the constant cross section combustor of SectioE.4.2, di er-
ences are excepted in the simulation to originate from the ite thickness
of the ame sheet and the location of the reference point. To mimize
these inequalities an unstructured mesh is considered witt2.000 second
order triangular nite elements. These are re ned in the regpn of the area
jump. A fame thickness of ; = 0:001m is chosen which expands from
0:25m x 0:251m. The reference poink,e is located upstream of the
ame x = 0:2495m.
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Figure E.5: Evolution of rst eigenfrequency of a two dimensional comkation chamber
as a function of interaction indexn = 0:1;0:3 and Q5 and time delay .
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The test case is used to study the detailed in uence of the am model
parametersn and on the frequency and stability of the rst eigenfre-
guency. Fig. E.5 compares the result of the semi-analyticablution and
of the numerical prediction. Three ranges of instability (bs. . 1.25s,
1.6s. . 24s and 27s. . 3s exist. These ranges are relatively
insensitive to the speci ¢ choice of amplitude of the ame rgponse, viz.
n. Latter variable solely augments the magnitude of dampingreexcitation
by the ame. Generally, the stabilizing/destabilizing e ect of the unsteady
ame is captured with high agreement by the numerical method Small
deviations are observed with increasing interaction index.
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F  One Dimensional Impedance
LEE Solver

Predicting thermoacoustic instabilities in combustion cambers generally
requires exact knowledge of the acoustic boundary conditi® up- and down-
stream of the combustion chamber, respectively. At the erdnce a di usor

decelerates the air ow to lower Mach numbers while at the exthe exhaust
gas is accelerated in the downstream rst turbine stage. Thew states in-

side the diusor or nozzle depend on the operating conditiam While a
di usor is generally subsonic and thus unchoked, a nozzle eqates under
subsonic but also transonic conditions. It may thus be cholezeroing any
mass ow uctuations.

For an acoustic stability analysis two alternatives exist:One may either
incorporate these elements fully into the numerical compation or impose
complex impedances at its inlets and outlets which accounbif the com-
plex re ection behavior of diusor or nozzle elements. Wheremploying
the Helmholtz equation, the rst alternative is not realizable, since the
Helmholtz equation is derived for a zero baseline ow and les its va-
lidity for higher Mach numbers. Thus, imposing the complexmpedance
representing mean ow e ects is the only suitable choice. Itase a sta-
bility analysis is carried out using the LNSEs or LEEs both aérnatives
are possible. However, when discretizing di usor inlets anozzle outlets,
vortical and acoustic length scales become of the same orad¢magnitude
( a= Ma ) and the numerical resolution must drastically increase. kbt

der these circumstances, subscribing complex impedancésna or outlets

becomes advantageous in terms of numerical resources. Thasalytical

models or low-order numerical tools are required to predithe impedance
behavior of combustion chamber di usors and nozzles.

Many analytical models exist assessing the acoustic re eoch behavior of
such elements, see e.g. Mani (1981); Marble and Candel (1p@iAd Moase
et al. (2007). In such models, generally an assumption abocbmpactness
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of the acoustic element or the speci c velocity distributia is introduced.
When the geometry becomes more complex a suitable alternatiis to dis-
cretize the LEEs in one dimensional space. In this case nothugr assump-
tion needs to be introduced. Recently, this procedure is irdduced in a
nite di erence context by Lamarque and Poinsot (2008). Ther routine

Is implemented into Matlab in this thesis, enabling the asssment of the
unknown acoustic impedances of di users and nozzle ows. lime follow-

ing, the approach is introduced and then validated againstetst cases with
analytical solution or experimental data available.

F.1 Calculation of Mean Flow Distribution

Fields of mean density, velocity and pressure, viz.;(u; p) can be calculated
from basic gas dynamic theory (Spurk and Aksel, 2006). Wittt inlet area
A at x = 0 and the inlet Mach number known, the critical sectionA can
be calculated from,
" 1# -
AX) 1 2 1 o=

= 1+ —M : F.1
A Maz +1 o (F1)
When A is determined, the axial Mach number distribution is calcudted
from the same relation for any given axial distribution ofA(x). All other
mean quantities can then be obtained from the isentropic r&ions using
the respective total values at the inlet,

0 L= b=

Pt Ty 1. 5 '
P - e ta = __"Ma%+1 ; (F.2)
P9 T00 2
1= 1) !1:( 1)
T 1
_t - @t A = 7|\/|a2+1 : F.3
0 - T 2 - F3)

andu(x) = Ma c. The one dimensional mean ow computation is validated
for a subsonic ow through a convergent-divergent nozzle @&ection F.4.
All inlet parameters are given therein. Fig. F.1 compares #hresult of a
computational uid dynamic simulation which is area averagd (Myrczik,
2006) and the one dimensional numerical solution of Egs. (B-(F.2). The
one dimensional solution captures the ow pro le through tle nozzle very
well.
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Figure F.1. Pressure and velocity distribution computed with a two dimasional ow
solver AVBP (Myrczik, 2006) and results from the one dimensnal approach
for a subsonic ow through a di usor.

