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Effect of turbulent Mach number on the
thermodynamic field generated by a shock

wave
By M. S. Yogesh Prasaad AND Krishnendu Sinha
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A canonical case of one-dimensional mean flow convecting homogeneous isotropic tur-
bulence across a normal shock wave is studied in this work with special emphasis on the
thermodynamic fluctuations generated behind the shock. Direct numerical simulations
(DNS) of homogeneous isotropic turbulence interacting with normal shocks of varying
strengths have been carried out. Density, pressure and temperature variances attain
large values at the shock, followed by, in general, a rapid decay in the downstream flow.
Comparison with linear theory shows that the post-shock thermodynamic fluctuations
in the region immediately behind the shock is mostly linear. The effect of upstream tur-
bulent Mach number (or upstream turbulence intensity) is analyzed using the present
simulations and available data from the literature. The post-shock field is found to be
directly proportional with the upstream turbulent Mach number (Mt); monotonically in-
creasing in amplitude behind the shock as upstream Mt is increased. Post-shock inten-
sity of thermodynamic fluctuations were found to converge to the LIA limit as Mt → 0
(or Mt/[M − 1] → 0). Finally, the effect of the shape of the energy spectrum in the
upstream turbulent flowfield is analyzed, and is found to be significant in the rapidly
decaying portion of the post-shock thermodynamic fluctuations.

1. Introduction
Shock waves are characteristic features in compressible flows, specifically in the su-

personic/hypersonic flow regime. In aerospace applications, the effect of shock waves
on the turbulent features in a supersonic boundary layer is usually studied to under-
stand the physical mechanisms responsible for boundary layer separation, increased
heat transfer and high surface pressures, each of which are unique engineering prob-
lems on their own. The interaction of free turbulence with a planar shock wave is a
similar problem of interest, exhaustive with physical insights on the effects of shock
on turbulence and vice-versa without additional complexities of mean shear, streamline
curvature, wall effects, etc. Shock-turbulence interaction has implications in a variety of
applications, to name a few, supersonic/hypersonic propulsion systems, inertial confine-
ment fusion, shock wave lithotripsy, and in astrophysics (accretion shock waves). In this
study, we focus on the interaction of a homogeneous isotropic turbulence interacting
with a nominally planar shock wave, which is the most basic form of shock-turbulence
interaction.

A brief but nearly complete information of the previous works, including recent exper-
imental, theoretical and numerical studies on shock-turbulence interaction is provided
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in [1] and in [2]. Compressible turbulent flows are characterized by the appreciable
changes in thermodynamic quantities such as density, pressure and temperature fluc-
tuations, which can be drastically amplified/altered/generated on interaction with shock
waves. The importance of understanding the thermodynamic fluctuations is well known
as they play a major role in turbulent mass flux, sound generation, turbulent heat flux,
and most importantly, in the turbulent transport of energy between internal and kinetic
energy components.

The objective of the present study is to perform a detailed investigation of the thermo-
dynamic aspects of the canonical shock-turbulence interaction. This work attempts to
explain the generation/amplification and evolution mechanisms of thermodynamic fluc-
tuations in canonical shock-turbulence interaction by systematic variation of the gov-
erning parameters in the direct numerical simulations (DNS): flow Mach number (M ),
turbulent Mach number (Mt) and Taylor-scale Reynolds number (Reλ). The physical
mechanisms behind the variations in thermodynamic quantities are understood using
LIA and the extensive DNS data of [3]. Additional numerical simulations have been car-
ried out to supplement the existing data. A controlled study is carried out with purely
vortical incoming turbulence in LIA and mostly vortical with minimal compressible fluc-
tuations in the DNS data. The focus of this report is the effect of turbulent Mach number
on the post-shock thermodynamic field.

2. Methodology
We use LIA and DNS to study the problem of a homogeneous isotropic turbulence

(HIT), being convected by a uniform one-dimensional (1D) mean flow and interacting
with a planar normal shock. Cartesian coordinate system is used where the shock-
normal direction is represented by x and the shock-parallel directions by y and z. We
use the notion of Favre (density-weighted) averages for all quantities except for density
(ρ) and pressure (p), which follow Reynolds averaging. The Favre averages are denoted
as f̃ and the associated fluctuations are given by double primes whereas, the Reynolds
averaged quantities denoted by an overbar and their respective fluctuations are denoted
by single primes. When comparing results between LIA and DNS, we make use of the
relation f̃ ≈ f (linear limit), which is found to be valid everywhere in the domain except
inside the region of the shock wave. The upstream and downstream states are denoted
by subscripts ‘u’ and ‘d’ respectively.

