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The principle of model order reduction (MOR) is well-known émhancing the manageabil-
ity of large-scale and complex systems. As hybrid dynamsigstems are of rising spread and
complexity, the application of MOR to such models is of higbrest. However, a straight-
forward applicability is nowadays limited and often of weakfpanance. In this article, a
new performance-improving framework for the reduction otavad linear systems based on
conventional MOR methods is presented. By introducinglianxisystems for the switching
signals (guards), the approximation of the transition dymes between the subsystems can be
conducted independently from their own dynamics. Thieg®a large flexibility in the reduc-
tion parameters and methods to be employed in order to aelaesatisfactory overall system
performance. Thefgectivity and suitability of the new approach is illustratiegltwo simulation
examples.

1 Introduction

Motivated by the rising complexity of engineered systemg (dlight control, manufacturing,
transportation and product service systems), many magaiml control methods were devel-
oped for handling large-scale and complex systems [7]. idytblynamical formulations are
widely used, as they enable an interconnection of contisamua discrete dynamics. In [2] for
instance, a hybrid model of a common rail fuel injection systs presented. The fuel’s flow
is considered as continuous dynamics while the dynamicbeirjectors is modeled using
discrete state variables (e.gpen, closg Although hybrid dynamical systems are powerful
models for complex embedded processes, they generallyreemiarge number of degrees of
freedom to capture the underlying system dynamics. In exfgitnost of the control and analy-
sis methods that are proposed so far for this class of systmuge such a high computational
effort that their feasibility is limited to low and very low dimsional systems.

Conventionally, these complexity problems can be tacklednbgel order reductiofMOR)
techniques, which approximate the dynamics of the oridimgth-order system by a system of
lower order, while preserving essential features for frrgnalysis and control (e. g. stability,
passivity) [1]. Standard MOR techniques, for instanidencated Balanced RealizatighBR)
[11] or Krylov subspacenethods [8], were developed for systems dfatiential or diference
equations. Consequently, when directly applied to hybridaghyical systems, they become
either non-applicable or they are of weak performance [h, Tl2ese facts motivated the exten-
sion of MOR to hybrid and switched linear systems in the lagt years. The research in the
field of MOR for switched systems is currently following twaim strategies: First, it is aimed
at developing methods for a holistic order reduction of therall switched system [13, 12] and
second, each involved subsystem is reduced separatelylditidbaally taking care of their con-
nections [10]. While the first strategy is able to guarantabilty, such a proof is still missing
for the second one. Converselipear matrix inequalitiegLMI) have to be solved in the first
approach, which makes it computationalffi@ent for high-order systems and even unfeasible



when a high amount of subsystems is involved. Because of tisib@ystem’s reduction, the
first family of methods can not ensure a subsystem’s appatiam which is comparable to a
separate reduction of each of these subsystems. A commabalrk of both strategies, is the
difficulty to ensure an appropriate "hitting” of the guard, i.ight time of switching.

In this article, an approach tackling the problem of hitting right switching time for the second
family of methods is proposed. Guard auxiliary systems @ir@duced to allow the reduction
of the subsystems and the guards separately and thus, t® doctihe approximation of each
of these models which, in general, do not have similar dynamirhis general extension is
applicable to all conventional MOR methods and to all catiegmf switching signals, namely,
time, state and output-based ones. The remainder of the papeganized as follows: In
Section 2, a short introduction to switched linear systesigiven and in Section 3 the arising
challenges for MOR of these systems are discussed andalledtby a simple example. Section
4 describes the new proposed approach on the example usectiorsS3. Section 5 substantiates
the dfectivity of the introduced approach showing simulatiorutessof a high-order benchmark
example.

