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Some existing approaches

Multivariate moment matching approach (Weile et al. 99, Daniel et al. 04)

+ Moment matching about the Laplace variable s and the parameter p.

- Affine parameter dependency is required

- Curse of dimensionality (reduced order grows rapidly even for small numbers of parameters)

Common projection approach (Leung et al. 05, Li et al. 05, Peng et al. 05)

+  Common projection matrix calculated from several local models

+ Moment matching property for each of the local models

- Reduced order depends on the number of local models considered

- Affine parameter dependency is required to obtain a parametric reduced model

TBR-Interpolation-based approach (Baur et al. 08, 09)

+ Interpolation between TFs of locally reduced systems obtained by TBR

+ Benefits from error bounds and stability of TBRs.  

- Reduced order depends on the number of the local models considered

- Lightly damped modes can cause problems

Can a new approach avoid some of the disadvantages? 
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Part 1:
Interpolation between locally reduced models

as a framework for parametric reduction
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Starting Point
System: 

xcbxAx )(,)()( pyupp T=+=&
Matrices A,b,c only available at discrete values p1,p2,… of p:  

A(p1)=A1 ,  A(p2)=A2 ,…
b(p1)=b1 ,  b(p2)=b2 ,…
c(p1)=c1 ,  c(p2)=c2 ,…

?

p p1 p2

Interpolation 

System 2

System 1

p3

System 3
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Interpolation of system coefficients
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Linear Interpolation of coefficients (system matrices):
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= exact description if p affine: A=A0+A1p, b=b0+b1p, c=c0+c1p
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Interpolation of system coefficients

Linear Interpolation of coefficients (system matrices):
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Interpolation of system coefficients

Nonlin. Interpolation of coefficients (system matrices):

xcybxAx ⎟
⎠
⎞

⎜
⎝
⎛=⎟

⎠
⎞

⎜
⎝
⎛+⎟

⎠
⎞

⎜
⎝
⎛= ∑∑∑

===

s

i

T
ii

s

i
ii

s

i
ii pupp

111

)(,)()( ωωω&

1)(
!
=∑ piω

9Lohmann: Parametric Model Reduction, 17.09.09

Traditional Reduction

Traditionally: apply one common projector pair V,W:
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WT

Problem: V (and W) need many columns to well approxi-
mate all s local models! large reduced order.

(For instance, to match 2q moments of each local model, the reduced 
model’s order will be sq , instead of q in non-parametric reduction)

VWT A = A’
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New: Reduction by Local Projectors
Apply separate projectors Vi, Wi to all local models: 
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+  Almost no additional numerical effort,
+  Much smaller reduced models (factor s when matching 

same number of moments).
Open question: are we allowed to sum up physically different

reduced vectors x ? Answer: 
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Not at once, but after giving the local reduced models a 
common physical interpretation of state variables
(by applying state transformations Ti)

(*) 
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State Transformations Ti (+ local projectors)

Define a linear combination                   of q “important”

state variables and transform all local reduced models, to 
represent these state variables: 
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How to choose R ?

Option 1: by physical insight or from given output variables.

Option 2: so that the matrices                  are well-conditioned 
or even           :

Option 3:                               , (then,                )

Option 4:                                  or 

Some choices of R 
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Remark: Options 1 and 2 even work when original models are different size!

ii VRT =
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Summary: Interpolation of locally reduced models
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Full order model: 
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Reduced model using local projectors: 

(*) 

If required, substitute                   and                   
(where              ).
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Types of Weighting Functions / Interpolations

Explicit weights Implicit interpolation

Linear 
interpolation

Nonlinear
interpolation

Matrices of the local reduced-order models

Spline
interpolation

Hermite
interpolation

RBF 
interpolation
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Part 2:
Moment Matching

for any value of p
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Moments mj

Taylor series at s0=0Transfer function:
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Moment matching possible 
inbetween?

Standard reduction matches moments only here, at p1, p2

Answer: yes
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Krylov-Reduction, matching interpolated moments at any p

System: xcbxAxE )(,)()()( pyuppp T=+=&

Moments: 1
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Reduction steps:  1) Find locally reduced models
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Krylov-Reduction matching interpolated moments at any p

2) Add (weighted) reduced models up to the result:

where
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This parametric reduced model matches the first q
interpolated moments at any value of p !
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Krylov-Reduction matching interpolated moments at any p

Proof  (with                 ):

where we used                                with
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Remarks: 
- Arnoldi can be used (instead of simple V, W used above) 

requiring a transformation T in low dimension, similar to part 1 
(see appendix).

- Other development points than s0=0 can be used (Eid 2008).



10

20Lohmann: Parametric Model Reduction, 17.09.09

The Beam Model

Parameter: Length L
Thickness and width: 10 mm
Young Modulus: 2.105 Pa.
Damping: Proportional/Rayleigh

Order of the original system: 720
Order of the reduced system: 5
4 local models; Weights: Lagrange Int. 
R: option 4 ; s0: ICOP (Eid2009); 

Force
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The Beam Model, order 24

Parameter: Length L
Order of the original system: 720
Order of the reduced system: 24

Force
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The Micro-Thruster Benchmark Model 

A 2D-axisymmetrical model 
of the micro-thruster unit.

(Oberwolfach Benchmark collection)

Parameter: Film coefficient k
(from the convection boundary condition) varies between 1 and 109

Order of the original system: 4725 

Order of the reduced system: 7
20 local models employed for interpolation;  R: option 4;

Weights: RBF-Based Interpolation with cubic basis functions.

Blue lines: full order model;
Red lines: interpolated

reduced models.
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System  is called γ-contractive, if                                  
for any                                     

Reduction by projection                          preserves γ-contractivity!

Axx =&

Idea: Make original model γ-contractive (γ depending on the 
desired expansion point) by state transformation, and then 
reduce by projection.

The required state transformation can be found by a 
numerically cheap (mediocre) approximate solution of a 
Lyapunov-eq. (Castañé et al. 2009).

Outlook I: Stability
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Port Hamiltonian Systems                                  are stable, and 
passive with output

A new structure preserving reduction scheme:

ugQxRJx +−= )(&

The reduced model                                      , 

with  

and with V being a basis of the Krylov subspace

matches q moments around s=s0 (Loh. et al 2009, Wolf et al 2009).
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Nonlinear parametric reduction by interpolation 
of locally reduced linear models

Given

Reduced system:

),( pxfx =&

Locally linear parametric representation (like in TPWL):

( )∑
=

−+=
s

i
iiii p

1
)(),( xxAfxx ω&

( )∑
=

−+⋅=
s

i
iriii

T
riir tptt

1
))(()),(()( xxVAfWxVx ω&

ii pi

iii p

,|/
),(

xxfA
xff
∂∂=

=

Outlook III
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Thank you for your
Attention
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Appendix