2.1. Numerical simulations
An MPI based C++ code called ‘Hybrid’ [4] is used to solve the compressible Navier-
Stokes equations for a perfect gas. The code uses a fifth-order WENO scheme with
Roe flux-splitting around the shock and a sixth-order central scheme in the “split” form
of [5] in the remainder of the domain. A shock wave is identified as the region where the
negative dilatation is greater than the low pass-filtered vorticity magnitude, i.e., where
−∂xjuj >

√
ωjωj . The system of equations is integrated in time using a fourth-order

accurate explicit Runge-Kutta scheme. This numerical procedure has been verified and
validated on several problems of interest [3,6,7]. Further details about the code can be
found in [3,7].

The homogeneous/isotropic turbulence is generated as per the method given in [3]
with the initial turbulent field specified using the von Kármán velocity spectrum having
peak energy wavenumber of k0 = 4. The isotropic databases are temporally decayed till
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FIGURE 1. A schematic of the shock-turbulence interaction computational domain used in the
numerical simulations

‘realistic’ turbulence is obtained, followed by a blending of multiple realizations to form
a sufficiently long database that satisfies statistical convergence. Taylor’s hypothesis
is used to convect the blended database as the time-dependent inflow turbulence for
the shock-turbulence interaction domain. The inflow turbulence used in the numerical
simulations is quasi-vortical with minimal amount of thermodynamic and compressible
fluctuations added using the method of [8]. The turbulence parameters immediately up-
stream of the shock are: turbulent Mach number Mt,u = 0.15, Taylor-scale Reynolds
number of Reλ,u = 33 and dissipation-scale Reynolds number ReLε,u ≈ 135.

Figure 1 shows the schematic of the computational domain with the shock-normal
direction aligned with the streamwise direction (x). The computational domain is k0Lx =
11π long in the streamwise direction with the shock initially placed at k0x = 1π, and is
of length k0Ly = k0Lz = 8π in each of the shock-parallel directions.

2.2. Linear interaction analysis
A single vorticity wave in two-dimensions (x, y) of amplitude Av and at an angle ψ with
the x−direction is being convected by a 1D uniform mean flow of velocity u1,u towards
the normal shock as shown in Fig. 2. The shock deforms in response and the position
of the unsteady shock is given by ξ(y, t). The downstream non-acoustic waves (entropy
and vorticity) are generated/refracted at an angle ψ and are convected as ‘frozen’ waves
by the downstream mean flow with velocity u1,d. The acoustic waves are generated at
an angle ψ̃ and are either propagating or decaying, depending on whether the angle of
the incident wave is lower or higher than the critical angle.

The complete details of the LIA procedure can be obtained from [10], [2] and [11].
In brief, the linearized Euler equations are used to obtain the waveforms of the fluctua-
tions in the upstream and downstream regions of the normal shock wave (modeled as a
discontinuity). Linearized Rankine-Hugoniot conditions are used as the boundary con-
ditions at the shock wave to obtain the transfer functions of the post-shock fluctuations.
The upstream turbulence is represented as a super-position of 2D plane waves (Fourier
modes), with each of them independently interacting with the shock. The post-shock
field thus obtained is then integrated over all of the incident waves for a specified en-
ergy spectrum (von Kármán spectrum given in [12] is used here) to obtain a statistical
description of the turbulence behind the shock wave. Therefore, we obtain

(f ′dg
′
d)3D = 4π

∫ ∞

k=0

∫ π/2

ψ=0

(f ′g′)2D k
2 sin(ψ) dψ dk (2.1)
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FIGURE 2. Linear interaction analysis framework to study the interaction of isotropic turbulence
with a normal shock depicting the schematic of a single vorticity wave interacting with a normal
shock (in 2D) and yielding three types of Kovásznay’s linear waves [9].

