
Lehrstuhl für Numerische Mechanik

lnM

LNM Seminar
Wintersemester 2003/2004

A Stabilized Finite ElementMethod for the Stokes Problem Based on
Polynomial Pressure Projections1

Pavel B. Bochev3

Computational Mathematics and Algorithms Department, Sandia National Laboratories, Mail
Stop 1110, Albuquerque, NewMexico, 87185-1110

Clark R. Dohrmann2

Structural Dynamics Research Department, Sandia National Laboratories, Mail Stop 0847,
Albuquerque, NewMexico, 87185-0847

A new stabilized finite element method for the Stokes problem is presented. The method is obtained
by modification of the mixed variational equation by using local L2 polynomial pressure projections.
Our method is motivated by the inherent inconsistency of equal-order approximations for the Stokes
equations. The origins of this inconsistency can be explained by inspecting themixed variational form of
the Stokes equations. There, stability of the weak equations results from a special relationship between
the velocity and pressure spaces, which ensures that the pressure space coincides with the range of the
divergence operator. One can show that (see [7, p.81]) this property implies the inf-sup condition [4].
A discrete inf-sup condition forces pressure and velocity finite element spaces into a like relationship
which is not possible for equal-order finite element approximations.
The same inconsistency exists for equal order approximations of compressible problems, where pressure
is proportional to the divergence of the velocity. For example, in a six-node triangular element with
quadratic approximation of velocity and pressure, the spatial variation of pressure is linear rather than
quadratic as implied by the element formulation.
These observations prompt application of element based polynomial pressure projections in the mixed
bilinear form as a way to eliminate the approximation inconsistency. This idea can be further justified
by noting that there is no such inconsistency for the stable Taylor-Hood (P2-P1) element formulation.
Elimination of the pressure-velocity inconsistency alone may not be enough to ensure stable approxi-
mation, because a pair such as P1-P0 is formally “consistent”, but unstable and so we supplement local
pressure projections by an additional term that penalizes pressure deviation from the “consistent” poly-
nomial order. Our newmethod combines these twomodifications of the mixed bilinear form to provide
a finite element formulation of the Stokes problem that remains stable and accurate for all equal order
velocity-pressure pairs.
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The new stabilized method for the Stokes problem differs from existing approaches in several impor-
tant aspects. Unlike most stabilized methods; see [1], [8], [9], [6], or [3], stabilization in our method is
accomplished without the use of the momentumequation residual. This eliminates the need to calculate
higher-order derivatives, to provide for their approximation in the lowest-order case [10], and to spec-
ify a mesh-dependent stabilization parameter. Our method also retains the symmetry of the original
mixed problem. The only residual based stabilization that has the same property is the Galerkin Least
Squares method [9]. However, this method is conditionally stable and requires careful selection of the
mesh-dependent parameter; see [2].
A non-residual stabilizationapproach, motivated by fractional stepalgorithms for time-dependent prob-
lems, has been developed in [5]. There, stabilization is accomplished by projection of the pressure gradi-
ent into the continuous velocity space and subsequentuse of this projection as a new dependent variable.
The difference between the projected and the actual pressure gradients is used to relax the continuity
equation. While this approach has some similarity with our method, it also requires a choice of mesh-
dependent parameters, and leads to larger algebraic problems. Another important difference is that
pressure gradient projections are not local, while our method employs projections into a discontinuous
space and thus, can be implemented at the element level.
We present stability and error analysis of the new method in the case of the lowest order C 0 equal-
order finite element spaces. Numerical examples for this and other equal interpolation choices are also
provided to illustrate the excellent computational properties of the method.
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