F.2 Finite Di erence LEEs Solver

Basis of the nite di erence solver are the one dimensionalEEEs formulated
in frequency space. Existence of entropy waves is excludetlahe gas is
considered perfect with constant decomposition and heat gacities. With
these assumptions, the quasi one dimensional LEEs are weitt (cp. to
Marble and Candel, 1977):

@O O1 @O 0 uo1
et lYex Tu"TY (F4
@0 uol @0 uo1 0 0 uol du pOdu 0 @0 po1
—@- A+y—@-A+@-+2-A_— ——+ ———@A=0; (F.H)
@t u @X u . u1 dx pdx (l)J@lx p
! 0 0 ! 0
_@+ u_@ @B —A = _@+ _@ @EA =0: (FG)
@t @x p @t @x ¢
Assuming harmonic oscillations of all uctuating quantities,
po 1 jlt uO jlt 0 jlt
o= E = et == (et (F.7)
and substitution into Egs. (F.4)-(F.6) leads to a set of di g@ential equations
i - — =0
| i+ u|dx + u..dx 0; ) (F.8)
du 1 - d du .
| _ _ - I ' =0-
[ +2dx + M2z 1 udx + (1 x i! 0; (F.9)
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which may be discretized in space to form a matrix system
0 1 0 1

sk '§=8 "''%; (F.10)
i i1
whereSj isa 2 2 system matrix depending on mean ow properties, speed
of sound and frequency. In terms or reduced variables, the radance at
every axial location inside the nozzle is then calculateddm

_1p_ 1

~cu Ma
However, before the impedance may be calculated, a numetib@mundary
conditions needs to be prescribed at a certain location iwlg the di usor or
nozzle. Choked conditions represent an exception from thigle, since an
analytical boundary condition can be derived from the linedgzed momentum
equation Eqg. (F.9) by substituting Ma = 1, yielding a throat impedance
of

(F.11)

1 2du 4 )
= ———= S TR (F.12)
Ma ( & +i

When the di usor or nozzle is not choked the situation is di eent. For
this case up- or downstream impedances at the compressortex at the
turbine inlet, respectively, must be known. As this inform&on is generally
not available simpli ed pressure outletp®= 0, viz. Z = 0; or zero velocity
uctuations 4 = 0, viz. Z = 1 , must be prescribed. At lower ow Mach
numbers the unknown impedance represents the main sourceeofor.

F.3 Cylindrical Duct Impedance

The nite di erence code is validated for a straight duct, where an analytical
solution exists. The duct has a lengtil. = 0:2m and a constant speed of
soundc = 334:6ms?! and density = 1:1723kg m?3 distribution. At
the boundary x = L a wall is placed, which writes in terms of impedance
Z = 1. For the limiting case of a zero baseline ow, viz.u = 0, an
analytical solution for the duct inlet impedance atx = 0 can be derived

Zin — m (F13)
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F.4 Subsonic Di usor Admittance

When considering impedances close to in nity illustratiorof the boundary
conditions in terms of admittanceY;, = 1=2Z;, is preferable. Decomposition
of the admittance in real and imaginary part, yields

I sin(2kL)
1+ cog2kL)
Fig. F.2 compares the results of the nite di erence code tohe analytical

solution. In the whole frequency rangé = 0 3000 Hz the agreement is
very high.

R(Y)=0: and =(Y)= (F.14)
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Figure F.2: Real and imaginary part of the acoustic admittancey;, of a duct with con-
stant cross section.

F.4 Subsonic Di usor Admittance

Next, the subsonic ow through a diusor is investigated. The ow
state upstream of the diusor is given byuy, = 30ms i, Ty = 300K,

in =1:07478kg m?® and pi, = 0:9292bar. Speci ¢ gas constant and ratio
of specic heats areR = 288:19J kg ' K ' and = 1:399, respectively.
The same con guration was investigated using a harmonicglexcited large
eddy simulation within the ow solver AVBP as shown in Myrczk (2006).
The mean ow state inside the di usor generated by the LES andhe one
dimensional code presented herein, are compared in Fig. Fagainst each
other. The obtained results are in very high agreement.

The admittance is evaluated at the di usor exit at x = 0:2 which repre-
sents the acoustic boundary at the inlet of a combustion chdmer. As the
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ow is fully subsonic (see also Fig. F.1) an acoustic impedaa needs to
be prescribed at the upstream boundary. The results are corgd to the

harmonically results from the LES simulation and are preséed in Fig. F.3.

In the complete frequency range high agreement between LEBdaone di-
mensional LEEs solution is observed. Small discrepancie® ahown at a
frequency of approximately 2200 Hz.
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Figure F.3: Real and imaginary part of the acoustic admittance of a subs@ ow
through a di usor. Results of harmonically excited ow simuation within
AVBP by Myrczik (2006) and results of the one dimensional LE& method
are compared against frequency.

F.5 Supersonic Nozzle Admittance

In the next test case a choked rocket combustion chamber nézzs calcu-
lated and compared against available measurements of Kathat al. (2010).
The measurements comprise a frequency rang85 123 kHz at ambient
inlet temperatures of Ty, = 257 K, a density of i, =2:07kg m 3 and pres-
surepi, = 1:654 bar. At the nozzle inlet a Mach number oMa;j, =0:25 is
reached.

In this case, the nozzle critical section is choked and an dpacal solution

exists for the impedance of the choked cross section. A highgraement
between measurements and numerical routine can be expectéd this fre-

guency range, a peak in the real part of the admittance is olased which

corresponds to a change in sign of the imaginary part. Ovelathe agree-
ment reached is high as the LEEs solution approximates the m&urements
with a smooth curve.
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Figure F.4. Real and imaginary part of the acoustic admittance of a chokle ow through
a rocket combustion chamber outlet nozzle plotted againsti®uhal number.
Experiments of Kathan et al. (2010) are compared against thene dimen-
sional LEEs solver.

Overall, the above selected validation test cases impressly illustrate that
the one dimensional LEEs code is able to approximate inlet dnoutlet
impedances quite well. This includes fully three dimensiah ow cases as
the one considered in this last section. However, it is noteafain that if
the ow is unchoked, knowledge of the upstream or downstrearmpedance
of diusors and nozzles respectively, is essential. Subsung simpli ed
boundary conditions may lead to the introduction of errors.
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