where, (f ′dg
′
d)2D is the correlation of the fluctuations f ′ and g′ for a single wave of

wavenumber k inclined at an angle of ψ.
The turbulence statistics are functions of the distance behind the shock wave, the

Mach number of the upstream mean flow, and the incident turbulence energy spectrum.
LIA predicts a jump in the turbulent fluctuations across the shock discontinuity, followed
by an adjustment region. The inviscid adjustment is a result of the decaying acoustic
energy corresponding to the elementary wave interactions with ψ > ψc, and is described
in [2]. It is to be noted that the upstream turbulence considered in LIA is purely vortical
with no thermodynamic fluctuations.

3. Simulation details
Simulations with four different upstream Mach numbers (Mu = 1.23, 1.50, 2.50 and

3.50) have been carried out in the present study. Additionally, the comprehensive statis-
tics from the dataset of [3] with Mu ranging from 1.27 to 6 are also used when presenting
the results. The present case details are tabulated in table 1. Along with the Taylor mi-
croscale Reynolds number, two other measures of the turbulence Reynolds number in
the flowfield: the Reynolds number based on dissipation length scale (ReLε ) and the
ratio of dissipation length scale (Lε) to Kolmogrov length scale (η) are given in the fourth
and fifth columns of the table.

Mu Mt,u Reλ,u ReLε,u Lε,u/ηu Grid

1.23 0.15 33 133 45 882× 3842

1.50 0.15 33 134 45 1042× 3842

2.50 0.15 33 135 46 1142× 3842

3.50 0.15 33 136 46 1313× 3842

TABLE 1. List of cases simulated in the present study
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FIGURE 3. (a) Spatial variation of mean density (red solid) and pressure (blue dash-dotted) nor-
malized by their respective mean values upstream of the shock. The dashed lines represent the
inviscid jump values of density and pressure. (b) Spatial variation of mean streamwise momentum
normalized by its respective upstream mean value with the shock-normal Reynolds stress (red)
and without the Reynolds stress term (blue). The streamwise direction is normalized by the peak
energy wavenumber. The region of unsteady shock movement is shown by the grey band.

3.1. Conservation of mean quantities
The numerical methodology used here captures the shock but the turbulence is ad-
equately resolved. It is known that the Kolmogrov lengthscale decreases behind the
shock [3]. The grid resolution is ensured to be sufficient enough to resolve the turbu-
lence scales behind the shock (c.f. [13]). The normalized mean pressure and density are
shown in Fig. 3(a) along with the inviscid jumps obtained using the Rankine-Hugoniot
relations. There is a jump in the mean values at the shock, followed by a small decrease
and a slow increase towards the outflow. This small decrease in mean values immedi-
ately behind the shock would lead one to believe that there is no conservation across the
shock. In fact, this is due to the conservation of the mass, momentum and total enthalpy
across the shock along with their respective turbulence terms. For example, consider
the mean streamwise momentum equation where the quantity,

ρũ21 + p+ [ρR11] = const. (3.1)

is to be conserved across the shock. The jump in streamwise Reynolds stress [ρR11]
across the shock is the term due to turbulence which needs to be added to the laminar
Rankine-Hugoniot conditions to ensure conservation. Figure 3(b) shows the variation of
the sum of all terms in Eq. (3.1) with and without the Reynolds stress term. Neglecting
the Reynolds stress term results in non-conservation behind the shock whereas, the
inclusion of the Reynolds stress term ensures conservation. Thus, one can write the
deviation in mean pressure (or density) from the inviscid Rankine-Hugoniot jumps as
a function of the Reynolds stress terms, and can also see the deviation (or the small
decrease) increase as upstream Mt is increased. We note that this slight change in the
mean profiles however has a negligible impact on the turbulence.

