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Problem Definition - Equilibrium Statistical Meche
Fine-Grained Model (FG) Coarse-Grained Model (CG)

pr(x) x e AYUX) X =R(x), dim(X) << dim(x)

e X: coarse-scale dofs

e R: restriction operator (mapping
fine — coarse)

e X € M: fine-scale DOFs
e Us(x): atomistic potential
e Observables:

]Ep,(x)[a] = f a(x) pf(x) dx ) |
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Motivation TI_ITI

Questions
« What are good coarse-grained variables X (how
many, how are they related to the FG description?)

e What is the right CG model?
e Given a good CG model for X, how much can one
predict about the whole x (reconstruction)?

e How much information is lost during
coarse-graining and how does this affect
predictions produced by the CG model?

e Given finite simulation data at the fine-scale, how
(un)certain can one be in their predictions?
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Motivation TI_ITI

Two roads in CG:
1.) Variational (Mean Field, and many others)

ming,x) KL(Pr(X) ||pr(X))
2.) Data-driven (e.g. Relative Entropy [Shell (2008)]):

minp,(x) KL(pf(X) ||[_)/(X)) ‘

where:
o D¢(x): approximation
e pr(x) o e PYUX): exact

p.s.koutsourelakis@tum.de Bayesian CG 4/23



Motivation TI_ITI

Existing methods

@ Fine-Scale

Configuration x

R(X)=X _ Sad

pf(x) pC(X) @Coarse—Scale
v~ " X
fine coarse
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Motivation TI_ITI

Existing methods

@ Fine-Scale

Configuration x

R(X)=X _ =

pf(x) pC(X) @Coarse—&:ale
~~ ~~ X
fine coarse

Proposed (Generative model)

Coarse-Scale
Par(@| X, 01) LB

N

er (X| X :
p(X)MPf /pcf x|X) pe(X) dX 4
coarse ) @ Fine-Scale

fine
Configurations x

o No restriction operator (fine-to-coarse R(x) = X).
e A probabilistic coarse-to-fine map pqr(x|X) is prescribed
e The coarse model p:(X) is not the marginal of X (given R(x) = X)
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Motivation

Given p.(X) and pgr(x|X):
1) Draw X from ps(X) (i.e. simulate CG model)

2) Draw x from pcr(x|X)

J ¢ )
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Learning

Proposed Probabilistic Generative model

e Parametrize: Pe(X[0c),  per(X|X, Ocr)
—— —_—
coarse model coarse—+fine map

e Optimize:

min KL(pr(X) || Pr(X|0c, Ocr))
o m|n —fp, ) log LReXIX. ‘9;;( ‘;°(X|9 ) 9X dx
Hgggﬁfpf(x (log [ por(X|X. Ocr) pe(X|6c) dX) dx
& max 37 log [ per(x|X, Ocr) pe(X|6c) dX

YRS max L(0;,60¢), (MLE)

cci
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Proposed Probabilistic Generative model
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—— —_—
coarse model coarse—+fine map

e Optimize:

ernmi(gr:f KL(pr(x) || pr(x]6c, Ocr))
& in — [ pi(x)log L elxX,0u) X100 OX
< max [ pi(x) (log [ per(x|X, 6cr) pe(X|6c) dX) dx
& max 37, 1og | per(xV|X, cr) po(X|6c) X

YRS max L(0;,60¢), (MLE)

cci
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Learning TI_ITI

Proposed Probabilistic Generative model

e Parametrize: Pe(X[6c),  Per(X|X, Oc)
—— —_—
coarse model coarse—+fine map

e Optimize:

min KL(py(x) || Pr(x|6c, Ocs))

in _ J per(XIX,0) pe(X|6c) dX
< 6[;219[; fpf( g pr(x) dX

YRS gn%xfp,(x) (log [ por(X|X, 6cr) pe(X|6c) dX) dx
c,Ucf
& max L log [ por(xD|X, 0cr) po(X|6c) dX
c,Yct
> max L(0;,60¢), (MLE)

cci

o MAP estimate: max L(0¢, O) + log p(Oc, Ocf)
———

cc{

log— prior

e Fully Bayesian i.e. posterior: p(6, 8| x("N)) oc exp{L(6¢, O¢) p(Oc, Oc1)}
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Learning TI_ITI