2 Switched linear dynamical systems

Hybrid dynamical systems can be classified based on seutridutes [3]. One often con-
sidered category are switched linear continuous dynarsicsiems which arise from a hybrid
system when reducing the discrete dynamics to switchingteveSpecifically, these systems
consists of a finite amoutkte IN of continuous dynamical LTI-subsystems, which are acitat
and deactivated depending on a switching signal{1, 2, ..., k}.
The corresponding state-space representation is given by
_X® = Aux(®) + Bou(t), 1)
T YO = Cox(®) + Dau(t),

wherex € R" andy € RP are the state and output vectors, respectively, ardR™ is the
input vector. The matrix tupléA,, B,, C,, D, } defines the currently active subsyst&n The
parametew is a piecewise constant switching function called switghsignal or guard, and
can be classified into two categories [14]:

¢ time-dependent switching'he switching signal is extrinsically driven, dependingyo
on the timet
at) :t—{1,2,...,k (2)

e state angbr output-dependent switchind@he switching signal is intrinsically driven, by
its latest valuer~ and a functioro- depending on specific state @gadoutput variables

aloc(x®),y®),a () : (o,a) —» {1,2,...,k}, with 3
c:R"xRP = R
Although the time intervals where a specific subsystem resnactive may be arbitrarily small,
the possibility of an infinite number of switches in finite &ns excluded [9]. In Figure 1,
examples for the introduced switching signals are shown. I&\Mhi Figure 1(a) the control
strategy is switching (e. g. between position and veloaiytollers), in Figure 1(b) the plant’s
behavior switches (e. g. changing gears in a transmission).



. a=k
controllerk

(a) Output-dependent switching (b) Time-dependent switching

Figure 1. Example for switched linear systems.

As they allow the use of linear system theory, switched lir@estems are an advantageous
format for a wide class of hybrid and nonlinear systems fergbrpose of modeling, analysis
and control [4, 9, 14].

3 Challenges for standard model order reduction techniques

By taking advantage of the fact that the high-order switcheeakr system consists of a set
of LTI subsystems,, well-known MOR methods for a separate reduction of eachheé
subsystems can be employed. This results in a set of low-sdesystems, eactfering a
good approximation of its corresponding original one. Hesvethis cannot, by no means,
guarantee a good approximation of the overall switchedesysas the switching dynamics has
not been considered within the reduction step.

In order to study and illustrate th&ects of the dierent switching signals (see Section 2) on the
overall system behavior, the following benchmark SISO nhodasisting of two subsystems,
each of order 5, is considered [12]:

_5.055 Q4867 07761 -3.765 -2.70 ~0.5081
04867 -3.034 Q0537 06768 0603 0.8564

A, =|0.7761 00537 -1.392 -0.0739 08858|, b, =] 0.2685],
~3765 06768 -0.0739 -526 -1.886 0.625 (4)
~2702 Q603 08858 -1.886 -3.909 ~1.047

c =[1536 04344 -1.917 0 {

423 04654 1305 0313 -1.461 -0.1721]
04654 -4.418 Q8745 -0.9324 -0.7062 —-0.336
A, =| 1305 Q8745 -1839 -0.0083 06652, b,=|05415],
0313 -0.9324 -0.0083 -1.801 -0.4979 0 (5)
-1.461 -0.7062 06652 -0.4979 -2.355 -0.5703

cj =|-1499 -0.0503 0553 Q0835 1578

3.1 Time-dependent switching

First, it is assumed that the switchin¢t) between both subsystems occurs at certain predefined
time instances and is thus independent of the current syt This is, for instance, done in
vibration or starting procedure simulations of a geneyatotor whose damping ayat stifthess
matrices change with the rotational speed (input). Theygibmse = 1 (4) anda = 2 (5) are
reduced using the TBR method to order 3 and 2, respectiviégrjing a good approximation of
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Figure 2. Frequency response of the benchmark SISO model.

their corresponding high-order models. The frequencyarsgs are depicted in Figure 2. The
simulation of the overall switched system has been condwateording to the time-dependent
switching signal shown in Figure 3(a). The step responsdbefriginal and the reduced

overall system are depicted in Figure 3(b), where it is cteaee that, under the assumption
that accurate reduced subsystems are at hand, the apptioximnathe switched system over

the complete time interval is satisfactory.