3.2. Normalization details
We compare the thermodynamic variances (ρ′2, p′2, T̃ ′′2, s̃′′2) obtained from the DNS of
canonical shock-turbulence interaction with the LIA predictions. We normalize the den-
sity, pressure and temperature variances by the square of their respective mean down-
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stream values (ρ2d, p
2
d, T̃

2
d ). The entropy variance is normalized by the square of the gas

specific heat capacity at constant pressure (c2p). Additionally, the variances are scaled
by the upstream turbulent kinetic energy divided by the square of the upstream mean
shock-normal velocity (0.5u′2i,u/u

2
1,u). This helps to compare different cases with varying

upstream turbulence intensities. It also quantifies the conversion of upstream turbu-
lent energy, primarily in the vortical component, into thermodynamic fluctuations by the
shock wave. The streamwise coordinate is normalized by the peak energy wavenumber
(k0) in the upstream field. This normalization procedure is used throughout this report,
unless otherwise specified.

3.3. Data extraction
Figure (4) shows the spatial variation of normalized streamwise Reynolds stress and
pressure variance from DNS along with extrapolated values obtained by performing a
linear least-squares fit over the DNS data from x = xsp. − 0.5π. Here, xsp. denotes
the start of the sponge region (or the end of the useful computational domain). This
type of spatial extrapolation to the centre of the mean shock is used extensively in the
literature, for example [3], [2], [14], when comparing far-field (x → ∞) values between
LIA and DNS. LIA provides an asymptotic value in the far-field region whereas, the DNS
data shows a gradual decay due to viscous mechanisms. In DNS data, this procedure
works well for velocity related quantities which have a non-monotonic variation behind
the shock and for profiles with gradual variations such as entropy variances but fails
to provide reasonable values for quantities having rapid variation behind the shock, for
example the pressure variance. The spatial extrapolation method is not used in further
analysis of the thermodynamic fluctuations due to this inadequacy.

Ideally, one would want to identify the actual far-field value by determining the location
or estimating the multiple of lengthscale for the quantity of interest where there are min-
imal changes on the quantity (or the effect of source has disappeared). This is however
difficult due to the limited size of the computational domain and the mixture of length-
scales in the post-shock turbulent flowfield. We, thus compare the solutions from LIA
and DNS at selected locations instead of comparing far-field values.

4. Results and discussion
The effect of upstream flow Mach number on the thermodynamic fluctuations can

be found in [13]. Budget of the terms in the transport equation of the thermodynamic
fluctuations show that the dominant mechanism responsible for the convection of the
thermodynamic fluctuations is the correlation of thermodynamic fluctuation with fluctu-
ating dilatation [13]. We analyze the effect of upstream turbulent Mach number (Mt,u)
on the thermodynamic fluctuations in this report. Additionally, the effect of the shape of
the upstream turbulence energy spectrum is also discussed in this section.

4.1. Effect of turbulent Mach number
The generation of homogeneous isotropic turbulence databases in the DNS warrants
special attention when the effect of turbulent Mach number is analyzed. The initial tur-
bulent field in the triply periodic box is isotropic and solenoidal in nature with an energy
spectrum specified in the form of von Kármán energy spectrum [12]. The pressure fluc-
tuations are not independent of the velocity field but are set by the solenoidal velocity
fluctuations via the ‘pseudo-pressure’ relationship which in turn also affects the density
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FIGURE 4. Spatial variation of (a) normalized shock-normal Reynolds stress, (b) normalized pres-
sure variances for the cases of Mu = 1.50 and 3.50 with Mt,u = 0.15 and Reλ,u = 33. The
Reynolds stress term is normalized by the upstream turbulent kinetic energy (TKE) and the pres-
sure variance is normalized as mentioned in Sec. 3.2. The data is shown by symbols and the lines
represent the linear least-squares fit to the data from the end of the useful computational domain.
The grey band shows the region of unsteady shock movement for Mu = 3.50 and the vertical
dotted lines correspond to that of the Mu = 1.50 case.

and temperature fluctuations via the adiabatic relations [8]. The pressure fluctuations
are related to the initial solenoidal velocity field as,

p′ ∼ ρu′2i ,
p′

p
∼ γM2

t , (4.1)

and is obtained by solving a pressure Poisson equation. The thermodynamic quantities
are related to each other via the linearized adiabatic relations as,

ρ′

ρ
=

p′

γp
=

T ′

(γ − 1)T
(4.2)