Stochastic VB-Expectation-Maximization [Beal & Ghahramani 2003]

L(06,04) =, log [ per(x ‘IX(") ) pc(X(’fle ) ax®
N e XD.6.) po(X?]6.)
= Z, 1Iogfq (X Pr((x )XQ(GE))))p " Ilg dX(’))
Pct xU o) Pel ! i
>V, [a(XD)log o ) dX
:Zi:1 Fi(q (X(I)) 0c,0c) = F(q, 0c,0)

o E-step: Approximate g”'(X() using a multivariate Gaussians:

gi(X") = N (", =)

e M-step: Compute gradients E,’L Vo, F, Zf\; Ve, F, (and Hessian) and
Update (Oc: gcf)
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Learning TI_ITI

Stochastic VB-Expectation-Maximization [Beal & Ghahramani 2003]

£(8c,6) = Z:\; |ngpcf(x(’)|X(i)_, Ocr) pC(X(i)ch) ax®
=N, log [ g(x? )"“""(')"“”v(@cf))pc(X“)wc) ax®
q(x
> Z, fq I) |0g Por (x| X q&:{l)))Pc dx(l)
=N, Fila(XD), 6.,60c) = F(q, 6c,0c)

o E-step: Approximate g*'(X")) using a multivariate Gaussians:

qi(XD) = N (', ="

e M-step: Compute gradients S-, Vo F, SN . Vg, F, (and Hessian) and
update (6, O)

Essential Ingredient: Stochastic Optimization
ADAptive Moment estimation (ADAM, [Kingma & Ba 2014])
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Learning TI_ITI

e Exponential-family distributions:

Pe(X16) = exp{ 6I(X) —A(6) (709 = [ 22010 gX)
——
CG potemlal Ue ;

Por(X|X, 0cr) = exp{03p(X, X) — B(X,0c1)}  (ePX0) = [ ePa(xX) dix)

o Gradients:

]: E —1 < ¢(X ) X’) -N < ¢( ) >pc(X[90)
vgcf‘F 2121(< P(xD, X0 > ax0) — < P(X, x0) > Do (X1 XD 041) (X))
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Learning TI_ITI

e Exponential-family distributions:

Pe(X16) = exp{ 6I(X) —A(6) (709 = [ 22010 gX)
——
CG potemlal Ue

Por(X|X, 0cr) = exp{05wp(x, X) — B(X,04)}  (eBX:0e) = [ v (x.X) gx)

o Gradients:

VOC]: = 2%1 < ¢(X(I ) gi(X®) -N < ¢( ) >Pc(X[9c)
Vo, F =i 4(< P(xD, X )) Zaxny — < P(X, X(I)) >pcr(X|X“),Gcf)qi(x“)))

e Hessian:
V2 JF= -N COVpc x16,)[0(X)]
Z Cov [h(x X(i))] — Concave
Bcf i=1 Per X‘X ’ cf)qi(x(,)) ’

p.s.koutsourelakis@tum.de Bayesian CG 9/23



Learning TI_ITI

o MAP-estimates:

max L(6c, 6cr) + log p(be, Ocr)
0¢,0 ———

log—prior

e Approximate Bayesian posterior using Laplace approximation

06

05k

04t

Gaussian
0sf 4

exact

orf

Oriap

Figure : Laplace approximation: p(@|x"M) ~ N (u, S)

where:
® 1 =06 uap
o 51— | NCxiogle(X).&(X)] 0
0 it Covpcf(q\x(i),ecf)q,()((i))[w(%X)]
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Adaptive feature learning

Which feature functions ¢(X) one use?