Accordingly, the conventional reduction of time-depertdamitched systems leads to a good
overall system performance.
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Figure 3: Time-dependent switching.

3.2 Output-dependent switching

Now, it is assumed that the switchirgo(y(t)), o (t)) occurs based on the system’s output
values and thus depending on the dynamics of the subsyst&his.is a common scenario
when e. g. simulating the opening and closing of an electgmatc valve, where the system
matrices change in a discrete manner depending on thegrositthe anchor.

For the considered example, the switching function has bkeegen to be:

1 fory=-0.5,
a(y(t),a (t)) =32 fory=-0.02 (6)
a~ otherwise

For the comparison of the step responses of the original lmmdeiduced system, the reduced
subsystems (order 3 and 2) introduced in the previous stibsd@ave been adopted. The results
of a complete system simulation are shown in Figure 4(a) revtiee discrepancy between the
reduced and the original system is notable. In fact, theamation error sums up with the
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Figure 4. Step response of the switched system with outppéndent switching.

time and leads to a drift between both step responses. Focldss of switching signals, the
reduction results can be considerably improved by incnegsie order of both involved reduced
models as depicted in Figure 4(b). This leads to a betteoappation of the outputs, whereby
the switching functions (equation (6) here) and thus théchuvig times are "hit” more precisely.

Nevertheless, the approximation error remains propaatitmthe simulation time.

Hence, the only way of improving the overall system perfanogis by increasing the reduction
order.

3.3 State-dependent switching

The most challenging switching for the task of order reducis the state-based one where
a(o(x(1), e (t)) depends on the state(s) of the currently active subsysiéns is mostly the
case for system simulations where the state(s) in questiomot be directly measured, but
approximated by a state-observer.

For the considered example, the following function has lxd@sen so that a periodic switching
between the subsystermg anda, takes place:

1 forx; =0.15
a(X(t),a (t)) ={2 forx, = —0.25, (7)
a~ otherwise

Unlike the two previous cases, neither the reduced systéorder 3 and 2 (see Figure 5(a)) nor
those of order 4 (Figure 5(b)) resulted in an acceptableceqimiation of the step response. This
can be easily explained by the fact that states which arangaymajor role in the switching
signal, may be of no importance for the input-output behawidheir corresponding subsystem
and thus deleted by the order reduction step. Consequdrglgwtitching signade(x,(t), @ (t))
can not be accurately approximated.
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Figure 5: Step response of the switched system with stggerdient switching.



As a conclusion, it can be stated that standard order rentuctethods applied to every involved
subsystem (with a sficiently high reduced order) result in a good approximatibtne overall
switched system behavior for the case of a time-dependehbatput-dependent switching.
However, for the case of state-dependent switching, isangahe order of the reduced system
can not dfer a satisfactory approximation and thus there is a need poowve or modify the
existing reduction methods to make them suitable for thectaon of this important class of
switched linear systems.

4 Auxiliary system

Order reduction of switched linear systems consists of/defig a set of reduced systems that
not only approximate the output signal but also the switglone. This challenge has been
shown to be specially important for the case of state-degansivitching where not only the
importance of a certain state for the input-output behavesds to be considered but also for
the switching dynamics.