The amplitude of the thermodynamic field is thus directly proportional to the square of
the turbulent Mach number in the database and increases as the turbulent Mach num-
ber is increased. Additionally, small amount of pressure and dilatation fluctuations are
added as a result of the blending procedure. Blending of multiple isotropic boxes is car-
ried out to obtain a long database in time for statistical convergence. Large amount of
dilatational fluctuations are added as a result of using Taylor’s hypothesis to convect the
turbulent flowfield in the shock-turbulence interaction domain. This is due to the inappli-
cability of Taylor’s hypothesis for the acoustic waves present in compressible turbulence.
Nonetheless, the energy of the compressible fluctuations in the turbulence database is
very small (about 1− 2% of the total energy) in comparison to the energy present in the
solenoidal velocity fluctuations. The upstream region in the shock-turbulence interaction
domain thus have finite values of thermodynamic fluctuations and they also contribute
to the post-shock thermodynamic fluctuations.

Figure 5 shows the spatial variation of the normalized thermodynamic variances from
DNS for the case of Mu = 1.50 and Reλ,u = 40 available in [3]. The corresponding LIA
solution obtained for Mu = 1.50 is also plotted for comparison. All the variances show
a large jump inside the shock followed by a rapid decay except the entropy variance
which decays gradually behind the shock. As expected, the DNS values converge to the
LIA solution as Mt,u → 0. The post-shock intensity of the thermodynamic fluctuations
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(d) Normalized entropy variance

FIGURE 5. Spatial variation of normalized thermodynamic variances for varying Mt,u values from
the dataset of Mu = 1.50 and Reλ,u = 40. The normalization is as mentioned in Sec. 3.2. The
symbols represent DNS solutions and the line corresponds to the LIA solution. The grey band
shows the region of unsteady shock movement.

increase proportionally to the increase in the upstream turbulent Mach number. The
numerical shock thickness also varies proportionally to Mt,u with the shock being thicker
for high Mt,u values. The LIA solution asymptote to a constant value beyond k0x ≥ 6
whereas, the DNS solution decays due to the viscous mechanisms. There is a good
match between the LIA and DNS solutions in the region immediately behind the shock
(rapidly decaying region) which is found to be dominated by the acoustic mode for low
Mach numbers. Further downstream, the effect of entropy mode becomes dominant and
large deviations between DNS and LIA solutions are observed as a result of the viscous
effects.

Figure 6 compare the normalized thermodynamic variances from DNS (Reλ,u = 40)
to that of the solution obtained from LIA at the location k0x = 0.25π for varying up-
stream turbulent Mach numbers and flow Mach numbers. Large values are found for the
high Mach number cases and the simultaneous effect of the increasing turbulent Mach
number is also observed. Temperature and entropy variances for low Mach numbers
are very small in intensity compared to their density and pressure counterparts but are
comparable at high Mach numbers. The few outliers in the DNS data are assumed to be
due to numerical errors/insufficient resolution in the simulations. Interestingly, the DNS
values are larger than the LIA solutions at this location for low Mach numbers but are
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FIGURE 6. Variation of normalized thermodynamic variances against Mt,u from the dataset of
Reλ,u = 40 and Mu = 1.27 (red squares), 1.50 (green delta), 1.87 (blue right triangles), 3.50
(pink diamonds). The solutions from present simulations are shown by hollow circles: Mu = 1.50
(green) and 3.50 (pink). The squares at Mt = 0 correspond to the LIA solution for the respective
Mach numbers indicated by the colors. The normalization is as mentioned in Sec. 3.2.

comparable in values to the high Mach number cases. This is entirely due to the choice
of a constant location which falls marginally at the downstream edge of the unsteady
shock region for the low Mach number cases but is outside for the high Mach number
case. The relatively higher values in the DNS for the Mu = 3.50 case is hypothesized
to be an artefact of the differences in upstream turbulence energy spectrum, and will be
discussed in Sec. 4.2.