CG potential: Uy(X) = 0Lp(X) — pe(X) ox e%X)

e Option 1: Use as many as possible in combination with a
sparsity-enforcing prior [Schoberl et al, JCP 2017].

e Suitable when X have a clear, physical meaning.
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Adaptive feature learning

Which feature functions ¢(X) one use?

CG potential: Uy(X) = 0Lp(X) — pe(X) ox e%X)

e Option 1: Use as many as possible in combination with a
sparsity-enforcing prior [Schoberl et al, JCP 2017].
e Suitable when X have a clear, physical meaning.

e Option 2: Consider a parametrized family ¢, = {¢(X; z)} and greedily add the
best member of this (i.e. optimize z). l.e. suppose:

Ue(X) = 80 p(X) + 00 new(X; 2)
Then, the largest expected decrease in KL(pf(xX) ||ps(x)) is:

N 2
arg max (Z < H(X;2) >q0 — < (X 2) >pc(x)>

i=1
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Numerical lllustrations - Alanine Dipeptide TI_ITI

Figure : Alanine Dipeptide [Bonomi et al,CPC , 2009]
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Numerical lllustrations - Alanine Dipeptide TI_ITI
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Figure : Ramachandran plot for Alanine Dipeptide with respect to dihedral angles ¢, .
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Numerical lllustrations - Alanine Dipeptide TI_ITI

Proposed Global Model

e Coarse-Grained model:

po(X) x e FUX  Uy(X) = 0] (X)

We assume:
e X € [0,1]™, nx = dim(X)
o radial basis functions ¢(X; z) = e~ 2% (X—%o.0* where
z = {7k, Xo.k} /%
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Proposed Global Model

e Coarse-Grained model:

po(X) x e FUX  Uy(X) = 0] (X)

We assume:
o X c[0,1]™, ny = dim(X)
o radial basis functions ¢(X; z) = e~ 2% (X—%o.0* where
z = {7, Xo k} %4
e Coarse-to-Fine map:

|Per(X|X) = N(ps + WX, S)

) ocf = {IJ'7 W7 s}
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Numerical lllustrations - Alanine Dipeptide TI_ITI

U, with dim(6,.) =1
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Numerical lllustrations - Alanine Dipeptide TI_ITI
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Numerical lllustrations - Alanine Dipeptide TI_ITI

U, with dim(6,.) =3
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Numerical lllustrations - Alanine Dipeptide TI_ITI
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Numerical lllustrations - Alanine Dipeptide TI_ITI
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Numerical lllustrations - Alanine Dipeptide TI_ITI
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Numerical lllustrations - Alanine Dipeptide

U. with dim(6

Figure : L =26
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Numerical lllustrations - Alanine Dipeptide TI_ITI
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Figure : Visualization in (Latent) CG-variable Space X
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Numerical lllustrations - Alanine Dipeptide TI_ITI
Probabilistic Predictions of Macroscopic Properties
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Figure : Root-mean-squared (RMSD) deviation from an a-helical conformation
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Conclusions TI_ITI

A generative probabilistic model is proposed

It consists of a CG-density and a probabilistic coarse — fine map.
Can account for information loss due to CG

Can quantify predictive uncertainty in fine-scale observables.

Can be used for model selection.
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Conclusions TI_ITI

Summary
e A generative probabilistic model is proposed
It consists of a CG-density and a probabilistic coarse — fine map.
Can account for information loss due to CG
Can quantify predictive uncertainty in fine-scale observables.
e Can be used for model selection.

| \

Outlook

e Explore alternative definitions of coarse variables X and alternative
coarse — fine maps pr e.9.:

o Discrete states indicating Free-Energy wells
e Hierachical coarse-graining:

i) = [ Po(XIX1) Pe(X1|X2) Po(XelXa) .. e(Xir) 0K ... X

e Fully Bayesian or Variational Bayesian

A\
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