Based on these facts and in order to remain within the frameafdhe standard MOR methods
for linear systems, it is suggested to introduce severalianxsystems having the switching
signals guardg as output (one auxiliary system per switching state pesystbm). In other
words, the switching of the linear system will be now cor&dlby the output of these newly
introduced systems. Accordingly, a system with state-deéeet switching sketched in Figure
6(a) is now reformulated as a combination of a set of systeawing the switching signal
as output (guard auxiliary systenzg) and a modified main systel,, (Figure 6(b)). The
modified main system consists of the same original switcheght systenkt,, however now
with an extrinsically driven switching signal (the outpubrin X,), wherebya is changed tay:

Cf X(®) = A () + Byyu(t),
> {y(t) Co X(t) + Dyu(t) (8

Hence, the switching functioorg(x) for the new switching signaty(og(X), ag) is separately
calculated in the auxiliary system. The guard auxiliarysys share the same state equations as
the original switched one, but with an output equation cgposding to the switching function:

[ KO = A () + By, u(t),
> '{Ug(t) =X, ®)

WherecT builds the state-dependent switching function.
Accordlngly, the calculation of the switching signal does take place within the main system
anymore but within the guard auxiliary systems. Thus, untlie original switched system, a

ag(og(x(t), ™ (1))
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Figure 6: Architecture of the switched system.
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Figure 7: Frequency response of the auxiliary guard systériiee benchmark SISO model.

state-depended switching signal is bypassed by an extaihsdriven (time-dependent) switch-
ing signal according to equation (2) and an output-depensigitching (equation (3)) of the
guard auxiliary systems. The systef)g andZ, can now be reduced independentfjesing
the required flexibility and transparency for a simultareeand accurate approximation of the
input-output behavior as well as the switching signal dyieamThis benefits are not directly
given when setting the states responsible for the switcasngutputs of the original system, for
the purpose of a multi-output order reduction, for two ressd-irst, only one reduction method
can be applied and second, a common projector is obtaindohteto a coupling of the reduced
systems’ matrices whereby less accurate results may bevachimeaning that the order of the
reduced subsystems has to be increased in order to achiaczaptable overall system sim-
ulation. The mentionedfkects rise with diverging dynamics of input-output behawaod the
switching signals.

As the introduced guard auxiliary systems share the sante astpations with the modified
switched system (8), the numerical costs of a reduction evetpto the case without modifi-
cation remain acceptable. Moreover, &y to remain a linear system, the switching function
itself should be a linear function of the states. Otherwiseould not be possible to calculate
the switching signal using the vectc)jg and the corresponding states.

The suitability of the new approach is illustrated usingltve-order example introduced in Sec-
tion 3. Here, the subsystems of the auxiliary switchingeysare reduced by the TBR method
to order 4, while the original systems to order 3 and 2 as inptiegious Section. In Figure
7 the frequency response of the auxiliary switching systeshown. The curves are almost
superimposed, which implies a good approximation of thecthwig dynamics. In Figure 8, the
step responses of the original and the reduced system aggaced A significant approxima-
tion improvement can be seen, especially in comparisorgtoesults without a guard auxiliary
switching system (Figure 5(a)). There is almost no drifhia step response of the reduced sys-
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Figure 8: Step responses of the new approach with statexdepeswitching.



tem which obviously suggests that the switching signaleHmeen perfectly approximated by
the reduced guard auxiliary systems. Hence, only a very gppdoximation of the responsible
states for switching leads to a satisfactory result.

5 Simulation results

The benchmark exampleOM was introduced in [6] as a stable theoretical model of order
1006 generating a non-smooth Bode plot having three peak®, s considered as the first
subsystenk; of a switched system according to equation (1). The stadeespnatrices are
given by

-100 -1 -200 -1

A; = diag(A1, Az, Az, Ag),  with A :[ -1 _100],A :[ -1 ‘200],

-1 -400 .
Az = [_400 1 ],A4 = diag(-1,...,—1000) (10)
b =c] =[10,...,10, 1,...,1].
6 1000
The second stable subsyst&m
A,=A;-5l, by =Dy, ¢} =], (11)

Is derived from the first one by slightly modifying the systematrix A;. Both subsystems,
whose frequency responses are depicted in Figure 9, aregedy TBR to systems of order
15. Based on the analysis of Section 3, the guard is chosengtateedepended (see equation
(3)), which is the hardest challenge for MOR. Actually, theaWebservable state variablgis
selected and the switching signal is considered to be asifell