The normalized thermodynamic variances from DNS and LIA at the location k0x = 2π
is shown in Fig. 7. The intensity of the variances is low compared to the values obtained
at the location k0x = 0.25π except for the LIA value of entropy variance which remains
constant at all locations. As expected, the DNS values have decreased by factor of 2
or more and there are only very small changes in the LIA solution. The DNS values
for the thermodynamic variances are larger than the LIA solutions for low Mach num-
bers having high Mt,u values and are lower than LIA values for low Mt,u values for the
same upstream flow Mach number. Once again, as the Mt,u value is reduced, the DNS
solution converges to the LIA limit.
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FIGURE 7. Spatial variation of normalized thermodynamic variances for varying Mt,u values from
the dataset of Mu = 1.50 and Reλ,u = 40. The color legend is the same as mentioned in caption
of Fig. 6. The normalization is as mentioned in Sec. 3.2.

4.2. Effect of upstream turbulence shape
The effect of the shape of the upstream turbulence spectrum is analyzed in Fig. 8
by comparing the thermodynamic variances for two different turbulence spectrum. The
spectra used in this analysis are the exponential spectrum given by the expression,

E(k) ∼ (k/k0)
4
e−2(k/k0)

2

(4.3)

and the von Kármán spectrum [12], which is expressed as,

E(k) ∼ (k/k0)
2

[
(k/k0)

2
+ (5/6)

]11/6 (4.4)

The variances are found to be independent at the locations immediately behind the
shock (x = 0+) and at the far-field (x → ∞). In the rapidly decaying region (0.25 <
k0x < 2), there are significant variations between results from the two spectrum shapes,
specifically in the location and intensity of the post-shock peak observed in the density
variance. The von Kármán spectrum matches better in comparison to the exponential
spectrum since the initial spectrum in the DNS cases were also of the former type. There
are still variations between LIA and DNS results, especially in the pressure fluctuations
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FIGURE 8. Spatial variation of normalized thermodynamic variances from the dataset of
Mu = 3.50, Mt,u = (0.15, 0.16) and Reλ,u = (33, 40, 75). The normalization followed is as men-
tioned in Sec. 3.2. Symbols correspond to DNS data and the lines represent LIA solutions ob-
tained using two different turbulence energy spectrum. The region of unsteady shock movement
is shown by a grey band.

which implies that an exact match is possible only when the same energy spectrum
used in the DNS is also applied in LIA. This was also verified in the work of [11] where
the inflow turbulence from DNS is applied in LIA to obtain reliable post-shock flowfields
for high Reynolds numbers, which are in general difficult to obtain using DNS.

The effect of upstream turbulence Reynolds number based on Taylor microscale is
found to be negligible on the thermodynamic fluctuations. It has been reported in [3]
that the Reynolds stresses are closer to the LIA values at high Reynolds numbers com-
pared to the low Reynolds number cases. [14] also report a similar trend for the heat
flux correlation approaching the LIA values as the turbulence Reynolds number is in-
creased. Velocity fluctuations and its related correlations with other quantities are found
to be significantly affected by the variations in turbulence Reynolds number however, no
such definite conclusions cannot be drawn for the thermodynamic fluctuations with the
available sparse data (in terms of Reλ).
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5. Conclusion
In this work, we presented a comparison of the thermodynamic fluctuations generated

by canonical shock-turbulence interaction between LIA and DNS. A large parameter
space including a range of Mach number, turbulent Mach number and Reynolds number
is considered, and available DNS data is complemented with new cases computed here.

The effect of turbulent Mach number on the thermodynamic fluctuations is analyzed.
Large values of thermodynamic fluctuations are found in the upstream region as tur-
bulent Mach number is increased. This is due to the methodology by which compress-
ible fluctuations are added to the pre-shock turbulence. The post-shock thermodynamic
fluctuations were also found to be amplified across the shock for increasing Mt,u values
proportional to the shock strength. The finite values of upstream thermodynamic fluc-
tuations contribute to the intensity of the post-shock thermodynamic fluctuations gener-
ated/amplified by the shock. It was found that the thermodynamic fluctuations converge
to the LIA limit as the upstream turbulent Mach number (or the upstream turbulence
intensity) is reduced.

The shape of the turbulence energy spectrum is found to have a significant effect in
the rapidly varying portion of the thermodynamic field behind the shock. The spectrum
shape, however is found to have no effect immediately behind the shock (x = 0+) and
at the far-field location (x = ∞). The effect of Taylor scale Reynolds number on the
thermodynamic field is found to be minimal with the available data, and requires further
data for a much wider range of Reynolds numbers to provide definite conclusions.
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