1 ifx,=0.17,
a(X7(t),a (t)) =32 if x;, =0.95, (12)
a~ otherwise
The corresponding guard auxiliary system according to oyu8 is thus given by
X() = A X(t) + by,u(t),
og(t) = cix(), with ¢; =[0,...,0,1,0,....0],
6 999

Zog = (13)

yt) = oglt).
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Figure 9: Frequency response of the switched FOM system.
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Figure 10: Frequency response of the auxiliary guard system
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Figure 11: Approximation of the guard variabtg subsystems’ order 15.

In Figure 10 the frequency responses of the two guard auxigstems and of their corre-
sponding reduced models (TBR) of first order are shown.

Now, for both the reduced switched system with and withoatghard auxiliary systems, the
step response is simulated and compared to the one of theadisgvitched system. In addition,
the time response of the guard state variablis shown in Figure 11. Due to the weak observ-
ability of x;, the conventional reduction (without guard auxiliary gysj in Figure 11(a) hits the
switching condition earlier than it should do, leading toieedgence of the system responses
over the time in contrast to the here introduced reductiaméwork (Figure 11(b)). Hence,
although the subsystems are well approximated, the ouignals of the overall switched sys-
tems diverge which is avoided by the here introduced redadtamework. The corresponding
output signalsy(t) are depicted in Figure 12. The output erreys= y,(t) — y:(t), where the
indexo represents the original amdhe reduced system signals, are shown in Figure 13. While
the error in Figure 13(a) increases and reaches its maxinossilge value (dference between
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Figure 12: Approximation of the output signal: subsystearder 15.
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Figure 14: Frequency response of the switched FOM system.

maximumymax and minimumyy,), the result with the guard auxiliary systems keeps a very
low and non-increasing error according to Figure 13(b).okdingly, a reduction of the output
approximation error of 99% has been achieved in the coreide@mulation time by the guard
auxiliary system extended reduction.

Now, the two subsystems are further reduced to order 8. Tteenau frequency responses are
shown in Figure 14. The auxiliary guard systems are againcextito order 1 (see Figure 10
and 11(b)). Figure 15 shows the output signahd the errog, of the here introduced reduction
framework. This error is still 50% lower than the one of thenentional TBR reduction to
order 15 (Figure 13(a)) although the reduction order has ladmost halved. In contrast, a
conventional TBR of the subsystems to an order of 8 is unrengurdt leads to an indticient
approximation of the guard state variabdg which does not reach the exact switching values
according to equation (12) as depicted in Figure 16. Heheergduced switched linear system
remains within one subsystem for all time.

The introduced framework for model order reduction of s linear systems enables a lower-
order of the reduced subsystems in comparison to the caomahteduction methods in addi-
tion to a better approximation of the overall switched syssebehavior.
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Figure 15: Output of guard auxiliary system extended TBR: gstlesns’ order 8.
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6 Conclusion and Outlook

A new framework for the reduction of switched linear systdmgsconventional MOR meth-
ods has been presented. By introducing a guard auxiliargmsyghe task of approximating
the output and the states relevant for the calculation okthiéching sequence has been dis-
sociated. This allows a transparent and flexible calculatifcseparate reduced models for the
approximation of the switching signal dynamics and the ougs the original switched linear
system. The introduced approach allows the simultanecei®iudifferent reduction methods
and settings andffers a good approximation of the overall switched system.bEmefit of this
guard-based model order reduction has been shown by cargpamwith conventionallrun-
cated Balanced RealizatigiTBR) for two benchmark examples. Thereby, a reduction of the
output signal’s error as well as a lower-order of the redussidched subsystems have been
achieved.

Interesting future work involve the extension of the preésdiiramework to nonlinear switching
dynamics and to networked systems. Investigations relatesfability preserving and error
bounds are also of high interest.
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